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PREFACE 


The  possibility  of  steady  state  flight  of  hypersonic  vehicles  will 
be  a  reality  in  the  near  future.  Some  of  the  problems  of  the  design 
of  such  aircraft  were  the  subject  of  discussions  by  the  Fluid  Dynamics 
Panel  of  AGARD  in  the  meeting  in  Delft.  September  1966.  One  of  the 
problems  which  was  discusspJ  was  the  prediction  of  the  heat  transfer 
and  skin  friction  on  such  vehicles  and  the  problems  of  the  prediction 
of  the  general  flow  field  around  the  rather  complicated  shapes  of  prac¬ 
tical  aircraft.  In  an  attempt  to  summarize  the  current  state  of  the 
art,  as  well  as  to  focus  attention  on  new  results  and  new  methods,  it 
was  decided  to  hold  a  meeting  entitled  "Hypersonic  Boundary  Layers  and 
Flow  Fields”  with  particular  attention  focusing  on  three-dimensional 
problems.  The  meeting,  in  a  way,  might  be  considered  a  continuation 
of  the  series  of  meetings  on  fundamental  boundary  layer  problems  which 
have  been  held  by  the  Fluid  Dynamics  Panel  over  the  past  several  years 

The  call  for  papers  resulted  in  many  more  submitted  manuscripts  than 
could  be  covered  in  the  time  allotted  to  the  meeting.  The  final  selec¬ 
tion  of  the  twenty-six  paperc  presented  was  made  on  the  basis  of  several 
general  groupings  and  combined  both  theoretical  and  experimental  studies. 
Many  areas  of  interest  and  importance  could  not  be  covered.  The  program 
was  broken  down  into  three  sessions  which  were  boundary  layer  oriented 
with  special  emphasis  on  turbulent  results,  one  ^ssion  on  inlet  and 
wave  riders,  one  session  on  specific  problems  of  bodies  at  angle  of 
attack,  and  a  special  session  was  introduced  to  cover  some  interesting 
problems  of  free  flight  and  wind  tunnel  simulation  which  had  not  been 
recognized  in  previous  work.  A  few  papers  on  some  special  problems  of 
controls,  mass  injection,  and  low  density  effects  were  included  although 
the  schedule  did  not  permit  any  extensive  review  in  these  areas. 

The  meeting,  held  during  the  period  of  May  1-3,  1968,  at  the  Royal 
Aeronautical  Society  in  London,  was  organized  by  a  Program  Committee 
selected  by  the  Fluid  Dynamics  Panel.  The  author,  acting  as  Chairman, 
was  most  ably  assisted  by  Dr  D.  Kuchemann,  UK,  Dr  J. Lukasiewicz,  USA, 

Dr  J.Seddon,  UK,  and  Professor  J. Valensi,  France.  Dr  Seddon,  in  addi¬ 
tion,  carried  the  burden  of  the  full  and  excellent  arrangements  of  the 
meeting  at  the  Royal  Aeronautical  Society.  Dr  Barth,  Executive  Officer 
of  the  Fluid  Dynamics  Panel  and  the  AGARD  Secretariat  were  responsible 
for  the  administrative  controls  and  the  major  burden  of  the  paper 
publications. 


Seymour  M.  Bogdonoff 
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AVANT  PROPOS 


La  possibiiit^  du  vol  en  regime  permanent  des  machines  hypersoniques  va 
se  reallser  dans  un  proche  avenir.  Certains  des  probl£mes  que  pose  la 
conception  de  ces  apparells  ont  fait  l’objet  de  discussions  au  cours  de  la 
reunion  de  la  Commission  de  la  Dynamique  des  Fluides  de  l'AGARD  tenue  & 
Delft  en  septeobre  1966.  L*un  de  ces  problemes  portait  sur  la  possibilite 
de  pr^dire  le  transfert  de  chaleur  et  le  frottement  de  rev&tement  se  pro- 
duisant  sur  de  tels  avions.  On  a  examine  auss  les  questions  de  la 
prediction  du  champ  d’^coulement  general  autour  des  formes  assez  compli- 
qu^es  d’avlons  pratiques.  Dans  le  but  d’essayer  de  faire  le  point  de  l’e'tat 
actuel  des  connaissances  ainsl  que  de  focaliser  1’ attention  sur  les 
nouveaux  rdsultats  obtenus  et  les  nouvelles  techniques  utilises  il  fut 
decide  d’ organiser  une  reunion  ayant  pour  th£oe  “Les  couches  limites  et 
les  champs  d’^coulement  hypersoniques",  1* accent  etant  mis  en  particulier 
sur  les  problemes  tri-dimensionnels.  Cette  reunion  pourrait  peut-6tre 
fitre  consld^r^e  comme  la  reprise  de  la  s^rie  de  reunions  sur  des  prob- 
l^mes  fondamentaux  de  la  couche  limite  qu’a  organist  la  commission  de  la 
Dynamique  des  Fluides  au  cours  de  ces  demises  annees. 

Par  suite  de  l'appel  de  communications  lanc^  a  cette  occasion,  un  nombre 
de  manuscrlts  beaucoup  plus  grand  qu’il  n’^tait  possible  de  presenter  dans 
la  p^riode  consacr^e  a  la  reunion  a  iti  remis.  Les  vingt-six  communica¬ 
tions  finalement  pr^sent^es  ont  4t6  choisies  sur  la  base  de  plusieurs 
groupements  de  travaux  de  nature  g^nerale,  et  on  porte  sur  des  Etudes 
tant  thdorlques  qu’exp^rimentales  Bien  des  domaines  qui  prdsentent  de 
1’int^rBt  et  de  l’importance  n’ont  pas  pu  Gtre  abordds.  Le  programme  s’est 
derouie  au  cours  de  trois  stances  ayant  pour  orientation  principales  les 
problimes  de  la  couche  limite  en  attirant  une  attention  particuliere  sur 
les  r^sultats  obtenus  en  ce  qui  concerne  la  turbulence,  dont  une  seance 
consacr^e  aux  prises  d’air  et  les  avions  qui  voguent  sur  des  ondes  de  choc 
une  stance  sur  Wtude  de  problemes  particulars  concernant  les  corps  A 
des  angles  d'incidence,  et  une  stance  sp^ciale  pr^vue  pour  traiter  de 
certains  problemes  interessants  du  vol  libre  et  de  la  simulation  en  souf- 
flerle  des  conditions  de  vol,  probl&mes  dont  11  n’avait  pas  ete  tenu 
compte  dans  les  travaux  ant^rieurs.  Quelques  exposes  relatifs  a  des 
probl&mes  particuliers  soulev^s  par  les  commandes  de  vol,  1’ Injection 
masslque  et  les  effets  de  faible  density  ont  4t4  inscrits  au  programme, 
mals  l’horalre  pr^vu  n’a  permis  qu’un  aperqu  sommaire  de  ces  questions. 

L’ organisation  de  la  reunion  tenue  du  premier  au  3  mal  1968  chez  la 
Royal  Aeronautical  Society  k  Londres  a  4t4  confine  &  un  comite  cr 44  pour 
etablir  le  programme  de  communications,  et  dont  les  membres  ont  4t4 
cholsis  par  la  Commission  de  la  Dynamique  des  Fluides.  L’ auteur,  en  sa 
quality  de  President  de  ce  comite  a  requ  une  aide  p**ecieuse  de  la  part  du 
Dr  D.Kuchemam,  R-U,  du  Dr  J.  Lukasiewicz,  Etats-Unis,  du  Dr  J.  Seddon,  R-U, 
et  du  Professeur  J.  Valensi,  France.  Le  Dr  Seddon  a  assume,  en  outre,  la 
responsabillte  des  dispositions,  d'ailleurs  excellentes,  pour  que  la 
reunion  pulsse  se  tenir  dans  1*  immenble  de  la  Royal  Aeronautical  Society. 
Le  Dr  Bartho,  Officier  ex^cutif  de  la  Commission  de  la  Dynamique  des 
Fluides,  alnsi  que  le  secretariat  de  l’AGARD  se  sont  charges  des  aspects 
administrates  de  la  reunion  et  de  la  plus  grande  partie  du  travail  en  ce 
qui  concerne  la  publication  des  exposes. 


Seymour  M.  Bogdonoff 
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SUMMARY 


Recent  hypersonic  turbulent -boundary- layer  experiments  and  proposed  prediction  '»thods  pertinent 
to  the  problems  of  the  effect  of  wall  temperature  on  skin  friction  and  heat  transfer,  the  transforma¬ 
tion  of  the  compressible  boundary  layer  to  the  constant -density  type,  and  the  heat  transfer  to  delta 
wings  are  considered.  The  level  of  the  turbulent  heat-transfer  coefficient  Is  found  to  be  little 
affected  by  significant  changes  in  wall-temperature  level.  Coles'  transformation  as  modified  by 
Baronti  and  Libby  has  been  examined  by  utilizing  turbulent-boundary-layer  profiles  covering  a  wide 
range  of  Mach  number  and  wall-temperature  ratio.  Some  success  is  found  for  the  transformation  up  to 
tne  lower  end  of  the  hypersonic  range  and  down  to  moderately  low  wall-temperature  ratios.  For  delta 
wings  at  low  angle  of  attack,  in  cases  where  the  flow  near  the  surface  Is  essentially  streamwise, 
strip  application  of  successful  flat-plate  methods  gives  good  predictions  of  the  turbulent  heat  trans¬ 
fer  if  the  pressures  are  known.  On  the  lee  side  cf  delta  wings  where  vortices  are  indicated,  predic¬ 
tions  by  strip  theory  are  surprisingly  good  in  general;  but  predictions  can  be  poor  near  the  center 
lire  where  the  heat  transfer  Is  high.  Ability  to  predict  the  heat  transfer  to  delta  wings  appears  to 
be  contingent  upon  the  ability  to  predict  the  flow  field. 
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1.  EXPERIMENTS  WITH  HYPERSONIC  TURBULEBT  BOUNDARY  LAYERS 

ON  FLAT  PLATES  AND  DELTA  WINGS 

P>  Mltchel  H.  Bertram,  Aubrey  M.  Cary,  Jr., 
and  Allen  H.  Whitehead,  Jr. 


INTRODUCTION 


The  study  of  the  turbulent  boundary  layer  still  consists  largely  of  qualitative  theory  combined 
with  quantitative  empiricism.  In  the  present  paper,  emphasis  will  be  on  experimental  results.  Con¬ 
figurations  are  considered  not  for  practicality  in  an  engineering  sense  but  to  allow  the  assessment 
of  the  basic  validity  of  various  prediction  methods  for  skin  friction  and  heat  transfer. 

Data  have  been  obtained  on  flat  plates,  cones,  and  nozzle  walls,  bo  that  such  a  problem  as  the 
effect  of  wall  temperature  on  Gkin  friction  and  heat  transfer  can  be  evaluated.  In  1961  Banner, 

Kuhl,  and  Quinn  (ref.  1)  reported  heat-transfer  experiments  at  low  wall-temperature  ratios  from  X-15 
flights  which  were  at  variance  with  the  results  obtained  by  prediction  methods  in  use  at  that  time 
and  provoked  considerable  contro/ersy.  Later  results  from  wind  tunnels  reported  by  Bertram  and  Neal 
(ref.  2)  have  tended  to  confirm  the  trend  Indicated  by  the  X-15  flight  data.  Recent  experiments 
bearing  on  thl6  problem  are  examined. 

Allied  to  this  problem  but  with  the  possibility  of  wider  application  Is  the  prospect  of  a  trans¬ 
formation  for  compressible  turbulent  boundary  layers.  ThiB  approach,  which  has  appealed  to  investi¬ 
gators  for  a  number  of  years,  Is  to  determine  a  transformation  which,  when  applied  to  boundary-layer 
profiles  or  other  characteristics,  will  precisely  yield  the  Incompressible  result.  After  such  a 
transformation  has  been  obtained,  the  boundary- layer  details  are  given  in  terms  of  the  better  known 
incompressible  results.  Coles  has  proposed  one  such  transformation  which  has  been  modified  by 
Baronti  and  Libby  and  examined  by  them  in  some  detail  (ref.  5).  This  transformation  is  intended  to 
apply  at  arbitrary  wall  temperatures  and  pressure  gradients  and,  if  successful,  would  provide  a  tool 
for  determining  not  only  profiles  but  also  skin  friction  ana  heat  transfer  over  a  wide  range  of  high¬ 
speed  flow  conditions.  Recently  obtained  boundary-layer  profiles  for  extensive  values  of  Mach  number 
and  wall  temperature,  combined  with  those  previously  available,  allow  the  determination  of  the  overall 
validity  of  the  proposed  transformation. 

Finally,  the  heat  transfer  to  the  more  practically  shaped  delta  wing  is  considered  for  the  case 
of  low  angles  of  attack.  Although  this  wing  shape  has  been  dealt  with  extensively  for  the  laminar 
case,  there  is  a  paucity  of  data  for  the  turbulent  case.  Notable  exceptions  are  the  results  reported 
in  references  L  to  6.  In  references  k  and  5  the  configuration  is  complicated  by  considerable  leading- 
edge  bluntness. 


SYMBOLS 


A  constant  in  law  of  the  wall,  taken  here  to  be  2.AJ 

b  constant  in  law  of  the  wall  (taken  here  to  be  7-5)  or  wing  semispan 

Cf  local  skin-friction  coefficient 

h  enthalpy 

k  vertical  height  of  roughness  above  plate 

M  Mach  number 

exponent 
Prandtl  number 
Stanton  number 
static  pressure 
body  radius 
Reynolds  number 

Reynolds  number  based  on  wing  semispan 

Reynolds  number  based  on  distance  from  leading  edge  or  apex 
Reynolds  number  based  on  distance  to  roughness  location  from  leading  edge 


N 

NPr 

NSt 

P 

r 

R 

Rb 

Rx 

Rx,k 


Rg  Reynolds  number  based  on  boundary-layer-edge  conditions  and  momentum  thickness 

Rp  Reynolds  number  based  on  distance  to  peak  heating 

Ry  Reynolds  number  based  on  local  conditions  end  distance  from  peak  shear  or  peak  heating 

T  absolute  temperature 

u  velocity 

x  distance  from  leading  edge  In  streamvlse  direction 

x<;  distance  from  apex  of  delta  wing  along  root  chord 

y  distance  normal  to  root  chord  of  delta  wing  or  distance  normal  to  surface  for  boundary- 

layer-prof lie  measurements 

a  angle  of  attack  of  Instrumented  surface 

6  boundary-layer  thickness 

6^  two-dimensional  laminar  boundary-layer  thickness  at  roughness  location 

A  leading-edge  sweep  angle 

v  kinematic  viscosity 

p  density 

0  ray  angle  from  apex  of  delta  wing  and  root  chord 

p  dynamic  viscosity 

t  shearing  stress 

An  leading -edge  wedge  angle 

Subscripts; 

aw  adiabatic  wall 

B-L  from  Barontl -Libby  method 

1  Incompressible 

l  local  conditions 

me  as  from  direct  measurement 

S-C  from  Spalding -Chi  method 

t  total 

v  based  on  distance  from  virtual  origin 

w  conditions  at  wall 

»  conditions  In  undisturbed  free  stream 

A  bar  over  a  symbol  denotes  that  the  variable  is  in  transformed  (constant  density)  flow. 

ANALYSIS  METHODS 

In  reducing  the  data  and  applying  the  various  prediction  methods,  the  approach  was  the  same  as 
that  given  in  appendix  A  of  reference  2.  Although  not  explicitly  mentioned  in  reference  2,  the 
recovery  factor  used  In  reducing  the  heat-transfer  data  was  as  follows.  When  the  recovery  factor  In 
the  original  data  reduction  was  between  0.88  and  0.90,  no  correction  for  recovery  factor  wsg  made. 

For  data  In  which  the  recovery  factor  assumed  in  the  original  data  reduction  was  outside  these  llmiv-s, 
the  data  were  re-reduced  by  using  a  recovery  factor  of  0.89  and  all  new  heat-transfer  data  were 
reduced  by  assuming  this  recovery  factor. 

Consistent  with  the  previous  paper  (ref.  2)  the  virtual  origin  for  the  turbulent  boundary  layer 
was  chosen  as  the  place  where  the  peak  shear  or  peak  heating  occurred. 
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When  the  Spalding-Chi  method  (ref.  7)  was  applied,  the  values  from  this  method  and  its  modified 
form  were  generally  taken  from  the  charts  given  in  reference  8.  For  this  case,  as  well  as  for  the 
various  T'  methods  (refs.  9  ho  11)  and  the  method  of  Winkler-Cha  (ref.  12),  the  Prandtl  number  was 
assumed  to  be  0.725  f°r  U8e  with  the  Karman-Reynolds  analogy  factor.  This  same  Prandtl  number  was 
used  with  the  laminar  T'  method  of  Monaghan  (ref.  13)  to  obtain  values  of  the  laminar-boundary-layer 
thickness  (6)  for  defining  valuta  of  k/6)j. 

In  all  cases  where  the  ratios  Cf//Cf)1  or  Ngt/Nst,l  are  presented,  whether  for  experiment  or 
for  a  prediction  method,  the  value  of  Cf  i  or  Ngt  ^  used  in  the  denominator  is  the  Karman- 
Schoenherr  value  given  in  figures  2  and  3  of  reference  8. 


DISCUSSION 


Effect  of  Wall-Temperature  Ratio  on  Heat  Transfer  and  Skin  Friction 

Since  the  time  of  the  X-15  flight  data,  which  was  discussed  in  the  "Introduction,"  a  significant 
body  of  wind-tunnel  results  has  been  obtained.  A  comprehensive  review  of  available  results  up  to  1965 
was  presented  by  Bertram  and  Neal  at  a  previous  AGARL  meeting  (ref.  2).  In  results  combined  from  a 
number  of  different  facilities,  general  agreement  wa6  found  with  the  trend  from  the  X-15  experiments 
In  which  wall  temperature  was  indicated  to  have  little  effect  on  the  heat-transfer  coefficient. 

Recently,  data  have  been  obtained  by  A.  M.  Cary  of  the  NASA  Langley  Research  Center  on  a  sharp 
flat  plate  cooled  by  interior  circulation  of  liquid  nitrogen.  The  plate  was  precooled  outside  the 
nozzle  and  upon  attaining  the  desired  temperature  was  suddenly  plunged  into  the  Mach  number  6  air- 
stream  of  the  Iangley  20-inch  hypersonic  tunnel  at  a  preset  angle  of  attack.  The  findings  from  this 
investigation,  which  are  presented  in  the  upper  part  of  figure  1,  show  little  effect  of  wall  cooling 
on  the  Stanton  number.  The  experimental  trend  agrees  with  that  predicted  by  the  Spalding-Chi  method 
(ref.  7)  ns  modified  to  heat  transfer  in  appendix  A  of  reference  2  and  Hank's  Pj4ir  method  (appen¬ 
dix  B  of  ref.  5).  However,  the  level  of  the  data  favors  the  prediction  by  the  Spalding-Chi  method. 
Clearly  the  T'  or  reference  temperature  methods  (refs.  9  to  11)  significantly  overestimate  the  heat 
transfer  at  the  low  wall  temperatures,  and  the  Winkler-Cha  method  (ref.  12)  underestimates  the  heating. 
Examples  of  the  data  from  which  ratios  were  obtained  are  given  in  the  lower  part  of  figure  1,  where 
the  small  scatter  indicates  the  uniformity  of  the  data  for  a  given  run  and  the  repeatability  of  runs. 

Further  knowledge  of  the  effect  of  low  temperature  ratios  can  be  obtained  from  new  work  done  by 
Wallace  in  a  shock  tunnel  at  the  Cornell  Aeronautical  Laboratory  (ref.  14).  In  thiB  investigation 
shots  were  made  ac  relatively  low  temperatures  and  at  the  lower  end  of  the  hypersonic  Mach  number 
range  to  obtain  high  Reynolds  number.  Wall  temperature  was  essentially  constant  at  room  temperature. 
Pressure,  skin  friction,  and  heat-transfer  data  were  obtained  and  the  sharp  flat-plate  model  was  tested 
in  the  range  of  surface  incidence  from  0°  to  20°.  Only  data  from  the  sharp  flat-plate  model  are  con¬ 
sidered  here  and  these  data  were  re-reduced  from  the  original  tabulation  (ref.  15)  as  follows: 

a.  Coefficients  and  Reynolds  number  were  based  on  local  conditions. 

b.  Local  conditions  were  determined  from  the  average  of  measured  wall  pressures. 

c.  The  enthalpy  recovery  factor  was  corrected  from  a  value  of  1  to  a  value  of  O.89. 

The  data  of  Wallace  together  with  some  presented  by  Softley,  Graber,  and  Zempel  (ref.  16)  are 
summarized  in  figure  2,  and  details  are  given  in  figurec  3,  4,  and  5.  For  Wallace's  data,  local 
Reynolds  numbers  based  on  distance  from  the  assumed  virtual  origin  (p>eak  heating)  varied  from  about 

106  to  2  x  10®.  When  peak  heating  occurred  ahead  of  the  first  measuring  s  ation,  a  value  was  assumed 

for  the  Reynolds  number  at  p>eak  heating  that  was  consistent  with  the  data  for  which  the  location  of 
p>eak  heating  was  known,  as  shown  in  figure  6. 

Median  values  of  skin-friction  and  heat-transfer-coefficient  ratios  obtained  by  Wallace  are  shown 
in  figure  2  compared  with  various  prediction  methods  as  in  figure  1.  The  Mach  numbers  cover  the  range 
from  4.5  to  11.7  and  the  ratio  of  wall  enthalpy  to  total  enthalpy  varied  from  0.09  to  0.30.  Except 
for  the  highest  Mach  number  data,  the  best  agreement  with  experiment  is  given  by  the  Spalding-Chi 
theory.  As  for  the  Mach  6  results,  the  prediction  of  the  Monaghan  T'  method  is  generally  above  the 

data  and  that  of  the  PrHr  method  is  generally  below  the  data.  Whereas  the  experimental  vsulues  of 

the  skin-friction  and  heat-transfer-coefficient  ratios  are  about  equal,  the  Prwr  method  predicts 
the  values  for  the  skin-friction-coefficient  ratio  to  be  significantly  less  than  those  for  the  heat- 
transfer-coefficient  ratio.  Examining  these  data  in  detail,  one  finds  in  figure  3  that  the  Spalding- 
Chi  method  is  the  only  one  of  those  shown  that  generally  matches  the  level  and  trend  of  the  shear  and 
heating  ratios  with  Reynolds  number. 

The  highest  Mach  number  data  (fig.  2)  were  anomalous  in  that  the  best  agreement  i6  with  the  T' 
method  which  appreciably  overpredicts  all  the  other  data.  In  this  case,  the  measured  wall  pressures 
were  70  to  80  percent  of  the  stream  value  with  the  quoted  zero  plate  incidence,  as  shown  in  the  upper 
part  of  figure  4.  If  the  measured  pressures  are  ignored  and  the  pressure  ratio  is  taken  as  unity, 
as  was  done  by  the  authors  themselves,  there  is  good  agreement  of  experiment  and  the  Spalding-Chi 
prediction,  as  shown  in  the  lower  part  of  figure  4.  The  choice  of  these  alternatives  is  unresolved. 


There  are  shown  in  figure  2  more  recent  data  obtained  by  Softley,  Graber,  and  Zempel  (ref.  16) 
in  a  shock  tunnel  at  much  the  same  conditions  as  the  high  Mach  number  results  of  Wallace  (ref.  I1*). 
'Hie  results  in  reference  16  were  obtained  on  a  5°  half-angle  cone  and  details  are  given  in  figure  5 
Generally  these  data  are  below  the  Spalding-Chi  prediction  modified  to  account  for  the  fact  that 
transition  takes  place  behind  the  cone  apex  (appendix  B  of  ref.  2).  These  data,  transformed  to  the 
flat-plate  case,  are  presented  in  figure  2  and  together  with  the  Mach  11  Wallace  data  bracket  the 
Spalding-Chi  prediction. 

Nerem  and  Hopkins  (ref.  17)  from  tests  in  a  shock  tube  have  obtained  heat-transfer  data  at 
hv/haw  in  the  range  0.01  to  0.01*  at  Mach  numbers  in  the  2.5  to  5.5  range.  Here,  also,  reasonable 
agreement  was  found  between  the  prediction  of  Spalding-Chi  and  the  experiments  and  poor  agreement 
was  found  with  predictions  from  the  Eckert  T'  method. 


The  Transformation  of  Compressible-Boundary-Layer  Profiles 

One  approach  to  the  compressible  turbulent-toundary-layer  problem  which  has  received  considerable 
attention  in  recent  years  has  been  the  effort  to  find  a  transformation  which,  when  applied  to  tne  com¬ 
pressible  turbulent-boundary-layer  equations,  will  yield  identically  the  better-known  incompressible 
turbulent -boundary-layer  equations.  In  this  manner  the  more  extensive  knowledge  for  the  incompres¬ 
sible  turbulent  boundary  layer  can,  in  theory,  be  extended  to  the  compressible-flow  case  of  interest. 
Typical  investigations  (refs.  18  to  23  and  ref.  3)  have  achieved  some  measure  of  success  in  defining 
transformations  for  the  turbulent  boundary  layer.  Coles  (ref.  23)  has  proposed  an  approach  to  the 
transformation  of  the  compressible  turbulent -boundary- layer  equations  in  which  the  compressible  and 
the  constant-density  flows  are  assumed  to  be  related  by  three  scaling  parameters  o(x),  i)(x),  and 

£(x).  The  first  parameter  relates  the  stream  f\mctions  of  the  two  flows,  the  second  is  a  multiplica¬ 
tive  factor  of  the  Dorodnltsyn-Howarth  scaling  of  the  normal  coordinate,  and  the  third  relates  the 
streamwlse  coordinates  of  the  two  flows.  An  additional  assumption  pertaining  to  the  invariance  of  a 
Reynolds  number  characterizing  the  law-of-the-wall  region  of  the  boundary  layer  is  necessary  to  com¬ 
plete  the  transformation.  This  assumption,  which  Coles  has  called  the  "substructure  hypothesis," 
provides  a  substitute  for  a  reference  state  utilized  with  many  theoretical  approaches.  Coles'  trans¬ 
formation  has  been  extended  by  Crocco  (ref.  22)  and  modified  as  well  as  applied  to  practical  cases 
by  Barontl  and  Libby  (ref.  3).  It  is  with  the  analysis  of  Baronti  and  Libby  that  the  remainder  of 
this  section  is  concerned. 

Barontl  and  Libby  modified  Coles'  substructure  hypothesis  (they  introduced  a  sublayer  hypothesis) 
and  applied  the  transformation  technique  by  point-by-point  mapping  of  supersonic  velocity  profiles 
into  the  incompressible  plane.  It  should  be  noted  that  the  transformation  theory  1b  applicable  only 
for  two-dimensional  or  axisymnetric  (r  »  6)  flow  with  and  without  heat  transfer  or  streamwlse  pres¬ 
sure  gradient.  This  analysis  does  not  define  completely  the  const  ant -dens  icy  flow  corresponding  to 
the  compressible  case  since  the  velocity  profiles,  once  transformed,  correspond  to  some  unknown 
x-station  in  the  constant-density  flow. 

Baronti  and  Libby  employed  the  conventional  incompressible  equations  for  the  universal  velocity 
profile  such  that  the  boundary- layer  profile  is  composed  of  two  distinct  regions,  a  law-of-the-wall 
region  near  the  wall  and  a  wake  or  velocity  defect  region  consisting  of  the  major  portion  of  the 
boundary  layer.  The  equations  governing  each  of  these  regions,  respectively,  are: 

Law  of  the  wall,  u/u,  =  f(£) 

Velocity  defect  law,  ^u  -  “  F(y/S,x) 

where 


and 

£  =  yuT/v 

The  law  of  the  wall  is  conventionally  expressed  as: 

u/ut  »  £  (o  S  £  S  £f  (sublayer)) 

and 

u/\L,  =  A  In  b£  (£f  S  £  S  £]) 

where  £f  and  £^  are  the  values  of  £  at  the  edge  of  the  laminar  sublayer  and  the  outer  limi- 

of  the  region  of  application  of  the  law  of  the  wall,  respectively.  The  coefficients  A  and  b  are 
2.V3  7*5,  respectively,  as  taken  from  Clauser  (ref.  2k)  so  that  £f  =  10.6.  The  outer  limit  for 

tne  application  of  the  law  of  the  wall  is  taken  as  the  end  of  the  logarithmic  portion  of  the  boundary- 
layer  profile  on  a  scale  of  u^L,  plotted  against  £.  Simplif  ied  equations  for  the  direct  applica¬ 
tion  of  the  Baronti  and  Libby  analysis  to  velocity  profiles  for  compressible  flow  may  be  found  in  ■ 
reference  25. 
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The  process  of  applying  the  transformation  theory  through  the  law  of  the  wall  is  actually  an 
iterative  one,  since  the  value  of  the  skin  friction  in  the  incompressible  plane  is  necesoary  in 
order  to  transform  the  corresponding  compressible  velocity  profile  to  the  incompressible  plane.  In 
actual  practice  the  procedure  is  to  assume  values  of  the  wall  skin  friction  in  an  incompressible 
plane  until  acceptable  agreement  of  the  velocity  profile  with  the  constant-density  result  is  achieved. 
The  success  of  the  transformation  may  then  be  Judged  by  observing  how  well  the  transformed  velocity 
profile  correlates  with  the  incompressible  results  and  comparing  the  resulting  compress ible-skln- 
frlctlon  estimate  with  that  measured  or  predicted  by  a  reliable  theory.  Once  the  incompressible  skin 
friction  has  been  determined  from  the  law-of-the-wall  analysis,  a  comparison  with  the  velocity-defect 
law  is  directly  obtainable. 

Baronti  and  Libby  applied  the  transformation  to  velocity  profiles  for  compressible  flows  up  to 
Mach  9  for  adiabatic  wall  and  moderate  heat-transfer  conditions.  In  general,  their  results  indicated 
good  correlation  of  the  compressible  velocity  profiles  for  the  law  of  the  wall  in  the  incompressible 
plane,  and  the  values  of  skin  friction  resulting  from  the  transformation  compared  well  with  those 
measured  in  most  of  the  investigations  cited.  However,  when  a  correlation  was  attempted  with  the 
velocity-defect  law,  the  results  indicated  that  a  compressible  velocity  profile  under  a  uniform  flow 
would  transform  into  the  incompressible  plane  and  show  the  characteristics  of  an  incompressible  veloc¬ 
ity  profile  under  the  Influence  of  a  pressure  gradient.  Tennekes  (ref.  26)  has  suggested  that  this 
discrepancy  may  be  a  result  of  s  distortion  of  the  velocity-defect  region  of  the  boundary  layer  by 
the  Dorodnltsyn-Howarth  density  scaling  of  the  normal  coordinate. 

Here  the  same  procedures  that  were  used  by  Baronti  and  Libby  were  used  to  reduce  the  compressible 
velocity  profiles  to  the  Incompressible  form,  including  the  use  of  the  Crocco  relation  to  calculate 
the  density  Integral  through  the  boundary  layer,  but  the  range  of  Mach  number  and  heat  transfer  Is 
extended.  Experimental  velocity  profiles  were  calculated  by  using  measured  temperature  profiles 
where  available}  otherwise  the  Crocco  relation  was  used.  Illustrations  of  the  correlation  of  the 
transformed  compressible  boundary- layer  profiles  according  to  the  law  of  the  wall  with  the  classical 
incompressible  results  are  shown  in  figure  J.  Since  Cf  was  not  directly  measured  for  most  of  the 
profiles  presented,  the  skin-friction  results  obtained  from  the  transformation  for  all  the  cues  were 
normalized  by  the  skin-friction  coefficient  predicted  by  the  method  of  Spalding  and  Chi  (ref.  7)> 

In  each  case,  .the  Spalding-Chi  prediction  was  based  on  the  measured  Rg  and  Tw/Tt . 

The  transformation  of  profiles  obtained  on  tunnel  wauls  in  nominal  zero-pressui  e-gradient  flow 
as  shown  In  figure  7(a)  provides  good  correlation  for  Mach  numbers  from  2.5  to  8.1  The  skin-friction 
results  from  these  profiles  compare  favorably  with  the  Spalding-Chi  predictions.  For  still  higher 
Mach  numbers,  in  the  range  from  15  to  20,  the  profiles  shown  in  figure  7(b)  appear  to  correlate  well 
with  the  incompressible  results,  but  the  extent  of  the  logarithmic  part  of  the  law-of-the-wall  region 
of  the  prof  lie  is  small  in  comparison  with  the  lower  Mach  number  profiles.2  An  inspection  of  the 
compressible  velocity  profiles  indicates  that,  In  general,  as  Mach  number  increases,  the  laminar  sub¬ 
layer  thickness  as  well  as  the  extent  cf  the  wake  or  velocity-defect  region  becomes  larger.  As  a 
result,  there  appears  to  be  a  corresponding  decrease  in  the  extent  of  the  logarithmic  law-of-the-wall 
region.  Since  the  wall  shear  obtained  from  the  transformation  1b  dependent  upon  a  curve  fit  in  the 
logarithmic  law-of-the-wall  region,  a  physical  limit  of  the  application  of  the  transformation  in  the 
present  form  may  thus  exist.  However,  for  profiles  with  thick  laminar  sublayers  for  which  sublayer 
velocity  measurements  are  accurate,  the  transformation  could  be  applied  directly  In  conjunction  with 
the  sublayer  part  of  the  law  of  the  wall.  The  skin-friction  reBultB  from  the  transformation  of  the 
high  Mach  number  profiles  show  more  deviation  than  those  for  the  lower  Mach  number  profiles.  It 
should  be  remarked  that  the  nitrogen  profile  presented  In  figure  7(b)  1b  believed  to  be  transitional 
by  the  experimenters  (ref.  28).  However,  note  that  there  is  no  particular  difference  between  this 
transformed  profile  and  the  other  presented  at  considerably  higher  values  of  Rg. 

Most  of  the  profiles  presented  thus  far  are  for  moderate  values  of  wall-temperature  ratio. 
Transformed  profiles  for  Mach  numbers  near  7  (ref.  14)  and  low  values  of  wall-temperature  ratio  are 
giver,  in  figure  7(c).  Correlation  is  as  good  as  was  found  for  the  previous  profiles  in  figure  7(a), 
but  the  resulting  values  of  skin  friction  are  slgnif icantly  greater  than  Spalding-Chi  predictions. 

An  illustration  of  the  effect  of  previous  history  of  the  boundary  layer  on  the  results  of  the 
transformation  is  shown  in  figure  7(d).  The  transformed  profiles  correlate  nicely,  and  the  skin- 
friction  results  compare  favorably  with  the  predictions  of  Spalding  and  Chi,  even  though  each  of  the 
boundary  layers  developed  under  different  conditions. 

A  compilation  of  the  skin-friction  results  oDtained  from  the  transformation  technique  is  pre¬ 
sented  in  figure  8(a).  The  skin-friction  results  from  the  transformation  are  referenced  to  the  skin 
friction  predicted  by  the  Spalding-Chi  method  and  presented  as  a  function  of  the  ratio  of  wall  tem¬ 
perature  to  total  temperature  for  each  particular  case.  The  data  include  all  the  experiments  analyzed 
by  Baronti  and  Libby,  results  cited  in  figure  7,  and  additional  results  from  references  29  to  J2. 

It  has  been  shown  In  several  investigations  (for  example,  ref.  2  ar.d  in  the  first  section  of  this 

Htech  2.49  and  4.41+  profiles  from  unpublished  measurements  by  Stallings  and  Couch  In  the  Langley 
Unitary  wind  tunnel;  Mach  6.0  and  6.8  from  reference  2;  Mach  7.95  from  unpublished  measurements  by 
W.  V.  Feller  in  Langley  18-inch  variable-density  wind  tunnel,  all  with  dp/dx  essentially  zero. 

2Mach  15.6  profile  from  reference  27;  Mach  20.2  profile  from  reference  25;  Mach  l8.b  profile 
from  unpublished  measurements  by  W.  D.  Harvey  and  F.  L.  Clark  but  a  similar  profile  is  found  in 
reference  26. 
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paper )  that  the  method  of  Spalding  and  Chi  can  be  expected  to  give  accurate  skin-friction  predic¬ 
tions  on  flat  plates  and  cones  at  least  up  to  Mach  9  and  over  the  entire  range  of  Tw/Tt  for  the 
data  in  figure  8. 

In  general,  the  shin-friction  results  from  the  transformation  appear  to  be  consistently  higher 
than  those  predicted  by  the  Spailding-Chi  method.  Although  the  overprediction  is  in  the  10-percent 
range  for  adiabatic  and  moderately  cooled  vails,  the  error  is  large  for  extreme  cooling  conditions. 

Wallace  (ref.  14)  obtained  direct  skin-friction  measurements  on  the  nozzle  vail  at  the  same  loca¬ 
tions  and  the  same  flow  conditions  for  vhich  the  profile  data  vere  taken,  The  measured  skin-friction 
results  shovn  in  figure  8(b)  are  in  good  agreement  vith  the  Spaldlng-Chi  predictions,  as  are  the 
results  from  other  Investigations  in  vhich  direct  measurements  of  skin  friction  vere  made.  It  thus 
appears  that  the  trans  format  ion  as  applied  is  not  generally  valid  even  for  the  logarithmic  portion 
of  the  lav  of  the  vail. 

Since  in  the  application  of  the  transformation  theory  it  is  necessary  to  define  a  temperature 
distribution  through  the  boundary  layer  (the  Crocco  distribution  for  both  this  investigation  and 

that  of  Baronti  and  Libby),  it  may  be  suspected  that  the  particular  distribution  ase'nned  would  affect  I 

the  skin  friction  obtained  from  the  transformation.  Thus,  it  is  believed  reasonable  to  examine  some 

of  the  available  temperature  distributions  in  detail.  A  number  of  measured  temperature  profiles 

vere  presented  in  reference  2.  Since  that  time  some  additional  profiles  have  become  available  and 

these  are  shovn  In  figure  9-  The  upper  part  of  figure  9  is  from  reference  2,  vhich  presents  data 

from  references  29  and  33  to  36  with  the  addition  of  unpublished  measurements  obtained  by  R.  L. 

Stallings  and  L.  M.  Couch  in  the  Langley  Unitary  wind  tunnel.  These  experimental  profiles  are  com¬ 
pared  vith  the  suggested  profiles  of  Crocco,  Michel  (ref.  37),  and  Walz  (ref.  38).  There  is  dis¬ 
agreement  betveen  the  data  of  references  34  and  33  on  one  hand  and  the  da'*  of  references  29,  36, 
and  Stealings  and  Couch  on  the  other.  The  former  sets  of  data  agree  more  closely  vith  the  Crocco 
and  Michel  prediction  and  the  latter  sets  agree  more  closely  with  Walz'  prediction. 

Some  relatively  cold  wall  data  are  shovn  in  the  lover  part  of  figure  9  from  reference  39  and 
unpublished  measurements  obtained  by  W.  V.  Feller  in  the  Langley  18-lnch  variable-density  wind- 
tunnel.  These  data  do  not  agree  with  any  of  the  prediction  methods  previously  shown  and  depart  con¬ 
siderably  from  nonlinearity.  This  is  also  seen  in  the  profiles  presented  in  figures  18  and  19  of 
reference  2.  A  better  fit  to  experiment,  as  shown  in  figure  9,  would  be  a  profile  which  had  a  quad¬ 
ratic  form 


This  is  equivalent  to  assuming  that  Walz'  adiabatic  wall-temperature  distribution  is  Independent  of 
wall-temperature  ratio. 

Since  the  quadratic  temperature  profile  represents  experimental  reBultB  better  than  the  Crocco 
profile,  at  least  at  low  vall-to-total-temperature  ratios,  the  transformation  was  applied  by  using 
the  quadratic  temperature  profile  for  several  compressible  profiles  with  low  vall-to-total-temperature 
ratios.  For  each  case  the  quadratic  temperature  law  was  applied  in  both  the  reduction  of  the  pitot 
profile  to  velocity  and  in  the  transformation.  The  transformed  results  from  one  Wallace  profile 
(Mach  7-6l,  fig.  7(c))  and  one  by  Harvey  and  Clark  (Mach  18.4,  fig.  7(b))  exhibited  poor  correlation 
with  the  incompressible  results,  and  the  agreement  of  the  resulting  skin-friction  coefficients  with 
the  Spaldlng-Chi  predictions  was  no  better  than  was  found  by  using  the  Crocco  relation.  The  Wallace 
profile  at  Mach  7.21  (fig.  7(c))  when  transformed  by  use  of  the  quadratic  law  did  yield  a  skin- 
I  friction  coefficient  in  good  agreement  with  Spaldlng-Chi,  but  again  poor  correlation  of  the  trans- 

I  formed  profile  was  obtained  with  the  incompressible  results. 

Thus,  these  limited  results  indicate  that  the  quadratic  profile  offers  little  improvement  over 
the  approach  of  Baronti  and  Libby.  The  discrepancy  in  wall  shear  at  low  vall-to-total-temperature 
ratios  does  not  appear  to  be  a  function  of  Mach  number  or  Reynolds  number  and  may  result  from  a 
deficiency  in  the  transformation  theory  Itself.  A  true  test  of  the  validity  of  the  theory  in  the 
low  vall-to-total-temperature  range  will  require  more  extensive  data  than  that  presented  here. 


Heat  Transfer  to  Delta  Wi.igs  at  Low  Angles  of  Attack 

The  delta  planform  is  of  Interest  as  a  practical  shape  wing  for  hypersonic  flight  purposes. 

For  efficient  flight,  the  angle  of  attack  will  be  low  and  for  the  large  air-breathing  vehicles  the 
leading-edge  size  necessary  from  aerothermodynamic  considerations  is  small  compared  with  wing  chord. 
Here,  the  essentially  idealized  case  of  wings  with  sharp  leading  edges  will  be  treated. 

Consider  the  wing  shown  in  figure  10(a),  on  which  tests  were  made  at  zero  angle  of  attack  by 
Whitehead  in  the  Mach  6  airstream  of  the  Langley  20-inch  hypersonic  tunnel.  (Part  of  this  study  was 
reported  in  ref.  40.)  The  cross  section  of  the  wing  tested  vas  actually  half-diamond  with  the  flat 
side  instrumented  and  alined  with  the  flow.  The  Bhock  was  attached  to  the  leading  edge  and  the  pres¬ 
sure  ratio  on  the  Instrumented  surface  was  essentially  unity.  Stanton  number  is  shown  as  a  function 
of  Reynolds  nvmaber  and  the  boundary- layer  flow  is  indicated  to  be  transitional  at  the  most  forward 
measuring  stations.  If  the  virtual  origin  of  the  turbulent  boundary  layer  is  taken  to  be  at  the 
location  of  peak  heating,  the  assumption  of  strip-like  flow  which  is  successful  with  laminar  boundary 
layers  is  found  to  give  a  good  prediction  for  turbulent  flow  over  this  delta  wing.  When  this  wing 
is  inclined  so  chat  the  instrumented  surface  faces  5°  to  the  windward  (k/D^  »  2.2),  the  shock  remains 
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attached  and  the  pressures  are  within  “  to  JO  percent  of  the  two-dimensional  shock  value  as  shown  in 
conical  coordinates  in  figure  10(b).  Ah  for  the  zero  angle-of-attack  case,  the  Stanton  number  is 
predicted  within  about  10  percent  by  strip  theory,  figure  10(,b),  using  the  predicted  two-dimensional 
pressure . 

Using  two  different  wings  at  zero  inclination  to  the  flow,  Murray  and  Stallings  (ref.  6)  were 
able  to  obtain  data  under  conditions  where  the  leading-edge  shock  was  attached  and  detached.  The 

attached-shock  case  occurs  for  a  60°  swept  delta  wing  at  Mach  4.4  and  is  6hown  to  the  left  in  fig¬ 
ure  11,  and  the  detached-shock  case  occurs  for  a  70°  swept  delta  wing  at  Mach  3  and  is  shown  to  the 

right  in  figure  11.3  In  the  upper  part  of  figure  11,  the  heating  and  pressure  data  are  shown  as  a 

function  of  streamwise  Reynolds  numoer  and  in  the  lower  part  of  the  figure  in  terms  of  ray  angle. 

The  heat-transfer  parameter  is  choser.  to  correlate  the  heating  data  with  the  virtual  origin  of  the 
Reynolds  number  (Rv)  at  the  location  of  the  boundary-layer  trips.  For  simplicity,  a  power  law  for 
heat  transfer  was  chosen  which  fitted  the  Spalding-Chi  theory  for  the  conditions  of  the  test  and  the 
exponent  from  this  fit  was  used  in  tne  heat-transfer  correlation  in  figure  11. 

Leading-edge  shock  detachment  cr  the  70°  swept  wing  is  caused  by  a  bevel  on  the  under  side. 

The  pressures  show  a  behavior  typical  of  a  subsonic  cross  flow  where  the  stagnation  point  is  on  the 
beveled  under  side,  and  the  pressure  drops  sharply  as  the  flow  expands  around  the  sharp  leading  edge. 
Using  the  conical  coordinate  gives  good  correlation  of  the  pressures  measured  on  the  wing  surface, 
whereas  using  the  linear  coordinate  gives  poor  correlation.  The  surface  on  which  the  pressures  are 
measured  is  flat  and  alined  with  the  flow,  but  the  pressures  are  as  low  as  50  percent  of  free-stream 
pressure  at  the  mo6t  forward  statiors. 

Oil  flow  in  the  same  stream  on  a  70°  swept  wing  with  a  smaller  leading-edge  bevel  angle  (also 
with  a  detached  shock)  indicated  surface  flow  lines  were  essentially  parallel  to  the  root  chord. 

This  suggests  using  the  modified  Spalding-Chi  method  in  stripwise  fashion  with  local  values  of  cor¬ 
related  experimental  pressures.  A  good  prediction  of  the  heat  transfer  was  obtained  and  is  shown 
in  the  lower  right  side  of  figure  11.  However,  if  the  pressures  had  not  been  available  and  the  sur¬ 
face  pressure  had  been  taken  as  equal  to  free-stream  pressure,  a  significant  error  would  have  been 
Incurred  in  heat-transfer  predictions  over  much  of  the  wing,  as  shown  in  figure  11. 

At  Mach  4.4,  for  the  60°  swept  wing  there  is  a  slight  pressure  gradient  which  may  be  due  to 
warping  of  the  model  during  the  test.  If  the  Spsildlng-Chi  method  is  applied  in  the  Btripwise  manner 
previously  used,  a  good  prediction  of  the  heating  is  obtained  when  presented  on  a  chordwise  basis 
rather  than  conical  as  shown  on  the  upper  left  side  of  figure  11. 

The  heat-transfer  data  at  the  most  forward  position  show  a  trend  which  is  different  from  the 
rest  of  the  data.  This  behavior  is  believed  caused  by  proximity  to  the  oversize  roughness.  (A 
similar  effect  is  shown  on  flat  plates  in  ref.  4l. ) 

Again  consider  the  wing  tested  by  Whitehead  in  the  Mach  6  airstream.  With  the  flat  instrumented 
side  of  the  wing  facing  leeward  at  the  angle  of  5°  to  the  free  stream,  the  shock  is  calculated  to  be 
attached.  However,  only  a  small  deflection  of  the  wing  under  load  would  suffice  to  cause  leading- 
edge  shock  detachment.  The  pressures,  shown  in  the  right-hand  side  of  figure  12,  do  not  vary  much 
over  the  span  and  appear  to  correlate  well  in  conical  coordinates  with  no  particular  difference  in 
the  pressure  distribution  between  the  case  where  the  surface  1b  smooth  and  the  case  where  Bpherical 
boundary-layer  trips  (k/bfc  *  1.1)  are  placed  on  the  surface  near  the  leading  edge. 

Without  boundary- layer  trips,  the  heat  transfer  to  this  surface  was  transitional  only  at  the 
rearmost  stations  of  the  near  root  chord  region.  With  spherical  trips,  the  level  of  aerodynamic 
heating  was  increased  to  a  general  level  expected  with  turbulent  flow,  as  shown  on  the  left-hand 
side  of  figure  12.  In  this  case,  Stanton  number  is  shown  as  a  function  of  Reynolds  number  based  on 
free-stream  conditions  and  distance  from  the  leading  edge  parallel  to  the  root  chord.  For  reference 
purposes,  the  modified  Spalding-Chi  method  was  applied  in  stripwise  fashion  for  a  constant  pressure 
on  the  wing  equal  to  the  two-dimensional  value.  (The  virtual  origin  is  taken  as  R„(x  =  2  x  10°, 
based  on  the  indicated  peak  in  heating  along  the  root  chord.)  If  the  prediction  method  applied,  then 
one  would  not  expect  more  than  about  20  percent  difference,  based  on  the  variation  in  the  pressures, 
between  prediction  and  experiment,  "dearly,  there  is  no  correlation  of  the  data  and  there  are  large 
increases  in  heat  transfer  in  the  midportion  of  the  wing  where  surfsce-oil-flow  studies  indicate  a 
conical  vortex  system  to  be  formed.  (See  ref.  40.)  As  in  the  previous  presentation,  the  main  body 
of  the  heat-transfer  data  appears  to  correlate  in  the  conical  coordinate  as  shown  on  the  upper  right- 
hand  side  of  figure  12.  The  large  Increase  in  heating  is  seen  to  be  confined  to  the  central  region 
of  the  wing  influenced  by  the  vortex  system  and  referred  to  as  the  "feather"  region  in  reference  40. 
Apparently,  no  increase  in  pressure  is  associated  with  this  increase  in  heat  transfer.  However, 
there  is  a  gap  In  the  pressure  data  and  such  an  Increase  in  pressure  may  have  occurred  over  a  very 
narrow  range  of  ray  angle.  If  this  pressure  increase  does  exist  at  5°  angle  of  attack,  the  extent 
of  the  increase  probably  widens  with  angle  of  attack.  (The  pressure  increase  was  seen  on  the  lee  side 
when  the  model  was  positioned  at  10°  angle  of  attack,  as  shown  in  fig.  13  of  ref.  40.) 

An  analysis  of  the  delta-wing  data  of  reference  6  at  Mach  numbers  from  3  to  4.4  and  5°  angle  of 
attack,  windward  and  leeward;  shows  a  similar  behavior  to  the  Mach  6  data  previously  presented  in 


■^Test  conditions:  At  M„  =  4.44,  =  687°  R  and  k/b^  =  3-1. 

At  Mjj  =  2.96,  Tt  =  711°  R  and  k/b^  =  4.4. 
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figures  10  and  12.  These  results  are  shown  In  figure  13  and  Indicate  that  the  level  of  the  heating 
on  the  lee  side  can  approach  that  on  the  windward  side  near  the  center  of  the  wing.  Better  coverage 
of  the  central  region  of  the  lee  surface  Is  needed  to  determine  Just  how  high  the  heating  actually 

is . 


CONCLUDING  REMARKS 


Recent  hypersonic  turbulent-boundary-layer  experiments  and  proposed  prediction  methods  pertinent 
to  the  problems  of  the  effect  of  wall  temperature,  the  transformation  of  the  compressible  boundary 
layer  to  a  constant-density  type,  and  heat  transfer  to  the  delta  wing  have  been  considered. 

Up  to  a  Mach  number  of  at  least  9>  based  on  flat-plate  experiments,  the  level  of  the  turbulent 
heat-transfer  coefficient  is  found  to  be  little  affected  by  significant  changes  in  wall  temperature, 
as  was  predicted  by  the  Spalding-Chi  method.  The  T'  or  reference-temperature  method  overpredicts 
skin  friction  and  leat  transfer  at  low  wall-temperature  ratios. 

The  Coles'  transformation  as  modified  by  Baronti  and  Libby  has  been  examined  by  utilizing 
turbulent -layer  profiles  covering  a  wide  range  of  Mach  number  and  wall-temperature  ratio.  Some 
success  Is  found  for  the  transformation  up  to  the  lower  end  of  the  hypersonic  range  and  down  to 
moderately  low  wall-temperature  ratios.  However,  at  the  lowest  wall-temperatui »  ratios,  the  trans¬ 
formation  gave  high  wall  shears  as  compared  with  Spaldlng-Chi  predictions  and  with  shears  that  were 
actually  measured.  At  high.  Mach  numbers,  very  little  of  the  logarithmic  portion  of  the  transformed 
profile  remains  because  <v  an  apparent  thickening  of  the  sublayer  adjacent  to  the  wall  and  the 
velocity-defect  wake  region  comprising  the  outer  part  of  the  profile.  It  is  the  logarithmic  portion 
of  the  profile  from  which  the  Indicated  shear  is  obtained. 

Delta-wing  turbulent  heat  transfer  has  been  examined  for  several  types  of  flow.  At  low  angles 
of  attack,  in  cases  where  the  flow  near  the  surface  is  essentially  streamvise,  strip  application  of 
successful  flat-plate  methods  gives  good  predictions  of  the  heat  transfer  if  the  pressures  are  known. 
This  result  applies  whether  the  leading-edge  shock  is  attached  or  detached.  On  the  lee  side  of 
delta  wings  where  vortices  are  Indicated,  predictions  by  strip  theory  are  surprisingly  good  in 
general;  but  predictions  can  be  poor  near  the  center  line  where  the  heat  transfer  is  high.  Success 
in  predicting  the  heat  transfer  to  delta  wings  appears  to  be  contingent  upon  the  ability  to  predict 
the  flow  field. 
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Figure  3*-  Concluded 


Compressible  turbulent  velocity  profiles  in  the  incompressible  plane  according  to  the 
transformation  of  Coles  and  of  Baronti  and  Libby. 
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Figure  11.-  Turbulent  heat  transfer  and  pressure  distribution  on 
sharp  flat  delta  wings;  a  =  0°;  Tw/Tt  =  0.83;  b  =  12  in.; 
An  =  15°.  Data  from  NASA  TN  D-3644-. 
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Figure  13.-  Concluded. 
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Measurements  of  cold  wall  turbulent  Hypersonic  boundary  layer  stagnation  pressure  and  stagnation 
temperature  profiles  have  been  made  on  the  wall  of  a  conical  nozzle  in  a  hypersonic  gun  tunnel 
facility.  A  high  speed  traversing  pitot  tube  and  a  a  ort  time  response  stagnation  temperature 
probe  wero  developed  for  the  profile  measurements. 

The  data  was  obtained  for  a  freestream  Mach  number  range  of  8  to  11. 5,  a  freestream  Reynolds 
number  range  of  5  x  10“  to  2.7  x  10'  anu  wall  to  freestream  stagnation  temperature  ratios  of 
.26  to  .36. 

The  measured  temperature  profiles  cora;are  unfavourably  with  available  seni-empirical 
temperature/ velocity  functions. 

Transformation  of  the  velocity  profile  to  the  equivalent  incompressible  form,  using  the 
Baronti  and  Libjy  method,  gave  a  successful  transformation  of  the  ‘law  of  the  wall'  and  fair 
transformation  of  the  1  law  of  the  wake' .  Non-correspondence  of  the  pressure  gradient  in  the  wake 
profile  of  the  compressible  flow  to  that  in  the  related  low  speed  flow  was  noted. 

Two  methods  for  determining  the  akin  friction  coefficient,  Spalding  and  Chi  and  \d.e  Sommer 
and  Short  T*  method,  were  comparod  to  the  experimental  results.  Neither  method  showed  a 
satisfactory  correlation  with  the  Spalding  and  Chi  method  the  better.  The  measured  heat  transfer 
rate,  with  the  Reynolds  analogy,  compared  favourably  with  the  measured  skin  friction  coefficient?. 
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EXPERLiBJTAL  .'■‘JSASUREMBJTS  OF  GOLD  WALL 
TURBULglT  HYPERSCXjlC  BOUNDARY  LAYERS 

J.H.  PERRY  and  R.A.  EAST 


1 .  INTRODUCTION 

Cold  wall  turbulent  boundary  layer  flows  at  hypersonic  speeds  are  of  current  interest  in  their 
application  to  hypersonic  vehicle  desi  yi.  A  theoretical  treatment  of  the  turbulent  boundary  layer, 
even  in  the  incompressible  case,  is  impossible  at  the  present  time  due  to  the  lack  of  an  adequate 
theoretical  model  of  the  turuulence  structure.  In  the  hyoersonic  application  the  problem  is 
further  complicated  by  the  presence  of  acoustic  energy  radiating  from  the  layer,  which  may  normally 
be  ignored  at  lower  speeds.  The  theoretical  uncertainty  necessitates  a  wide  and  varied  range  of 
experimental  measurements  to  enable  a  comprehensive  semi-empirical  theory  to  be  developed. 

At  present  only  a  small  amount  of  hypersonic  turbulent  boundary  layer  experimental  data  is 
'enerally  availaole;  for  example,  Adcock  and  Peterson  (Ref.l),  Banner  and  Williams  (Ref. 2) ,  Burke 
(Ref. 3),  Danber;  (Ref .4),  Hill’ (Ref. 5),  Lobb  et  al  (Ref. 6) ,  Matting  et  al  (Ref. 7) ,  Neal  (Ref .3), 
Samuels  et  al  (Ref .9) ,  Wul  ace  (Ref.  10)  and  Winkler  and  Cha  (Ref.1l).  References  1  and  7  deal  with 
measurements  under  adiabatic  wall  conditions.  The  experimental  difficulties  and  expense  entailed  in 
making  accurate  boundary  layer  measurements  in  present  hypersonic  facilities  has  led  to  a  greater 
emphasis  on  the  development  of  transformation  techniques  (e.g.  Coles  (Ref. 12)).  These  techniques 
set  out  to  transform  the  hypersonic  flow  to  a  corresponding  low  3peod  flow  where  accurate  experimental 
data  already  exist. 

Although  Coles  and  Crocco  found  the  technique  suitable  at  moderate  supersonic  Mach  numbers  with 
small  rat^s  of  heat  transfer  and  pressure  gradient  further  experiments  in  hypersonic  boundary  layers 
are  required  to  assess  the  validity  of  the  transformation  methods  under  conditions  of  hi  ;h  wall 
cooling.  An  important  aspect  of  experiments  in  this  regime  13  the  requirement  to  obtain  accurate 
profiles  of  stagnation  temperature  through  the  boundary  layer.  Rotta  (Ref. 13)  has  examined  the 
stagnation  tem:erature  profiles  obtained  in  References  5  and  6  and  has  shown  that  in  many  cases 
inconsistencies  exist  between  measured  wall  heat  transfer  and  the  slope  of  the  temperature  profile 
at  the  wall.  Accurate  temperature  measurements  un  ier  a  variety  of  model  configurations  and  wall 
and  freestream  conditions  are  required,  together  with  measurements  of  skin  friction  and  wall  boat 
transfer  rate.  Such  measurements  are  needed  in  order  to  provide  confirmation  on  the  U3e  of  existing 
3emi-emplrlcal  metnods  to  predict  these  quantities  at  nigh  Mach  numoers. 

Considerable  hypersonic  aerodynamic  testing  lias  been  performed  in  intermittent  facilities  and 
many  of  the  techniques  developed  are  applicaole  to  the  study  of  tne  properties  of  r.igh  Mach  number 
and  Remolds  number  turbulent  ooundary  layers.  In  particular,  facilities  of  the  shock/gun  tunnel 
type  laay  be  operated  with  relatively  hi  ;b  stagnation  pressures  and  at  Reynolds  numbers  appropriate 
to  hypersonic  fli  ;ht  in  a  realistic  flight  corr.dor,  especially  if  the  nozzle  wall  boundary  layer 
is  used  for  the  ex,  erimental  3tud,, .  The  disadvantages  are  that  normally  zero  pressure  gradient  is 
difficult  to  achieve  and  the  ooundary  layer  characteristics  are  modified  by  the  effects  of  transverse 
wall  curvature.  Of  course  the  measurements  are  of  great  practical  use  in  nozsle  flow  application. 

The  work  reported  mere  describes  measurements  o*’  Much  numoer  an!  temperature  profiles  in  the 
boundary  layer  of  up  to  one  inch  thickness  on  a  conical  nozzle  in  a  hypersonic  gun  tunnel  facility 
for  a  freostream  Mach  numoer  range  of  o  to  11.5.  Related  wall  static  pressure  an:  heat  transfer 
rate  measurements  have  oeen  made.  Wall  skin  friction  was  inferred  Doth  from  the  slo;  e  of  the 
velocity  profile  at  the  wall  and  from  the  velocity  profile  transformation  metnol  of  Baronti  and 
Libby  (Ref .14)  ■ 

The  experimental  results  nave  been  compared  with  previous  lata  ootained  at  p.ier.i.ly  lower 
Mach  numoers  and  lower  wall  heat  transfer  rates  than  for  the  |  resent  investigatio,  .  The  measurements 
have  provided  furtuer  information  concerning  the  use  of  velocity  profile  tra.nsf  nation  methods  at 
hypersonic  speeds,  the  prediction  of  3.kin  friction  and  heat  transfer,  together  tk  new  information 
regarding  relationship  oetueen  temperature  and  velocity  in  a  highly  cooled,  hyp  sonic  turbulent 
boundary  layer. 
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2.  EXPERIMFUTAL  PROGRAMME 

The  experimental  data  waa  obtained  using  tho  7£°  total  angle  conical  axisyrametric  expansion 
noazle  of  the  University  of  Southampton  hypersonic  gun  tunnel.  Development  of  this  tunnel  has 
been  reported  by  East  (Ref. 15)  and  East  and  Perry  (Ref.l6),  The  nozzle  shown  in  Figure  1  uu3 
designed  for  boundary  layer  measurements  at  positions  from  the  exit  to  approximately  6  inches 
downstream  of  the  throat.  Internal  surface  roughness  is  within  50  microinches.  Two  throat 
diameters  were  used  giving  a  Mach  number  range,  over  the  measuring  positions,  of  8  to  11.5. 

Variation  of  stagnation  pressure  and  temperature  resulted  in  a  Reynolds  number  range,  at  the 
moasuring  stations,  based  upon  distance  from  the  nozzle  throat,  of  5  x  10&  to  2.7  x  10?,  The 
throat  Reynolds  numbers  were  within  the  range  from  9.7  x  10°  to  2.5  x  107  and  should  have  been 
sufficiently  high  to  ensure  transition  of  the  boundary  layer  at  the  nozzle  throat.  Boundary  layer 
measurements  wars  made  during  a  running  time  of  10  to  20  ms.,  during  which  the  nozzle  wall  could  be 
assumed  sensibly  isothermal  (except,  perhaps,  near  the  throat).  Wall  to  stagnation  temperature 
ratios  ranged  from  .26  to  .36  and  the  stagnation  temperatures  from  800°K  to  1100°K.  Table  I  shows 
the  applicable  expsrimental  conditions  and  Figure  2  indicates  the  significance  of  the  Mach  number 
and  Reynolds  number  parameters  relative  to  a  realistic  flight  envelope  and  previous  hypersonic 
boundary  layer  neasurenents. 

As  a  consequence  of  the  siiort  running  time,  special  instrumentation  was  developed  for 
stagnation  pressure  and  stagnation  temperature  profile  measurement.  To  reduce  the  number  of  runs 
necessary  to  obtain  a  complete  ooundary  layer  stagnation  pressure  profile  and  so  reduce  scatter 
resulting  from  the  limitod  repeatability  of  flow  conditions,  a  solenoid  operated  dgh  speed 
traversing  pitot  assembly  was  developed  capable  of  sweeping  through  approximately  0.5  in.  of  boundary 
layer  in  17  ms.  The  accuracy  of  this  approach  has  been  investigated  by  comparing  the  Mach  number 
profile  measured  by  the  traversing  assembly  with  a  profile  determined  from  fixed  impact  tubes  under 
comparable  conditions.  This  check  was  made  at  each  end  of  the  freestream  stagnation  pressure  range. 
Fig  're  3  shows  the  comparison  for  one  set  of  flow  conditions  and  the  correspondence  is  good  except 
close  to  the  wall.  To  obtain  acceptable  accuracy  in  this  region,  mainly  for  skin  friction 
determination,  it  was  necessary  to  measure  the  pitot  pressure  for  the  inner  15$  of  the  layer  with 
fixed  tu.«e.  The  remainder  of  the  layer  could  be  satisfactorily  probed  using  the  traversing 
teohnique.  Further  information  on  the  traversing  assembly  is  given  in  Reference  17. 

Measurements  of  boundary  layer  stagnation  temperature  have  usually  presented  greater  difficulty 
than  stagnation  pressure  measurements.  A  miniaturised  version  of  a  heated  shield  thermocouple  probe, 
reported  by  East  and  Perry  (Ref. 18),  was  developed  capable  of  measuring  stagnation  temperatures 
within  a  boundary  layer  in  less  than  10  ms.  and  up  to  a  maximum  temperature  of  1500°K.  The  internal 
diameter  of  the  probe  nose  was  l/32"  and  external  dimensions  were  kept  to  a  minimum  to  minimise  flow 
interference.  The  design  of  the  probe  is  shown  in  Flgura  4  and  follows  normal  practice  for  shielded 
thermocouple  probes  except  for  the  heater  windings  on  the  shield.  It  operates  as  a  'null1  measuring 
device.  A  minimum  of  two  tunnel  runs  were  necessary  to  specify  a  flow  temperature;  one  with  the 
Initial  shield  temperature  Just  above  the  expected  flow  temperature  and  tho  other  with  the  initial 
shield  temperature  Just  below.  Considerable  development  was  necessary  to  obtain  an  understanding 
of  the  probe,  especially  as  viscous  effects  within  the  small  shield  can  influence  the  measurements 
in  the  low  pressure  and  low  density  regions  near  the  wall.  Further  constructional  and  operating 
details  on  this  probe  are  presented  in  Reference  17.  .Stagnation  temperature  profiles  have  been 
obtained  relatively  easily  from  boundary  layers  of  the  order  of  0.5  in.  thick  or  greater;  measuring 
within  .05  in.  from  the  wall. 

Mali  heat  transfer  rate  was  measured  using  platinum  thin  film  gauges  mounted  flush  with  the 
wall.  3tandard  probe  calibration  and  data  reduction  techniques  were  adopted  (note  for  example 
Ref. 19). 

Mall  static  pressure  was  measured  using  the  cavity  technique. 

3.  THEORETICAL  CONSIDERATIONS  AND  DISCUSSION  OF  EXT  E.  OMENTAL  RESULTS 


Temperature  and  pressuro  profiles  and  wall  heat  transfer  rates  have  been  measured  for  the 
range  of  oonditions  shown  on  Table  I.  A  representative  number  of  these  measurements  are  given  in 
this  report  and  comparisons  are  made  with  the  available  semi-empirical  methods.  Full  presentation 
of  the  experimental  results  can  be  found  in  Reference  17. 


3.1  Mach  number  crofiles 


These  profiles  have  been  deduced  from  the  measured  stagnation  pressure  profiles,  using  the 
assumption  of  constant  static  pressure  normal  to  the  wall,  with  the  local  i3entropic  relations. 
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The  assumption  of  locally  constant  static  pressure  has  been  confirmed  by  comparing  the  wall  static 
pressure,  measured  using  the  cavity  technique,  with  the  freestream  static  pressure  determined  from 
the  Rayleigh  pitot  formulae  and  local  isentropic  relations  (Fig. 5).  The  freostream  pressure 
gradient  is  comparatively  mild  over  the  region  of  boundary  layer  profile  measurements.  For  one 
representative  flow  condition  (See  Fig. 5)  the  freestream  pressure  gradient  varied  from  .0163  p.s.i./in., 
at  the  most  downstream  measuring  station  to  .0471  p.s.i./in.  four  inches  upstream.  Fixed  probe 
measurements  have  been  used  to  specify  the  inner  "\5%  of  the  layer  as  noted  in  Section  2. 

Figure  6  shows  three  Mach  number  profiles  compared  with  profiles  drawn  from  other  experimental 
sources.  The  profiles  are  typically  turbulent  ana  indicate  the  thick  sublayers  prevailing  under 
these  flow  conditions.  Sublayer  thickness  can  be  seen  to  vary  with  both  Mach  nur  ber  and  Reynolds 
number. 


A  typical  measured  Mach  number  profile  i3  shown  in  detail  on  Figure  3  to  indicate  the  oxtent 
of  experimental  scatter  resulting  from  the  traversing  technique  and  tunnel  flow.  The  scatter  is 
relatively  small  and  to  simplify  the  computation  required  for  reducing  the  experimental  data,  faired 
profiles  are  used  for  reducing  profile  data. 

Figure  7  contains  six  Mach  number  profiles,  drawn  from  the  experimental  data,  covering  a 
representative  range  of  freestream  Kach  number,  pressure  and  temperature. 

3.2  Stagnation  temperature  profiles 

Stagnation  temperature  profiles  have  been  measured  using  the  heated  shield  thermocouple  probe 
described  earlier.  Figure  9  conta;ns  3ix  of  these  profiles  for  comparable  conditions  to  those  of 
the  sample  Mach  number  profiles  of  Figure  7.  The  experimental  scatter  of  data  points  i3  of 
similar  order  as  shown  on  Figure  3  for  the  Mach  number  profiles  and,  for  similar  reasons,  faired 
data  curves  are  used  for  date  reduction.  There  are  no  experimental  measurements  of  nigh  wall  heat 
transfer  rate  turbulent  boundary  layer  stagnation  temperature  profiles,  notably  at  high  Mach  numbers, 
known  to  these  authors.  Comparison  with  a  few  available  stagnation  temperature  profiles  (Fig. 8),  at 
lower  wall  heat  transfer  rate  conditions  and  varying  experimental  environments,  snow  that  the 
general  trend  of  the  change  in  distribution  with  heat  transfer  is  maintained  in  our  results. 

3.3  Temperature-velocity  relationships 

The  experimentally  determined  temperature  and  Mach  number  profiles  present  an  opportunity  to 
test  the  available  semi-empirical  relationships  between  temperature  and  velocity  under  conditions 
of  high  Mach  number  and  high  wall  heat  transfer  rate.  Four  expressions  have  been  considered,  Crocco 
(Ref. 20)  couples  the  momentum  and  energy  equations  with  the  assumptions  of  zero  pressure  gradient 
and  unit  Prandtl  number,  to  obtain  the  function, 
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where  subscripts  s,  w  and  «•  refer  to  stagnation,  wall  and  freestream  conditions  respectively. 

Crocco  (Ref. 20)  and  Cohen  (Ref. 21),  in  an  attempt  to  approximately  account  for  pressure 
gradient  and  Prandtl  number,  produced  a  modified  form  of  the  above  equation: 


f  =  t*  ♦  (i  -  Ji  -  c(*))  z  ♦ 

S  3  T  0»  o» 

oe  as  S 
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where  C(x)  is  assumed  independent  of  y.  A  solution  for  C(x)  his  been  obtained  by  Crocco  (Hef.20) 
and  is 


C(x)  =  (i  -  4)  -  ktr  (d  -  rrv)(i  -  rj  -  d  -  f  )) 

an**  Soo  1  * 
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Wallace  (fief.  10)  slows  that  the  function,  C(x),  can  be  determined  from  experimental  gall 
heat  transfer  measurements  and  uses  the  ,te  nolds  analogy  to  obtain: 


(1 


) 
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where  is  the  local  Stanton  number. 

Spence  (Ref.22)uand  Van  Driest  (Ref. 23)  introduced  'reasonable  assumptions'  for  the  shear 
stress  profile  (^)  into  the  continuity,  momentum  and  energy  equations  to  obtain  a  solution, 
for  Pp  close  to  unity,  of: 


where 
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Figure  10  shows  two  experimentally  determined  profiles  compared  to  tyie  above  semi-empirical 
expressions.  The  first  profile  shous  the  variations  of  with  “  and  the  eeoond,  the 

variation  of  with  Vj  uring  the  experimentally  determined  velocity  profile,  in  the  semi- 


empirical  methods,  to  obtain  the  relation  between  u/i^  and  .  In  both  cases  the  correlation 

is  poor,  with  the  modified  expression  of  Crocco/Cohen  giving  the  closest  approach  to  the 
experimental  curve.  This  divergence  between  theory  and  experiment  lias  been  the  subject  of 
discussion  by  :iany  authors  (e.g.  Walz  (Ref. 24)  and  Itotta  (Ref. 23)).  With  the  aim  of  developing  an 
improved  semi-empirical  method,  an  analysis  based  on  the  work  of  Rotta  (Ref. 13),  is  being 
investigated. 


3.4  Velocity  profiles 


Boundary  layer  velocity  profiles  have  been  determined  from  the  Mach  number  and  stagnation 
temperature  profilos  using  local  isentropic  relations  and  the  assumption  of  constant  static  pressure 
normal  to  the  wall.  Four  velocity  profiles,  covering  a  range  of  Mach  number  and  Reynolds  number, 
are  shown  on  Figure  11.  The  outer  part  of  the  layer  approximates  to  a  l/7  power  law. 

3.5  Velocity  profile  transformation 


The  transformation  technique  mathematically  transforms  the  compressible  layer  into  an 
equivalent  incompressible  form  which  can  be  predicted  with  greater  confidence.  The  latest  and 
moat  proraisin;  contribution  to  transformation  techniques  has  been  made  by  Coles  (Ref. 12)  and  further 
developed  by  Crocco  (Ref. 20).  This  ap,  roach  uses  three  stretching  functions  to  relate  the  high 
speed  case  to  the  low  speed  flows  and  these  relations  are  functions  of  the  longitudinal  distance  in 
the  hi  ;h  speed  flow.  The  first  relates  the  two  stream  functions,  the  second  the  density  ratio  and 
the  third  the  differential  of  the  longitudinal  distances.  The  last  two  functions  can  generally 
be  expressed  as  a  function  of  the  first  in  a  general  theory  of  the  boundary  layer  (e.g.  Crocco), 
but  the  first  function  requires  3ome  further  relation  to  permit  solution. 


Baronti  and  Libby  (Ref, 14)  have  examined  two  sublayer  assumptions  for  determintin ;  the  hirst 
stretchin  ■  funtion;  the  sublayer  hypothesis  of  Donaldson  (Ref. 26)  and  the  substructure  hypothesis 
of  Coles  (Ref. 12).  The  'sublayer  hypothesis'  assumes  that  the  R  ?ynold3  number  associated  with  the 
laminar  sublayer  :.s  invariant: 


PfVf 

**f 


pyf 

Ti 


l.e. 


Const . 


3.7 


and  the  properties  at  the  edge  of  the  sublayer  have  been  used  in  determining  the  Reynolds  number. 

The  'substructure  hypothesis'  proposes  that  a  substructure  Reynolds  number  can  be  independent  of 
compressibility  uhen  the  density  and  viscosity  are  evaluated  at  a  suitably  defined  mean  temperature. 

Baronti  and  Libby  found  that  the  sublayer  hypothesis  was  more  applicable  to  the  wide  range  of 
experimental  sublayer  profiles  which  were  considered  tnan  the  substructure  hypothesis.  Contrary 
to  the  experimental  evidence  the  methods  available  at  present  (Coles  (Ref.  12)  and  Rosenbaum  (Ref. 27)), 
for  applying  the  transformation  to  the  boundary  layer,  are  both  based  upon  Coles  1  substructure 
hypothesis' . 

An  Implication  of  the  transformation  is  that  the  local  pressure  gradient  of  the  compressible 
and  transformed  flows  should  correspond.  Baronti  and  Libby  (Ref. 14)  have  investigated  the  general 
ability  of  the  transformation  to  successfully  transform  the  compressible  velocity  profiles  to  the 
transformed  flow  by  applying  the  method  to  available  reliAble  experimental  measurements.  Using  the 
sublayer  hypothesis,  the  'law  of  the  wall'  (a  portion  of  the  velocity  profile  relatively  insensitive 
to  pressure  gradient  -  note  Ludwieg  and  Tillman  Ref. 28),  transformed  successfully  and  the  authors 
pointed  out  a  useful  method  for  determining  the  skin  friction,  from  the  transformed  wall  law 
profile,  which  is  independent  of  measurements  close  to  the  wall,  lne  'wake'  portion. of  the  profile, 
when  transformed  to  the  Incompressible  flow  indicated  profiles  of  a  more  favourable  pressure 
gradient  (note  Fig, 14)  and,  from  the  experimental  results,  this  divergence  increases  with 
increasing  1-lach  number. 

Figures  12  and  13  show  sample  transformations  of  the  law  of  the  wall  and  law  of  the  wake 
profiles.  Both  have  been  transformed  following  the  method  outlined  by  Baronti  and  Libby  (Ref. 14), 
using  the  sublayer  hypothesis  to  obtain  the  first  stretching  function  and  the  experimentally 
derivsd  temperature  profile  to  determine  the  density  integrals  required  for  the  remainder  of  the 
transformation. 

In  the  transformation  of  the  law  of  the  wall  the  value  of  the  stretching  function  has  a  large 
effect  on  the  compressible  skin  friction  coefficient  determined  from  the  law  of  the  wall  profile. 

If  the  experimentally  derived  temperature  profile  was  used  in  determining  this  stretching  function 
the  resultant  akin  friction  coefficient,  determined  from  the  linear  log  law  portion  oi  Che  profile, 
was  some  60%  above  that  obtained  from  experimental  results  (see  below)  and  from  the  method  of 
Spalding  and  Chi  (Ref. 29)  i  whereas  if  the  Crocco/Cohen  relation  was  U3ed  (Equ.3.2)  for  the 
stretching  function  evaluation  and  the  experimentally  determined  temperature  profile  for  the 
remainder  of  the  'law  of  the  wall'  transformation,  the  skin  friction  determined  from  the  transformed 
profile  corresponded  to  the  majority  of  the  skin  friction  values  determined  from  the  velocity  slope 
at  the  wall  (note  Fig, 15)  and  correlated  with  the  method  of  Spalding  and  Chi. 

The  difference  between  the  two  approaches  is,  in  part,  due  to  possible  errors  in  the  measured 
temperature  profile  near  the  wall  (note  Fig. 9)  but  Figure  10  shows  that  the  experimental  profile 
and  the  Crocco/Cohen  profile  are  basically  different  and  wall  errors  are  not  the  complete 
explanation.  This  result  tends  to  indicate  that,  whereas  the  sublayer  hypothesis  13  sufficiently 
accurate  at  zero  heat  transfer  (note  Baronti  and  Libby  Ref, 14)  where  the  Crocco/Cohen  function 
approaches  the  measured  temperature  profile  (Rotta  Ref. 25),  in  the  case  of  applied  wall  heat 
transfer,  the  errors  introduced  by  applying  the  Crocco/Cohen  function  to  determine  the  first 
stretching  function  are  counterbalanced  by  applying  the  sublayer  hypothesis. 

Figure  12  shows  the  successful  transformation  of  the  velocity  profile  that  applies  to  the 
•law  of  the  wall'  region  using  the  Crocco/Cohen  function  for  determining  the  first  stretching 
function  and  the  experimentally  derived  temperature  profile  for  the  remainder  of  the  profile 
transformation. 

Coles  (Ref. 12)  has  given  an  explicit  representation  of  the  'law  of  the  wake'  portion  of  the 
velocity  profile  in  the  form 


A  ln(^6)  -  An(x)(2  -  W(V-)j 


-  3.8 


Figure  13  shows  the  'wake'  transformation  of  the  profiles  in  Figure  12.  A  constant  n 
value  tan  be  applied  approximately  to  the  whole  profile.  Wall  heat  transfer  rate  and  boundary 
layer  upstream  history  are  possible  explanations  for  failure  of  the  'law  of  the  wake'  to  transform 
ns  satisfactorily  as  the  zero  pressure  gradient,  zero  heat  transfer  velocity  profiles  transformed 
by  Baronti  and  Libby  (Ref.  14). 


The  wake  parameter,  n(x) »  is  plotted  against  the  transformed  momentum  thickness  Reynolds 
number,  'See*  00  Figure  14.  The  results  indicate  that  n(x)  increases  with  increased  stream  to  wall 
heat  transfer  rate  and  decreases  with  Mach  number  increase  and  3*  decrease.  The  figure  confirms 
the  oonelusions  drawn  by  3aronti  and  Libby  concerning  non-correspondence  of  the  local  pressure 
gradients  between  the  high  speod  and  transformed  outer  layer  profiles. 

3.6  Determination  of  wall  skin  friction 

Two  saoi-ampirical  methods  have  been  compared  to  the  experimental  results.  The  first  has  been 
proposed  by  Spalding  and  Chi  (Ref .29).  They  postulate  that  a  unique  relationship  exists  between 
QfF0  and  R  Fr  where  Cf  is  the  akin  friction  coefficient,  R  the  Reynolds  number  and  F«  and  Fr  are 
functions  of  Mach  number  and  temperature  ratio  alone.  The  obvious  lack  of  reliable  experimental 
data  has  restricted  calculation  of  Fc  and  Fr  from  experiment  and  hence  the  authors  determined  Fc 
by  means  of  the  mixing  length  theory  and  Fr  seml-empirieally.  When  compared  with  available 
experimental  data,  Spalding  and  Chi  found  that  the  predictions  of  the  method  give  a  root-mean 
square  error  of  9.9£. 

The  second  is  the  Sommer  and  Short  T1  method  (Ref. 30).  Peterson  (Ref.3l)  examined  available 
experimental  results  and  compared  them  to  a  wide  range  of  existing  theories.  The  Sommer  and  Short 
method  gave  the  best  experimental  correlation.  In  this  method  the  fluid  properties  in  the  flow 
are  evaluated  at  some  intermediate  or  reference  temperature  in  the  boundary  layer.  This  reference 
temperature  is  called  T1  and  is  a  function  of  the  freestream  Mach  number  and  the  ratio  of  wall 
temperature  to  freestream  temperature.  These  properties  are  then  used  in  the  von  Karman-Schoenherr 
(Ref. 32)  incompressible  turbulent  akin  friction  formula  to  obtain  the  skin  friction. 

A  survey  has  been  made  of  other  experimental  data  in  the  hypersonic  region  of  Mo,  -  5.C  and 
upward.  The  skin  friction  data  from  these  sources  lias  been  transformed  by  the  Spalding  and  Chi 
method  and  are  shown  on  Figure  15a,  as  a  function  of  transformed  position  Reynolds  numoer,  and  on 
Figure  15b,  as  a  function  of  transformed  momentum  thickness  Reynolds  number,  leter3on  (Ref.3l) 
indicated  a  method  of  transforming  experimental  data,  through  the  Sommer  and  Short  method,  to 
equivalent  incompressible  co-ordinates  far  comparison.  The  experimental  data  i3  reduced  using  this 
method  and  compared  on  Figure  15c. 

The  akin  friction  data  from  the  experimental  programme  in  the  present  paper  was  determined  oy 
two  methods;  (i)  from  velocity  slope  at  the  wall  and  (ii)  from  the  transformed  law  of  the  wall 
velocity  profile  following  Baronti  and  Libby  (Ref. 14) .  Skin  friction  coefficients  determined  by 
the  two  methods  compare  favourably  (note  Fig. 15)  except  in  a  few  cases  where  the  sublayer  was  very 
thin  and  accurate  measurements  in  this  region  not  possible.  Figure  15  shows  a  comparison  between 
the  above  semi-empirical  methods  and  the  experimental  results  of  this  report.  Using  the  Spalding 
and  Chi  method  and  plotting  against  transformed  position  Reynolds  number  (Fig. 15a)  the  correlation 
is  fair,  though  a  mean  line  tlirough  the  data  has  a  different  slope  to  the  Spalding  and  Chi  line. 
Plotting  against  transformed  momentum  thickness  Reynolds  number  (Fig.l5b)  indicates  fair  correlation 
for  the  lower  Mach  number  range  (~8-9)  but  a  poorer  correlation  for  the  higher  Mach  numbers  (-9  to  11.5) 
where  the  freestream  static  pressures  and  densities  are  lower.  Comparison  with  the  Sommer  and  Short 
method  (Fig-15c)  is  not  as  acceptable.  A  mean  line  throu  ;h  the  data  of  this  report  fa1  is  somewhat 
below  the  Sommer  and  Short  line. 

Neither  method  3hows  good  correlation  of  all  of  the  available  hypersonic  data  (Table  II) .  The 
Spalding  and  Chi  method  is  possibly  the  more  acceptable. 

3.7  Determination  of  wall  heat  transfer  rate 


The  wall  heat  transfer  rate  was  deduced  from  the  platinum  thin  film  gauge  measurements  by  the 
normal  method  (note  Ref. 19).  A  skin  friction  coefficient  was  calculated  from  the  neat  transfer  rate 
using  various  analogies  and  compared  to  the  3kin  friction  measurements  obtained  using  the  velocity 
gradient  at  the  wall  (Fig. 15  and  Table  II).  Tiie  un-modified  Reynolds  analogy,  Cf  =  2  Ch,  resulted 
in  the  best  comparison  and  confirms  similar  conclusions  reache;  oy  Wallace  (def.10)  for  axisymmetric 
nozi’e  measurements. 

The  temperature  gradients  at  the  wall,  deduced  from  the  heat  transfer  rate  measurements,  were 
compared,  on  Figure  9,  to  the  wall  tern; erature  gradient  obtained  from  stagnation  temperature  profiles, 
curve  fitting  from  the  last  experimentally  measured  points  to  the  wail.  The  co  arisen  indicates 
that  a  small  error  occurs  in  the  experimental  points  near  the  wall.  This  error  is  mainly  wi.hin  the 
expected  range  of  experimental  scatter,  for  this  type  of  probe,  of  ♦  3j>  (note  Ref.  15).  The 
equivalence  oetween  the  two  wall  temperature  gr»  iients,  within  experimental  error  ,  tend  to  confirm 
the  accuracy  of  the  measured  stagnation  temperature  ;  rofile3. 


* 
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4.  CONCLUSIONS 


1) .  Specialised  instrumentation  can  be  developed  to  measure  turbulent  boundary  layer 
properties  in  short  running  time  hypersonic  facilities. 

2) .  Measurements  of  stagnation  pressure  and  stagnation  temperature  profiles  compare  favourably 
with  extrapolated  trends  of  previous  experimental  measurements. 

3) .  fhe  experimentally  derived  static  temperature  profile  compares  unfavourably  with  available 
semi-empirical  temperature/velocity  relationships. 

4) .  Using  the  Baronti  and  Lioby  velocity  profile  transformation  metnod,  successful  transformation 
of  the  'law  of  the  wall'  and  fair  transformation  of  the  'law  of  the  wake'  was  achieved.  The 
application  of  the  'sublayer  hypothesis',  used  in  the  transformation,  was  found  to  be  influenced  by 
the  high  wall  heat  transfer  rate.  lion-correspondence  of  the  pressure  gradient  in  the  wake  profile 

of  the  compressible  flow  to  that  in  the  related  low  speed  flow  was  noted. 

5) .  The  Spalding  and  Ori  skin  friction  method  indicated  the  more  acceptable  correlation  with 
experiment . 

6) .  The  Reynolds  analogy  ana  the  measured  heat  transfer  rates  indicated  an  acceptaole  correlation 
with  the  experimental  akin  friction  coefficients. 
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TABLE  I 
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TABLE  II 

EXPERIMEJTAL  SKIN  FRIG  TIJN  TRANSFORMED  WITH  SPALDING  AND  CHI 
AND  SUMMER  AND  SHoRT  l'1  METHODS  FOR  FIGURE  15 


Author  Mach  No. 
and  R&ngs 

Ref. 


L05B  et 
al 

Ref  .6 


Position 
Reynolds 
No.  Range 


WINKLER 
and  GriA 
Ref. 11 


MATTING 
et  al 
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SIMMARY 


A  recent  study  of  hypersonic  boundary  layer  transition  on  a  5°  cone  has 
given  the  opportunity  to  examine  the  structure  of  both  laminar  and  turbulent 
boundary  layers  on  sharp  and  blunt  cones  at  edge  Mach  numbers  cf  30  From 
pitot  probe  and  total  temperature  measurements,  profile  cf  velocity  and 
Mach  number  were  obtained.  The  laminar  boundary  layer  results  are  compared 
with  a  non-similar  boundary  layei  theory  c»lculated  on  a  GE  635  computer. 

An  interesting  result  for  the  turbulent  boundary  laver  is  that  the  total 
temperature  is  far  removed  from  the  Crocco  relationship. 


RESl  ME 


Une  dtude  recent  de  la  transition  de  lr.  couche  limite  hypersonique  a 
donn^  occasion  d’  examiner  la  structure  des  couches  limites,  laminaires  et 
turbulentes,  sur  des  fines  tranchants  et  ^pointds  au  nombre  de  Mach  de 
1' ordre  de  10  Des  profiles  de  velocity  et  de  nombre  de  Mach  ont  £t^ 
obtenus  par  les  mesures  de  pression  pitot  et  de  la  temperature  total e. 

Les  r^sultats  de  la  couchc  limite  laminaire  sont  compares  avec  une  theorie 
de  couche  limite  non-similaire  calcul^e  sur  une  ordinatrice  GE  635.  Un 
r^sultat  inte.essant  pour  la  couche  limite  turbulente  est  que  la  temperature 
totale  est  tres  eloign^e  du  rapport  Crocco. 
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THEORY  AND  EXPERIMENT  FOR  THE 
STRUCTURE  OF  SOME  HYPERSONIC  BOUNDARY  LAYERS 

Eric  J.Softley,  Robert  J. Sullivan 


1  INTRODUCTION 

Recent  studies  of  transition  of  a  boundary  layer  on  a  cone  at  hypersonic  conditions  have 
been  made  in  the  GE-SSL  large  shock  tunnel1.  The  transition  Reynolds  number  increases 
greatly  with  increasing  Mach  number  and  therefore  a  large  model  was  needed.  A  12  ft  long 
5°  cone  was  selected  A  feature  of  the  larje  size  and  long  boundary  layer  run  was  a  thick 
boundary  layer  on  the  model  It  was  possible,  therefore,  to  probe  the  boundary  lays,  in 
some  detail  in  both  laminar  and  turbulent  regions.  The  experiment  was  generally  charac¬ 
terized  by  cold  wall  with  uniform  temperature  and  free  stream  Mach  numbers  from  10  to  15. 
Nose  radii  varied  from  sh'^rp  to  a  1  inch  radius. 

It  is  apparent  that,  within  these  restrictions,  there  are  four  cases  of  interest.  For 
the  sharp  cone  both  laminar  and  turbulent  boundary  layers  exist.  If  a  characteristic 
example  of  a  blunted  cone  is  that  for  which  the  boundary  layer  thickness  is  notably  less 
than  the  entropy  layer  thickness  then  only  the  laminar  case  can  be  probed  in  this  experiment. 
This  was  because  an  increase  in  nose  Reynolds  number  delayed  transition  and  made  the 
existence  of  a  turbulent  boundary  layer  less  likely. 

For  the  three  boundary  layers,  a  study  was  made  with  pitot  probes  and  total  temperature 
probes.  From  the  data  obtained  it  is  possible  to  calculate  local  velocities,  densities, 
temperatures,  etc.  In  addition,  we  have  measured  values  of  the  surface  heat  transfer  and 
pressure.  The  surface  heat  transfer  was  used  to  define  the  transition  points  (see  Ref.  1) 
and  the  surface  pressure  was  used  in  the  definition  of  the  flow  field. 


2.  MODEL  AND  FLOW  FIELDS 

The  model  used  for  these  tests  was  a  12  ft  long  5°  half  angle  cone.  The  location  of 
the  model  in  the  shock  tunnel  nozzle  is  shown  in  Figure  1.  This  nozzle  is  a  contoured 
nozzle  designed  to  produce  parallel  flow  at  Mach  20  and  has  been  operated  satisfactorily 
down  to  Mach  numbers  of  10.  For  a  description  of  the  tunnel  and  nozzle  see  References  1, 

2  and  3.  The  Mach  numbers  increase  slightly  along  the  length  of  the  cone  with  correspond¬ 
ing  variations  in  pressure,  temperature,  and  velocity.  The  flow  conditions  were  evaluated 
by  using  surface  pressure  measurements  and  plenum  pressure  measurements  of  the  tunnel. 

An  experimental  pressure  distribution  along  the  cone  is  used  to  evaluate  the  edge  Mach 
number  and  other  parameters.  The  accuracy  was  checked  using  probe  quantities  outside  the 
boundary  layer  and  in  the  free  stream  at  the  axial  location  X  (Figure  2). 

For  the  blunt  body  flow  fields  an  interesting  problem  exists  in  that  the  slightly 
divergent  flow  discussed  earlier  will  interact  with  the  blunted  cone  shock  especially  in 
the  vicinity  of  the  nose.  The  result  is  that  the  pressure  on  the  rear  of  a  slightly 
blunted  cone  is  below  that  achieved  by  the  "harp  cone  in  the  same  flow.  A  non-uniform 
flow  field  calculation  was  made  with  the  free  stream  conditions  as  an  input  and  from  this 
the  pressure  distribution  on  the  blunted  cone  was  calculated.  The  data  obtained  for  the 
pressure  measurements  were  then  used  as  a  check  on  this  and  are  found  to  be  quite 
satisfactory. 
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The  edge  Mach  number  for  the  blunt  cone  is  dependent  on  the  ability  of  the  boundary 
layer  to  swallow  the  nose  induced  entropy  layer.  For  purposes  of  the  transition  data 
shown  in  Reference  1,  a  GE  V1ZAAD  computer  program1*  was  used.  The  accuracy  of  this  program 
of  calculating  edge  Mach  numbers  is  compared  with  the  experimental  values  and  with  the 
non-similar  boundary  layer  computation  later  in  the  paper.  A  summary  of  pertinent  infuima- 
tion  is  given  in  Table  I. 


3.  EXPERIMENT*-  I'HNIQUES 

The  surface  pressure  measurements  described  earlier  were  made  with  semi-conductor  strain 
gage  transducers.  These  were  mounted  in  small  cavities  in  the  model  such  that  response 
time  was  of  order  100  microstconds.  With  flow  durations  typically  10  milliseconds  this  is 
ample  for  experimental  measurements.  The  surface  heat  transfer  measurements  have  been 
described  in  great  detail  in  References  1,  6  and  7.  These  basically  use  thin  film  heat 
gages  with  a  rapid  response  time.  The  boundary  layer  probe  measurements  were  obtained 
using  two  five  position  probes  Measurements  of  stagnation  pressure  were  made  with  the 
probe  shown  in  Figure  3  and  4.  Piezoelectric  transducers  approximately  1/8  Inches  diameter 
were  located  in  the  body  of  probes  which  were  individually  mounted  on  thin  plates.  Each 
probe  was  thus  isolated  to  minimize  any  interference  between  probes.  The  tips  were  reduced 
in  size  to  about  0.060  inches  tip  diameter  to  allow  the  best  possible  resolution  for  this 
experiment  within  the  limitations  of  the  instrumentation.  The  final  response  time  of  such 
a  pitot  probe  is  roughly  half  a  millisecond.  Note  that  because  of  the  need  to  Isolate  the 
individual  gages  the  profile  is  not  made  vertically  out  from  the  surface  but  is  translated 
on  the  model  in  roughly  half  inch  steps. 

Total  temperatures  were  measured  using  fine  wire  probes.  These  probes  were  usually 
pulsed  to  provide  a  two  temperature  technique.  Figure  6  demonstrates  the  technique.  An 
electrical  pulse  is  used  to  increase  the  temperature  of  the  wire  from  Tt  to  T2  .  From 
measurements  of  the  time  derivatives  of  the  wire  temperature  before  and  after  the  pulse 
plus  knowledge  of  the  end  losses  it  is  possible  to  calculate  the  recovery  temperature  TR  . 
This  is  then  used  with  information  on  density  and  Mach  number  to  calculate  the  total 
temperature.  A  more  complete  description  is  given  in  Reference  5.  In  the  outer  part  of 
the  boundary  layer  the  density  is  sufficiently  high  that  in  some  cases  it  was  possible  to 
reach  recovery  temperature  during  the  test  time  of  the  tunnel  and  this  technique  ?as  also 
used.  The  assembly  shorn  for  the  pitot  probe  assembly  was  adapted  to  hold  fine  wires. 
Hence,  the  wire  locations  in  the  boundary  layer  were  essentially  that  described  for  the 
pitot  probe. 


4.  ANALYTICAL  TECHNIQUES 

Methods  developed  for  the  calculation  of  flow  properties  within  the  shock  layer  have 
been  used  to  compare  experiment  and  theory.  These  include  the  techniques  used  for  cal¬ 
culation  of  the  inviscid  region  and  boundary  layer  region  with  the  appropriate  modifications 
to  reflect  the  conditions  that  exist  in  the  shock  tunnel.  These  were  taken  as: 

Equilibrium  real  gas  nozzle  expansion 
Diverging  free  stream 
Axial  Mach  number  gradient 

The  problem  involves  the  definition  of  the  upstream  flow  conditions,  the  solution  of  the 
inviscid  flow  equations  by  the  Method  of  Gravalos,  et  al.(l0),  and  use  of  these  results  as 
boundary  conditions  for  the  solution  of  the  viscous  region. 

4.1  Non  Uniform  Flow  Field  Analysis 

The  analysis  of  the  inviscid  flow  field  departs  from  the  technique  in  Reference  9.  The 
method  for  the  inviscid  flow  field  was  developed  principally  for  conditions  about  a  body 
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in  flight,  where  the  upstream  conditions  are  uniform  and  the  flow  is  parallel.  These 
conditions  are  not  satisfied  in  the  shock  tunnel  experiment,  and  use  of  uniform  conditions 
will  not  predict  pressures  measured  on  the  cone  during  the  experiment  The  free  stream 
input  is  modified  to  reflect  the  known  divergence  of  the  tunnel  stream.  The  modification 
is  then  checked  by  comparing  with  the  experimental  pressure  (Fig.  7).  We  then  use  this 
computed  inviscid  flow  as  the  boundary  conditions  for  the  boundary  layer  computation. 

For  the  blunt  body  the  flow  field  is  divided  into  *'  -ee  distinct  regions.  The  subsonic 
region  (near  the  axis  of  symmetry)  is  solved  by  rela,  .ion.  The  transonic  region  is 
solved  by  direct  numerical  integration  of  the  flow  equations  in  physical  space.  The  super¬ 
sonic  region  is  solved  using  the  method  of  characteristics.  The  procedure  assumes  an 
initial  shock  shape  and  is  iterated  to  the  desired  accuracy.  Shock  locations  for  this 
calculation  are  checked  using  total  pressure  traverse  data  taken  from  close  to  the  body 
surface  to  beyond  th  .  bow  s.iock. 

The  inclusion  of  the  proper  initial  conditions  results  in  surface  pressure  shown  in 
Figure  7  for  the  non-uniform  flow  field  analysis,  and  compares  well  with  the  measured  test 
points.  Shown  for  comparison  is  the  uniform  flow  field  computation,  which  gives  an  obvious 
incorrect  answer. 


4.2  Non  Similar  Boundary  Layer  Computations  (N.S.B.L. ) 

The  boundary  layer  equations  are  solved  with  a  GE  635  digital  computer  using  a  finite 
difference  scheme  of  the  Crank-Nicolcon 12  type.  To  specify  the  problem  we  require: 

Conditions  at  the  boundary  layer  edge 
Thermal  properties 
Transport  properties 


The  local  surface  pressure  derived  from  the  inviscid  flow  field  is  used  as  pressure  at 
the  boundary  layer  edge.  A  mass  balance  technique  is  then  used  to  define  the  local  velocity, 
enthalpy  density  and  temperature,  expressed  as 
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which  allows  for  the  addition  of  ablating  mass  addition  or  boundary  layer  auction.  The 
location  on  the  shock,  rg  defines  the  flow  states  behind  the  shock,  and  an  isentropic 
expansion  to  local  static  pressure  is  used  to  find  the  conditions  at  the  boundary  layer 
edge. 

The  gas  is  assumed  ideal  within  the  inviscid  flow  field  with  a  slight  adjustment  to  y 
at  low  temperatures.  The  transport  properties  required  are  Prandtl  number  and  viscosity. 
The  Prandtl  number  is  assumed  a  function  of  temperature  only  Viscosity  follows  Suther¬ 
land'  s  law  for  T  >  100°K  .  For  T  <  100°K  a  linear  function  is  used15. 


The  boundary  layer  equations  used  are  written: 
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■here  a  la  the  dlatance  along  the  body  surface  and  y  Is  the  local  normal.  The 
equations  are  transformed  with  the  Lcvv-Lees  transformation  for  numerlca1  solution,  where 
the  independent  variables  are: 
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The  bluntness  induced  vorticity  complicates  the  definitive  of  the  boundary  layer  edge. 
The  definition  of  8  in  the  present  program  is  based  upon  the  total  temperature  or  total 
enthalpy.  Mathematically 
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and  the  net  energy  flux  across  streamlines  tends  to  zero.  Thus  for  the  blunt  cases  the 
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value  of  —  t  0  .  since  velocity  gradients  are  induced  by  the  entropy  layer.  Far 
Wy.S 

downstream  the  conditions  will  approach  the  sharp  cone. 


The  boundary  layer  is  then  computed,  starting  at  the  nose,  for  each  chosen  axial  station 
The  boundary  conditions  are  those  of  each  streamline  and  reflect  the  pressure  gradient  and 
shock  shape  of  the  problem. 


3.  LAMINAR  BOUNDARY  LAYER  COMPARISON 

Comparison  is  made  between  theory  and  experiment  in  terms  of  the  velocity,  total  tem¬ 
perature  and  Mach  number  profiles.  The  experiment  yields  pitot  pressure  and  total  tempera¬ 
ture  profiles,  An  average  trend  is  drawn  for  each  and  values  of  Mach  number,  etc.  computed 
by  assuming  constant  pressure  through  the  boundary  layer. 

3.  1  Sharp  Cone  Boundary  Layer 

Data  at  three  positions  is  combined  as  shown  in  Figure  8.  To  facilitate  comparison, 
the  data  was  originally  plotted  as  y/8  ,  but  since  this  depends  upon  the  choice  of  8  to 
a  great  extent,  the  final  comparison  is  made  with  experimental  data  as  functions  of  y  . 
(S3/8x),  and  with  a  theoretical  computation  at  x  =  3'  .  Hence,  only  a  ratio  of  thicknesses 
is  needed  A  computed  ratio  is  used. 

The  sharp  case  provided  the  greatest  difficulty  in  matching  theory  and  experiment.  The 
experimental  data  shows  similarity  in  the  pressure  and  temperature  profiles  of  Figure  8. 
There  is  good  agreement  between  theory  and  experiment  in  the  inner  boundary  layer  However, 
both  the  measured  pitot  pressure  and  measured  total  temperature  indicate  a  "tail”  at  the 
outer  edge  of  the  boundary  layer  which  is  not  computed  from  the  theory  Variations  in 
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step  size  in  the  computation  were  found  to  be  significant  in  this  itter  portion  with  the 
solution  asymptotic  to  the  final  solution  with  Increasing  step  size  (until  a  practical 
upper  limit  is  reached.)  The  deviation  between  theory  and  experiment  occurs  as  Mach 
number  increases  and  the  static  temperature  decreases  below  200°R.  pigure  9  illustrates 
this  deviation  of  M  and  u/up  as  we  approach  the  boundary  layer  edge. 

Since  "'e  temperature  in  the  outer  part  of  the  boundary  layer  is  low  some  attention 
must  be  on  to  the  gas  properties  in  the  calculation.  In  particular  the  transport 
properties,  in  terms  of  viscosity  and  Prandtl  number  are  needed.  Some  data  on  viscosity 
is  giver  in  Reference  15.  Very  little  data  is  available  on  Prandtl  number  at  low  tem¬ 
peratures,  however.  Information  given  on  hydrogen  for  conditions  near  the  saturation 
line  indicate  an  anomalous  behavior  of  Pr  .  Some  studies  were  made  with  the  computer 
solution  using  a  range  of  possible  Pran^  ‘  number  functions  but  none  provided  a  solution 
similar  10  the  experimental  results.  At  the  present  time  it  is  nut  known  whether  the 
“tail"  is  peculiar  to  the  shock  tunnel  experiment  or  not. 

Since  the  N.S.B.L.  solutions  agree  with  the  experimental  observations  near  the  wall 
the  calculated  heat  transfer  also  shows  excellent  agreement  with  that  measured  by  surface 
heat  gages  (see  Fig.  11). 

Solutions  are  also  given  in  Figures  8-10  with  Prandtl  number  equal  co  unity.  This  gives 
increased  heat  transfer  and  decreased  skin  friction.  It  also  gives  the  well  known  Crocco 
integral  for  total  temperature  as  a  function  of  velocity  (Fig. 10).  Departure  from  the 
linear  solution  is  very  slight  for  real  Prandtl  numbers. 

5.2  Blunted  Cone  Boundary  Layer 

The  laminar  boundary  layer  on  a  blunted  cone  is  shown  in  Figures  12-15.  The  N.S.B.L. 
computation  of  total  temperature  is  shown  in  Figure  12  both  with  Prandtl  number  a  function 
of  tempercture  and  also  set  equal  to  unity.  Since  the  velocity  is  not  constant  external 
to  the  boundary  layer  the  total  temperature  is  used  to  define  the  boundary  layer  edge. 

The  N.S.B.L.  computation  for  total  temperature  seems  to  be  a  good  average  for  the  experi¬ 
mental  values.  The  velocity  profile  also  demonstrates  excellent  agreement  between  theory 
and  experiment.  The  Mach  number,  however,  indicates  that  the  N.S.B.L.  computation  produces 
Mach  numbers  below  those  observed  experimentally  (at  any  y  station).  However,  the  experi¬ 
mental  error  is  sufficient  to  cover  the  discrepancy. 

For  the  boundary  layer  edge  the  computed  Mach  number  of  6.4  compares  with  an  experi- 

dM 

mental  value  of  6.8  i  0.4.  Notice  that  because  of  the  large  value  of  —  at  the  edge, 

dy 

the  choice  of  the  exact  boundary  layer  thickness  becomes  critical  and  the  value  of  the 
comparison  is  limited.  The  VIZAAD  calculation  gives  a  value  of  6.7. 

This  in  fact  demonstrates  a  problem  for  blunt  body  flows  in  general  since  the  definitive 
of  edge  properties  is  used  extensively  in  transition  and  heat  transfer  correlations. 

Since  the  edge  Mach  number  is  not  high  the  total  temperature  differs  only  slightly  from 
Crocco’ s  integral  (see  Fig. 14).  Note  the  values  of  Prandtl  numbers  shown  in  Figure  15. 
Reynolds  analogy  is  therefore  a  good  approximation,  as  shown  in  Table  I. 

The  computed  heat  transfer  (from  derivatives  at  the  wall  of  the  N.S.B.L.  solution)  are 
about  10-15%  below  those  measured.  A  difference  in  the  derivative  of  temperature  of  thin 
magnitude  would  not  be  too  evident  in  the  profiles  shown  earlier. 

A  solution  with  Prandtl  numoer  unity  was  also  computed.  Viscosity  is  assumed  unchanged 
and  the  increase  in  temperature  derivative  shown  (at  the  wall)  combines  with  a  decrease 
in  thermal  conductivity  to  give  only  a  slightly  increased  heat  transfer. 
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8.  TURBULENT  BOUNDARY  LAYER 

The  experimental  profiles  of  the  turbulent  boundary  layer  are  shown  In  Figure  17 
The  pitot  profile  shows  a  characteristic  observed  for  the  turbulent  boundary  layer  namely 
a  tendency  for  increasing  scatter  at  and  slightly  beyond  the  edge  of  the  boundary  layer. 

The  total  temperature  profile  for  this  case  is  unfortunately  incomplete  since  some  data 
points  were  not  obtained  (due  to  program  foreshortening).  It  seems  reasonable,  oased  on 
the  experimental  data  available,  to  extrapolate  down  to  Tw/Toe  as  shown  and  further 
analysis  uses  the  complete  profile  shown.  Pitot  profiles  were  also  obtained  at  9  ft  on 
the  cone  for  the  same  free  stream  condition  and  for  a  different  condition  at  4  1/2  ft 
location.  The  profiles  were  found  to  overlay  so  that  the  turbulent  boundary  layer  would 
appear  to  be  similar  in  the  sense  that  the  Mach  number  prof  le  can  be  made  independent  of 
the  X  location  by  non-dimenslonallzing  the  y  coordinate. 

The  Much  number  and  velocity  profiles  obtained  from  the  experimental  data  are  shown  in 
Figure  18.  It  is  interesting  to  compare  the  velocity  profile  in  this  case  with  that 
obtained  by  using  a  Danberg  or  Crocco  relationship  together  with  the  experimental  pitot 
profile  but  we  will  return  to  this  in  a  moment. 

In  Figure  19  the  total  temperature  is  considered  a  function  of  the  non-dimensionalized 
velocity  through  the  boundary  layer.  Comparison  is  made  between  the  experimental  values, 
the  Crocco  relation  (Pr  =  1)  and  the  results  of  Danberg8.  As  can  be  seen  the  data  is  far 
removed  from  either  of  these  two  cases.  Indeed  this  must  be  so  since  for  most  of  the 
outer  part  of  the  boundary  layer  as  observed  in  Figure  18  the  Mach  number  is  quite  high. 

This  means  that  the  total  temperature  must  be  proportional  to  the  square  of  the  velocity, 
representing  a  gross  departure  from  the  Crocco  integral  where  the  total  temperature  is  a 
linear  function  of  velocity.  Note  that  a  Crocco  relationship  is  often  used  in  turbulent 
boundary  layer  analysis,  eg.  Van  Driest13.  The  hypersonic  limit  shown  in  Figure  19  is 
that  obtained  when  the  Mach  number  is  infinite  through  the  boundary  layer  which  is  a  good 
approximation  in  the  outer  part  of  the  boundary  layer.  It  also  presents  a  lower  limit 
for  the  total  temperature  as  a  function  of  velocity.  It  is  interesting  to  compare  the 
experimental  result  with  those  shown  earlier  by  Bertram  and  Neal14  At  high  Mach  numbers 
there  is  a  definite  tendency  for  their  data  to  demonstrate  a  velocity  squared  relationship 
for  the  outer  half  of  the  boundary  layer. 

It  is  possible  to  make  a  calculation  of  the  velocity  distribution  through  the  boundary 
layer  using  the  experimental  pitot  pressure  and  Crocco  relationship.  The  resulting  velocity 
profile  is  shown  in  Figure  18  and  is  quite  different  from  that  obtained  from  the  experi¬ 
mental  total  temperature  and  pitot  pressure  in  that  it  approximates  a  1/7  power  law  rather 
than  the  1/3  law  shown.  Hence,  the  skin  friction  coefficient  for  compressible  boundary 
layer  would  be  considerably  less  than  for  the  incompressible  one  as  is  well  known. 
Unfortunately  it  is  difficult  to  obtain  a  numerical  value  for  the  skin  friction  from  the 
velocity  profile  shown. 


V|J 

Returning  to  Figure  19  it  is  possible  to  find  a  value  for  — 

cr 

Reynolds  analogy.  From  the  definitions 


and  hence  to  examine 


IS.  =  1  Ho) 

Cf  T0,  -  Tw  Bu /, 


0.  44 


from  Figure  19.  Hence  for  this  hypersonic  boundary  layer  Reynolds  analogy  no  longer 
appears  to  be  valid. 


7  CONCLUSION 

The  structure  of  a  hypersonic  boundary  layer  on  a  cone  has  been  studied  for  three  cases. 
The  laminar  structure  is  predlcteu  <*iite  well  by  a  non-similar  boundary  layer  theory  for 
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both  a  similar  and  non-siallar  laminar  boundary  layer.  The  outer  edge  of  the  sharp  cone 
boundary  lay*r  computation  is  quite  sensitive  to  the  step  size  of  the  mathematical  process 
and  is  more  correct  for  larger  steps.  At  edge  Mach  numbers  of  order  10  and  Pr  -•  0  7, 
the  total  temperature/velocity  function  is  slightly  different  from  a  Crocco  relationship 
In  a  hypersonic  turbulent  boundary  layer  the  high  Much  number  in  the  outer  half  cf  the 
boundary  layer  requires  the  total  temperature  to  be  more  like  the  square  of  the  \elocity 
and  Crocco’ s  relationship  is  no  longer  valid.  In  this  turbulent  boundary  layer  'he 
velocity  over  most  of  the  boundary  layer  approximates  a  1/3  power  Jaw  rclationsh  p.  For 
the  two  examples  of  laminar  boundary  layer  Reynolds  analogy  is  a  good  approximat  on.  For 
the  turbulent  boundary  layer,  however,  this  Is  no  longer  true. 
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TABLE  I 


Air 

Cone  -  5°  1/2  Angle 
Wall  Temperature  -  300°K 


Type 

T. 

C<n  x  10“ 

— 

o 
*— 1 

X 

w 

O 

Me 

Toe 

mm 

Sharp  -  Laminar 

10.  2  ±  1M) 

0.  21 

2.6 

1.09 

4.8 

(2.7) 

(5.6) 

Blunt  -  Laminar 

6.8{2) 

0.  21 

6.  1 

1.  15 

10.6 

(5.6) 

(8.8) 

Sharp  -  Turbulent 

10  4 

0.  28 

3.  5 

0.  44 

15.9 

Notes  (1)  Surface  measurement  or  (NSBL  calculation) 

(2)  From  profile  measurements 

2  C 

(3)  From  experimental  CH  and  - - 

cr 

-  (4)  Data  is  composite  for  three  locations 
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Fig. 4  Pitot  probe  location  in  the  boundary  layer 


Fig. 5  Typical  fine  wire  probe 
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Fig. 7  Flow  field  and  pressure  distribution  on  blunt  cone 
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Pitot  pressure  and  total  temperature  through  a  laminar  boundary  layer  on  a  blunt  cone 
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Fig.  13  Mach  number  and  velocity  through  a  laminar  boundary  layer  on  a  blunt  cone 
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Fig.  14  Total  temperature  as  a  function  of  velocity  on  a  blunt  cone 
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Fig.  15  Heat  transfer  along  a  blunt  cone 
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Summary 


Equations  describing  the  phenomenon  of  turbulent  shock  wave  boundary  layer 
interaction  are  presented.  The  basic  model  adopted  is  the  conventional  one  in 
which  the  boundary  layer  displacement  effect  is  assumed  to  induce  streamwise 
pressure  gradients  which  in  turn  influence  the  boundary  layer  growth.  The 
boundary  layer  assumption  of  constant  static  pressure  across  the  layer  is 
discarded  and  new  hypotheses  are  invoked  concerning  the  magnitude  of  the  normal 
pressure  gradient.  On  integration  of  the  final  set  of  simultaneous  equations, 
three  solutions  are  identified.  One  of  these  is  shown  to  correspond  to  the 
phenomenon  of  shock  interaction  and  comparisons  with  experiment  are  given.  The 
theoretical  effects  of  Reynolds  number,  Mach  number,  surface  curvature,  wall 
temperature  and  initial  velocity  profile  on  the  pressure  coefficient  at 
separation  are  presented.  Singularities  which  appear  at  low  wall  temperatures 
are  examined  and  a  simple  procedure  is  presented  by  which  the  magnitude  of  the 
corresponding  discontinuities  in  the  variables  may  be  calculated. 


by 

D.  F.  Myring  * **+ 


Introduction 

Shock  wave  -  boundary  layer  interaction  has  for  many  years  been  the  subject 
of  extensive  investigation.  The  fundamental  interaction  mechanism  is  at  the 
present  time  thought  to  be  fairly  well  understood,  and  for  cases  in  which  the 
boundary  layer  remains  completely  laminar,  recent  theoretical  treatments  (1,2) 
have  shown  good  agreement  with  the  general  properties  of  interactions  measured 
experimentally.  However,  for  cases  in  which  the  boundary  layer  is  completely 
turbulent,  theoretical  treatments  have  to  date  met  witn  little  success.  This  is 
because  in  a  strong  adverse  pressure  gradient  conventional  boundary  layer 
analysis  predicts  downstream  decreases  in  the  value  of  the  displacement 
thickness,  with  a  corresponding  tendency  to  induce  favourable  pressure  gradients. 
Thus  under  these  conditions  the  only  equilibrium  solution  is  a  zero  induced 
pressure  gradient.  This  behaviour  is  termed  by  Crocco  and  Lees  (3)  as 
supercritical,  but  is  here  attributed  to  the  fact  that  such  theories  ignore  the 
variation  that  exists  in  the  static  pressure  across  the  boundary  layer.  In  the 
present  approach  an  attempt  is  made  to  take  this  variation  into  account  and  to 
predict  theoretically  the  characteristics  of  shock  wave  -  turbulent  boundary 
layer  interaction  for  the  region  upstream  of  the  separation  point.  In  particular, 
the  conditions  at  the  separation  point  will  be  found  theoretically  and  details 
of  the  influence  of  boundary  conditions  such  as  Reynolds  number,  wall  temperature, 
surface  curvature,  Mach  number  and  initial  velocity  profile  will  be  presented. 

The  basic  theoretical  model  taken  makes  use  of  the  hypothesis  that  the 
streamwise  pressure  gradients  are  induced  by  the  displacement  effect  of  the 
boundary  layer.  This  leads  immediately  to  the  requirement  that  the  displacement 
thickness  of  the  boundary  layer  should  be  accurately  predicted.  The  most 
convenient  theoretical  approach  involves  the  application  of  the  momentum 
integral  equation  coupled  with  an  auxiliary  equation.  To  this  end  a  solution  is 
formulated  based  on  the  entrainment  method  of  reference  (5).  The  final 
compressible  entrainment  equation  is  then  used  in  conjunction  with  the  boundary 
layer  momentum  equation  to  predict  the  displacement  thickness  measured  for  a 
variety  of  supersonic  flows  over  curved  surfaces.  The  agreement  with  experiment 
is  generally  good.  Comparisons  are  not  presented  herein.  The  two  latter  equations 
are  then  coupled  with  an  interaction  equation  and  by  simultaneous  solution  the 
induced  pressure  gradients  and  detailed  boundary  layer  properties  up  to  separation 
are  predicted  for  shock  wave  interactions.  Sample  comparisons  with  experimental 
measurements  are  presented  in  figures  7  to  10. 

Theory 

In  a  recent  paper  (4)  it  has  been  shown  that  for  supersonic  boundary  layers 
in  streamwise  pressure  gradients  large  normal  pressure  gradients  may  exist  within 
the  boundary  layer.  These  normal  pressure  gradients  may  be  inferred  to  have  a 
significant  influence  on  the  boundary  layer  development,  and  the  assumption  that 
they  are  negligible  must  be  discarded.  The  external  flow  in  a  shock  wave  - 
turbulent  boundary  layer  interaction  may  be  regarded,  at  least  up  to  separation, 
as  a  simple  wave  flow  generated  by  a  lower  boundary.  Under  these  conditions  it 
was  concluded  in  this  paper  (4)  that  to  a  good  approximation  the  isobars  may  be 
taken  as  linear  extensions  of  the  external  Mach  lines  which  will  themselves  be 
linear.  Further,  it  was  shown  that  by  defining  integral  parameters  such  as 
momentum  and  displacement  thicknesses  as  integrals  along  isobars,  the  normal 
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pressure  gradient  effects  could  be  aimply  included  in  the  momentum  integral 
equation.  In  the  following  analyaia  all  integral  propertiea  are  therefore  defined 
ae  integrala  along  iaobara  which  are  atraight  and  are  inclined  at  the  local 
external  Mach  angle  to  the  local  external  streamline  direction.  The  individual 
equationa  concerned  will  now  be  diacuaaed. 

(1)  The  Momentum  Integral  Equation 

For  turbulent  boundary  layera  it  ia  well  known  that  the  pressure  rise  to 
separation  ia  much  larger  than  that  for  corresponding  laminar  boundary  layers.  If 
typical  experimental  pressure  rises  are  taken  with  the  assumption  that  the  pressure 
gradients  are  induced  by  the  boundary  layer,  it  ia  clear  that  in  the  case  of  shock 
wave  interaction  the  streamlines  near  the  edge  of  the  boundary  layer  must  be 
inclined  at  angles  of  the  order  of  20°  to  the  wall  near  separation.  In  the 
following  equationa  account  is  taken  of  thj a  by  resolving  all  velocities  in  a 
direction  locally  parallel  to  the  wall.  Further,  the  effects  of  curvature  will  be 
introduced  by  deriving  the  momentum  equation  for  a  flow  over  a  circular  arc.  The 
basic  flow  element  is  shown  in  figure  (1),  bounded  by  two  linear  isobars  and  a 
section  of  the  circular  arc.  Angular  momentum  about  the  centre  of  curvature  of 
the  arc  will  be  considered,  and  by  using  the  methods  of  reference  (U)  the  momentum 
integral  equation  becomes 
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where  dot  denotes  differentiation  with  respect  to  non-dimensional  distance  along 
the  surface,  x,  and 


where  t  is  distance  measured  along  an  isobar. 


X  ■  angle  between  a  streamline  and  the  wall; 
assumed  to  be  independent  of  l  , 
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where  6^  is  the  value  of  ©  at  the  start  of  the  interaction. 


f  -  a/R, 


7. 


where  R  is  the  radius  of  curvature  of  the  surface.  Here  the  assumption  has  been 
made  that  R  is  much  larger  than  the  boundary  layer  thickness  6  .It  is  interesting 
to  note  that  now  the  streamline  angle  relative  to  the  wall  appears  on  the  left 
hand  side  of  equation  (1)  and  that  there  is  a  cross- coupling  between  surface 
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curvature  and  flow  angle  on  the  right  hand  aide.  The  assumption  that  X  ia 
independent  of  l  and  equal  to  its  external  value  will  not  be  accurate  very  cloae 
to  the  wall  but  it  ia  believed  that  it  will  give  a  good  overall  deacription  of 
the  flow  behaviour. 

(2)  The  Entrainment  Equation 

In  compressible  flows  the  shape  parameter  £*/©  ia  a  function  of  Mach  number 
and  wall  temperature,  so  that  in  order  to  remove  the  dependence  on  these  two 
parameters  a  normalized  shape  parameter  G  will  be  defined  as 


8. 


where  H  is  the  value  of  6* /©  for  a  one  seventh  power  law  velocity  profile  at  the 
same  Mach  number  and  wall  temperature.  The  value  of  H  at  any  given  Mach  number 
and  wall  temperature  may  be  found  by  using  a  one  seventh  power  law  velocity 
profile  and  the  quadratic  relationship  between  temperature  and  velocity  given  in 
reference  (9).  Calculated  values  of  H  are  given  in  figure  (3)  in  terms  of  Mach 
number  and  wall  temperature.  A  further  normalized  shape  parameter  G.  will  be 
defined  as 
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where  H.  is  the  value  of  (  8  -  8*  )/efor  a  one  seventh  power  law  velocity  profile 
at  the  tame  Mach  number  and  wall  temperature.  Values  of  H,  are  given  in  figure 
{U) ,  and  it  will  be  seen  that  the  variation  with  Mach  number  and  wall  temperature 
is  much  less  than  for  the  parameter  H.  This  is  also  true  for  laminar  flows  for 
which  it  may  be  simply  shown  that  the  parameter  H.  is  invariant  with  both  Mach 
number  and  wall  temperature.  For  zero  pressure  gradient  compressible  turbulent 
boundary  layers  in  which  the  velocity  profiles  are  close  to  a  one  seventh  power 
law,  the  values  of  G  and  G1  will  thus  be  close  to  unity.  For  adverse  pressure 
gradients  G  should  rise  above  unity  and  vice-versa.  In  incompressible  flow  Head 
(5)  postulates  a  unique  relationship  between  6*/©  and^A^ill,  and  here  the  parallel 
assumption  ip  that  there  is  a  unique  relationship  between  G  and  G.  independent  of 
Reynolds  number,  Mach  number,  wall  temperature  and  pressure  gradient.  If  a  power 
law  family  of  velocity  profiles  is  assumed  in  incompressible  flow  then  it  can 
easily  be  shown  that 
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so  that  this  relationship  will  be  assumed  to  be  true  at  all  Mach  numbers  and  wall 
temperatures.  Experimental  evidence  of  this  is  shown  in  figure  (5)  covering  a 
Mach  number  range  from  0  to  6  and  various  wall  temperatures.  It  should  be  noted 
that  much  more  data  ia  available  to  confirm  this  hypothesis  but  this  has  been 
omitted  for  the  sake  of  clarity. 

The  non-dimensional  rate  of  change  of  mass  flow  rate  in  the  boundary  layer, 
F,  is  given  by 
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where  p  is  the  angle  between  an  isobar  and  a  streamline.  Now  for  a  flat  plate  in 
supersonic  flow  it  can  easily  be  shown  that 


F  <*  r;°*268{1  +  0.1 3M2)  “°*762C  1  +  0.0975M), 
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bo  that  thia  dependence  on  Reynolds  number  and  Mach  number  will  be  assumed  to  be 
present  in  pressure  gradients  as  well.  Head's  hypothesis,  in  incompressible  flow, 
that  the  non-dimensional  entrainment  rate  is  a  function  of  {6  -  6*  )  /©  only  is 
now  extended  to  the  general  compressible  case  by  assuming  that 
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is  a  function  of  G.  only.  Experimental  evidence  of  this  is  shown  in  figure  (6), 
Here  some  discrepancy  is  evident.  It  is  difficult  to  determine  the  precise  cause 
of  this  discrepancy,  but  a  large  proportion  of  the  error  may  be  attached  to 
incorrect  data  reduction.  It  is  clear  however  that  there  is  no  definite  Mach 
number  effect  since  the  Mach  6.0  and  Mach  3.0  data  points  lie  on  opposite  sides 
of  the  incompressible  data  points.  A  mean  line  will  therefore  be  taken  close  to 
the  incompressible  data  points,  which  may  be  inferred  to  be  more  reliable,  giving 


F  -  0.063  r:°-268(1  +  0.1 3M2)"°*762t  1  +  0.0975M).  14. 

(G,  -  5.36) 


Equations  (10)  (11)  and  (14)  then  form  the  basic  entrainment  equation.  From 
equation  (8)  the  term  6*/e  in  equation  (1)  may  be  replaced  by  G.H,  and  if  the 
pressure  gradient  is  known  equations  (1)  (10)  and  (11)  may  be  solved  simultaneously 
for  5,  6*  and  6  .  In  order  to  predict  the  pressure  gradient  as  well,  a  further 
Interaction  equation  is  required  to  describe  the  interaction  mechanism. 

(3)  The  Interaction  Equation 

The  basic  hypothesis  is  that  the  induced  pressure  gradients  are  directly 
produced  by  the  displacement  effect  of  the  boundary  layer.  Using  the  results  of 
reference  (4)  it  is  clear  that  the  external  flow  in  the  actual  shock  interaction 
may  be  identically  reproduced  by  an  lnviscid  flow  over  the  displacement  surface. 
This  latter  lnviscid  flow  will  have  the  same  free  stream  Mach  number  as  the  actual 
flow  and  will  consist  of  a  simple  wave  flow  and  consequently  the  Mach  lines  must 
be  straight  and  isobaric.  It  is  clear  therefore  that  the  displacement  surface 
slope  at  any  point  must  be  the  fame  as  the  external  flow  angle  at  a  point  on  the 
Mach  line  passing  through  that  particular  point  on  the  displacement  surface.  The 
elemental  model  used  to  derive  the  interaction  equation  is  shown  in  figure  (2). 

Here  again  the  displacement  thickness  6"  is  defined  along  a  linear  isobar  and 
after  some  algebra  the  interaction  equation  may  be  written 
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The  other  relation  needed  to  complete  the  equations  is  a  relation  for  1  ,  the 
flow  angle  relative  to  the  surface.  Basically  the  simple  wave  flow  relationship 
between  flow  angle  and  Mach  number  will  be  used  with  allowance  for  the  fact  that 
the  surface  is  itself  a  circular  arc  with  a  non-dimensional  curvature  “f  .  The 
final  relationship  is 
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(4)  Summary  of  Describing  Equations 

The  equations  to  be  solved  may  now  be  brought  together  and  written  after 
some  algebra  as 
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where  equation  (17)  is  the  momentum  integral  equation  in  which 
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Equation  (18)  is  the  auxiliary  entrainment  equation  and  equation  (19)  is  the 
interaction  relationship.  Equation  (20)  is  the  simple  wave  flow  relation  for  the 
flow  angle  X  .  Before  these  equations  may  be  solved  an  expression  for  the  skin 
friction  coefficient  is  required.  In  this  case  tne  Ludwieg-Tillmann  (5) 
relationship  is  used  expressed  in  terms  of  the  normalized  shape  parameter  G  and 
the  expression  is  evaluated  using  the  Eckert  reference  temperature  method  (7). 
The  final  expression  is 
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where 
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The  shape  parameter  relationship  of  equation  (10)  *s  also  required. 

IntWa<4<?n  Process 

The  present  equations  have  been  formulated  in  such  a  way  that  the  velocity 
profiles  are  not  directly  coupled  to  the  local  pressure  gradient,  and  this  leads 
to  many  simplifications  in  the  numerical  solution  of  the  equations.  In  particular 
the  problem  is  not  a  boundary  value  problem.  Basically  the  problem  is  to  determine 
trajectories  in  terms  of  streamwise  distance  for  the  Mach  number  M,  the  shape 
parameter  G  and  the  non-dimensional  momentum  thickness  0,  To  do  this,  one  point 
on  the  trajectory  may  be  chosen  at  which  to  specify  boundary  conditions  of  Mach 
number,  shape  parameter,  momentum  thickness,  Reynolds  number,  and  external  flow 
angle.  Also  the  wall  temperature  parameter  3  must  be  taken  as  being  constant 
but  not  necessarily  equal  to  zero.  These  boundary  conditions  are  completely 
independent  of  each  other,  but  they  must  be  specified  within  practical  limits. 

For  instance  the  Mach  number  must  never  fall  below  unity  or  else  the  simple  wave 
flow  equation  will  be  violated.  The  Reynolds  number  should  preferably  be 
characteristic  of  turbulent  flow,  although  lower  values  will  also  give  solutions. 

Having  chosen  a  particular  set  of  boundary  conditions,  the  equations  (17) , 

(18),  (19)  and  (20)  may  be  integrated  up  and  downstream  within  the  physical  limits 
of  the  problem.  For  instance  the  practical  upstream  limit  is  the  virtual  leading 
edge  where  3-0,  and  downstream  the  equations  as  specified  will  not  apply  for 
stations  downstream  of  the  separation  point.  The  uniqueness  of  the  solution  must 
also  be  considered.  To  date,  three  different  modes  of  behaviour  of  the  equations 
have  been  identified.  All  of  these  are  easily  obtainable,  depending  on  the 
boundary  conditions  used.  Two  of  these  may  be  obtained  by  using  boundary  conditions 
corresponding  to  a  station  on  a  flat  plate.  That  is,  arbitrary  Reynolds  number, 

Mach  number,  non-dimensional  momentum  thickness  and  wall  heat  transfer  parameter, 
but  a  value  of  the  shape  arameter  G  close  tp  unity  and  the  external  flow  angle 
chosen  to  produce  a  zero  pressure  gradient  (M  -  0) .  If  the  equations  are  now 
integrated  upstream  then  a  very  weak  interaction  solution  is  obtained  with  the 
pressure  gradient  everywhere  small  and  favourable.  This  solution  can  be  identified 
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with  the  interaction  effect  of  an  undisturbed  boundary  layer  on  a  flat  plate.  For 
this  flow  case  the  displacement  surface  may  be  inferred  to  be  convex,  giving 
small  favourable  pressure  gradients.  If  on  the  other  hand  the  equations  are 
integrated  downstream  then  again  a  favourable  pressure  gradient  is  obtained  but 
now  it  is  large  in  magnitude.  This  solution  may  in  part  be  identified  w  th  the 
upstream  effect  of  a  convex  comer  flow,  but  as  yet  this  has  not  been  fully 
investigated.  The  third  mode  may  be  obtained  by  choosing  the  boundary  value  of  the 
external  flow  angle  such  that  the  pressure  gradient  is  adverse  at  the  boundary. 
Integration  upstream  will  then  produce  an  interaction  which  becomes  progressively 
weaker  and  eventually  blends  smoothly  with  the  first  mode  solution  at  the  zero 
pressure  gradient  point.  Integration  downstream  produces  large  adverse  pressure 
gradients  leading  to  separation.  This  latter  solution  may  be  identified  with  a 
shock  interaction  problem  and  is  the  solution  which  will  be  more  fully  discussed 
at  a  later  stage.  In  practice  it  is  most  convenient  to  take  a  boundary  value  of 
the  shape  parameter  G  close  to  unity  and  to  take  a  value  of  the  external  flow 
angle  of  twice  the  value  required  to  produce  a  zero  pressure  gradient.  By  doing 
this  the  zero  pressure  gradient  point  occurs  at  only  a  very  small  distance 
upstream  of  the  boundary  point  and  the  values  of  shape  parameter,  Mach  number, 
Reynolds  number  and  momentum  thickness  may  be  taken  as  constant  over  this  small 
distance.  It  is  thus  clear  thAt  the  zero  pressure  gradient  point  may  be  taken  as 
the  start  of  the  pressure  rise  to  separation  and  the  boundary  conditions  fed  in 
will  then  be  virtually  identical  to  the  conditions  at  the  start  of  the  pressure 
rise.  This  procedure  enables  the  boundary  conditions  of  any  given  experiment  to 
be  easily  specified  and  fed  into  the  calculation  procedure. 

Effects  of  Low  Wall  Temperatures 

An  interesting  feature  of  the  work  described  in  reference  (1)  is  the  effect 
of  large  wall  cooling  on  laminar  shock  interaction  theory.  Singularities  were 
shown  to  occur  for  very  cold  walls,  and  in  the  present  analysis  similar  effects 
are  present.  The  coefficient  determinant,  D,  of  the  describing  equations  (1?,  18, 
19,  20),  is  given  by 


D 


G 


LGH  +_ULLJ_*  tanXlM2  -  1)*H-  9G) 
TWA 


dH. 

*  dM  L2G  -  7) 

TT7  7 


25. 


and  the  derivatives  M,  G,  B  and  X  will  have  infinite  values  if  the  condition  arises 
where  D  is  zero.  From  the  work  of  Lees  and  Reeves  (1)  D  may  be  expected  to  tend 
to  zero  as  the  wall  is  progressively  cooled  or  as  the  initial  velocity  profile 
becomes  fuller  (G  falling) .  The  latter  tendency  may  be  present  if  the  boundary 
layer  experiences  large  streamwise  favourable  pressure  gradients  immediately 
prior  to  the  shock  interaction  region.  It  is  therefore  of  some  interest  to 
determine  the  roots  of  equation  (25)  for  D  ■  0, 

It  is  convenient  to  consider  the  value  of  D  as  a  ’property’  of  the  undisturbed 
boundary  layer;  that  is,  the  boundary  layer  on  a  flat  plate  with  no  shock 
interaction  present.  In  these  circumstances  the  value  of  tanX  may  be  accurately 
found  using  the  relation 


tanX  ■  GHicf,  26. 

which  in  terms  of  conventional  parameters  is  equivalent  to  putting 

: 


tan\  -  . 


In  the  present  analysis  a  universal  Reynolds  number  based  on  momentum  defect 
thickness  will  be  taken,  having  a  value  of  10*.  Thus  the  value  of  D  may  be 
calculated  for  any  value  of  free  stream  Mach  number,  wall  temperature,  and  shape 
parameter  G. 


In  the  integration  technique  previously  described  the  approach  made  was  to 
feed  in  a  small  perturbation  in  the  value  of  X  at  the  start  of  the  interaction 
region  and  then  to  integrate  the  equations  up  and  downstream.  Using  this  method 
it  was  found  that  downstream,  large  adverse  pressure  gradients  were  predicted  as 
long  as  D  was  negative.  If  0  was  positive  at  the  start  then  the  initial 
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perturbation  in  X  was  rapidly  damped  out  and  the  only  solution  obtainable  was  a 
zero  induced  presaure  gradient  at  all  streamwise  stations.  This  type  of 
behaviour  with  D  positive  was  termed  by  Crocco  and  Lees  (3)  as  supercritical. 

With  D  negative  the  behaviour  is  aubcritical  and  D  •  0  is  the  critical  point. 

Thus  D  behaves  as  a  stability  factor  in  determining  the  response  of  the  equations 
to  a  small  perturbation  in  \  .  If  D  is  negative,  then  a  small  perturbation  in  \ 
results  in  a  rapidly  diverging  trajectory  depicting  an  unstable  system.  Positive 
D  leads  to  a  rapid  damping  out  of  disturbances  in  X  corresponding  to  a  stable 
system. 

Investigations  show  that  the  critical  point  of  this  particular  set  of 
equations  will  occur  at  low,  but  nevertheless  realistic,  wall  temperatures.  The 
velocity  profile  family  assumed  indicates  that  ii  a  strong  favourable  pressure 
gradient  is  applied  upstream  of  the  shock  interaction  region,  then  as  u/u,  tends 
to  unity,  independent  of  distance  normal  to  the  wall,  G  tends  to  0.778.  A  solutioi 
of  equation  (25)  shows  that  for  an  adiabatic  wall  (Sw  «  0)  and  a  range  of  Mach 
numbers  from  1.5  to  10,  D  will  be  zero  only  for  G  ■  0  or  0.25.  It  may  therefore 
be  concluded  that  supercritical  flow  will  not  occur  under  any  conditions  for 
adiabatic  walls.  However,  for  cold  wall  cases  supercritical  flow  does  occur,  and 
its  significance  must  be  examined. 

If  a  shock  wave  is  made  to  impinge  on  a  supercritical  boundary  layer,  one 
possible  solution  is  that  there  is  no  interaction  and  that  the  pressure  rises 
discontinuously  at  the  impingement  point.  This  is  feasible  if  D  remains  positive 
at  all  streamwise  stations  before  and  after  the  impingement  point.  There  is 
however,  a  strong  possibility  that  downstream  of  the  discontinuous  pressure  rise 
the  boundary  layer  will  be  in  a  subcritical  state  and  therefore  capable  of 
interaction.  It  is  clear  that  the  solution  must  contain  a  discontinuity  at  the 
start  of  the  interaction  and  from  experience  of  physical  phenomena  this 
discontinuity  is  likely  to  be  as  small  as  possible.  In  other  words  the 
discontinuity  will  be  just  strong  enough  to  make  the  transition  from  a 
supercritical  flow  t D>0)  to  the  critical  point  (D  »  0).  Downstream  of  this  an 
interaction  will  occur  and  D  will  become  negative.  Examination  of  equation  (25) 
at  and  around  the  critical  point  condition  ehows  that  the  transition  from  a 
positive  to  a  zero  value  of  D  may  be  accomplished  most  efficiently,  with  the 
smallest  rise  in  pressure,  by  considering  a  discontinuity  in  the  flow  angle  X  . 
That  is  to  say  that  near  the  critical  point  the  value  of  D  is  most  sensitive  to 
a  change  in  the  value  of  the  flow  angle  X  .  There  is  thus  a  strong  association 
between  this  discontinuity  and  the  appearance  of  a  weak  oblique  shock  wave,  the 
strength  of  which  will  be  determined  by  the  necessary  change  in  flow  angle  across 
it.  Thus  the  following  picture  has  emerged.  Considering  only  the  region  upstream 
of  separation,  it  has  been  assumed  that  the  external  flow  for  the  adiabatic  wall 
is  a  simple  wave  flow  generated  by  the  displacement  surface.  This  simple  wave 
flow  will  be  compressive  and  in  the  absence  of  an  upper  boundary  the  Mach  lines 
must  therefore  converge  and  eventually  coalesce  to  form  a  shock  wave.  The  point 
at  which  the  shock  wave  forms  is  usually  well  away  from  the  boundary  layer  for 
adiabatic  walla  and  is  therefore  of  no  consequence.  However,  as  the  wall  is 
cooled,  solutions  obtained  by  the  present  analysis  show  that  the  induced  adverse 
pressure  gradients  increase  and  it  may  be  easily  shown  that  the  shock  formation 
point  must  move  towards  the  displacement  surface  and  thus  towards  the  boundary 
layer.  As  the  wall  is  progressively  cooled  it  may  therefore  be  inferred  that  a 
condition  arises  in  which  the  induced  pressure  gradients  are  so  large  that  the 
shock  formation  point  will  be  coincident  with  the  edge  of  the  boundary  layer  at 
some  streamwise  station.  It  is  this  physical  condition  which  may  be  associated 
with  the  present  mathematical  condition  defined  previously  as  the  critical  point 
(D  ■  0).  As  the  wall  is  cooled  further  the  shock  wave  enters  the  boundary  layer 
producing  the  observed  theoretical  singularities.  For  walls  which  are  only 
slightly  cooler  them  the  critical  temperature,  the  discontinuity,  in  the  form  of 
a  weak  oblique  shock  wave,  will  be  weak  enough  to  be  adequately  described  by  the 
incremental  simple  wave  flow  relationship. 

•  ess 

At  the  singular  point  (D  «  0)  the  derivatives  M,  G,  9,  X  will  all  be 
infinite,  but  the  ratio  of  any  two  of  these  remains  finite.  All  the  variables 
may  be  inferred  to  be  discontinuous  across  the  weak  shock  wave,  and  the 
respective  increments  may  be  calculated  by  relationships  such  as 


AG 


G  «&X 
X  mean 


27. 


Thus  by  a  process  of  iteration  the  mean  values  of  M,  G,  5  and  X  across  the 
discontinuity  may  be  found  simultaneously  with  the  respective  increments.  The 
increment  AX  is  defined  as  the  difference  between  the  calculated  value  of  \  from 
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equation  (26)  and  the  value  required  to  produce  a  zero  value  of  D  in  equation 
(25).  In  the  calculation  of  AA  mean  valuee  of  the  variablee  are  not  required  in 
equations  (26)  and  (25)  but  rather  the  local  values  before  and  after  the 
discontinuity  respectively. 

By  this  method  the  discontinuities  may  be  calculated  leaving  only  the 
downstream  subcritical  region  to  be  determined.  One  practical  method  of  starting 
the  relevant  downstream  .integration  is  to  calculate  the  value  of  A  in  the 
supercritical  region  from  equation  (26)  and  to  find  the  smallest  multiple 
of  this  which  produces  a  negative  value  of  D.  With  D  negative  the  equations  may 
then  be  integrated  downstream  to  separation.  By  using  the  smallest  possible 
multiple  of  the  supercritical  value  of  A  the  starting  point  of  the  integration 
is  close  to  the  singular  point  so  that  again  the  changes  in  the  values  of  the 
variables  between  the  integration  starting  point  and  the  actual  beginning  of  the 
interaction  region  may  be  neglected. 


Numerical  Results 


Using  the  procedures  previously  outlined  the  describing  equations  (17),  (18) 
(19)  and  (20)  were  solved  numerically  for  a  range  of  boundary  conditions  using  a 
fourth  order  Runge  -  Kutta  integration  scheme.  The  downstream  limit  of  the 
integration  must  be  the  separation  point,  so  that  some  separation  criterion  must 
be  adopted.  Clearly  the  skin  friction  coefficient  as  specified  will  only  be  zero 
for  infinite  conditions  in  Reynolds  number  or  shape  parameter,  so  in  this  sense 
the  definition  of  separation  as  the  point  of  zero  skin  friction  is  inadequate. 
Other  authors  have  sought  correlations  based  on  a  fixed  value  of  the  shape 
parameter  6*/&  at  separation.  In  the  present  case  this  is  equivalent  to  a  fixed 
value  of  the  shape  parameter  G  at  separation.  For  incompressible  flows  where 
conditions  change  relatively  slowly  the  value  of  G  at  separation  may  be  inferred 
from  experiment  to  have  an  average  value  of  approximately  1.5.  However  in  the 
present  case  of  shock  interaction  where  rapid  streamwise  increases  in  pressure 
are  experienced,  it  seems  likely  that  separation  will  occur  before  the  value  of 
G  is  able  to  rise  to  1.5.  For  a  flat  plate  G  is  close  to  unity,  so  that  in 
incompressible  flows  in  which  an  initially  zero  pressure  gradient  turbulent 
boundary  layer  experiences  a  streamwise  pressure  rise,  it  may  be  concluded  that 
at  separation  G  has  increased  by  approximately  50%  above  its  zero  pressure 
gradient  value.  For  shock  interactions  a  smaller  percentage  rise  may  be  expected, 
and  for  the  following  results  separation  has  been  defined  as  the  point  at  which 
G  has  increased  by  30%  above  its  value  at  the  zero  pressure  gradient  point. 


Figures  (7)  to  (10)  show  experimental  and  theoretical  wall  pressure 
distributions  for  nominal  free  stream  Mach  numbers  of  3.0,  5.0,  6.0  and  7.0.  The 
appropriate  experimental  boundary  conditions  are  i^own  on  each  figure  and  these 
were  used  in  the  calculations.  It  will  bu  seen  that  the  agreement  is  fair.  In 
many  cases  it  is  difficult  to  accurately  locate  the  zero  pressure  gradient  point 
from  experiment  and  the  comparisons  shown  are  meant  only  to  indicate  that  the 
pressure  rises  and  the  streamwise  scales  are  of  the  correct  order. 

The  pressure  coefficient  at  separation  based  on  conditions  at  the  zero 
pressure  gradient  point  may  be  found  using  the  declared  definition  of  separation. 
The  theoretical  effects  of  the  boundary  conditions  on  the  separation  pressure 
coefficient  were  found  to  be  as  follows. 


(1 )  Reynolds  number 

There  have  been  several  experimental  investigations  to  determine  this  effect 
and  of  these  only  the  results  of  reference  (8)  will  be  used  here.  Chapman  and 
colleagues  publish  data  in  this  reference  which  show  quite  a  good  and  distinct 
correlation  between  the  separation  pressure  coefficient  and  Reynolds  number 
based  on  streamwise  distance  to  the  power  -  1/10.  The  present  theory  predicts  a 
corresponding  power  of  -  1/15,  which  is  in  fair  agreement.  It  will  be  seen  that 
in  both  cases  the  effect  is  relatively  small,  so  that  in  the  following  results  a 
universal  Reynolds  number,  based  on  momentum  thickness.of  lO*  will  be  adopted. 

(2)  Mft;h  pvuBbgr 

The  effect  of  Mach  number  is  shown  in  figure  (11),  along  with  soue 
experimental  results.  It  will  be  seen  that  the  agreement  is  good,  providing 
strong  confirmation  of  the  separation  criterion  adopted.  Clearly  the  absolute 
value  of  the  pressure  coefficient  at  separation  will  depend  on  the  assumed 
percentage  rise  in  the  shape  parameter,  but  in  figure  (I  •)  the  trend  with  Mach 
number  is  confirmed.  Generally  it  will  be  seen  that  the  theoretical  values  are  a 
little  larger  than  the  experimental  ones,  but  in  some  cases  it  may  be  inferred 
that  the  experimental  values  are  too  small  owing  to  premature  separation  caused 
by  the  separation  indication  device. 
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(3)  Wall  curvature 

Figure  (12)  shows  this  effect  which  clearly  increases  with  Mach  number.  It 
will  be  seen  that  concave  curvature  increases  thu  treasure  rise  at  separation 
and  vice-versa.  This  result  is  confirmed  experimei  ally  for  laminar  boundary 
layers  in  reference  (15). 

(4)  Initial  Velocity  Profile 

In  some  practical  cases  the  boundary  layer  approaching  a  shock  interaction 
region  may  be  subjected  to  adverse  or  favourable  pressure  gradients  imposed  by 
surface  geometry  alone.  At  the  start  of  the  interaction  region  it  is  therefore 
likely  that  the  velocity  profile  will  already  be  distorted  relative  to  a 
characteristic  zero  pressure  gradient  profile.  This  effect  may  be  simulated 
theoretically  by  using  boundary  conditions  in  the  shape  parameter  G  which  differ 
from  unity.  Figure  (13)  shows  the  effect  on  the  pressure  coefficient  at 
separation  caused  by  a  ten  percent  increase  or  decrease  in  the  boundary  value  of 
G.  Again  separation  is  assumed  to  occur  where  G  has  risen  by  thirty  percent  above 
the  starting  value.  It  should  be  noted  that  if  separation  is  assumed  to  occur  at 
the  point  where  G  has  an  absolute  numerical  value  of  1 .30,  then  the  effects  shown 
in  this  figure  would  become  larger. 

As  might  be  expected,  this  figure  shows  that  fuller  (low  G)  initial  velocity 
profiles  produce  a  larger  pressure  rise  at  separation.  It  may  be  argued  therefore 
tnat  any  experimental  investigation  should  include  measurements  of  the  initial 
velocity  profile  which  should  consequently  be  used  as  correlation  parameters. 

(5)  Wall  temperature 

Figure  (14)  shows  the  effect  of  heat  transfer  on  the  pressure  coefficient 
at  separation.  Again  the  results  are  as  expected  in  that  cold  walls  produce  a 
larger  pressure  rise  at  separation.  This  may  be  associated  with  local  regions 
of  larger  density  near  the  wall  producing  larger  values  of  momentum  flux  and 
consequently  a  greater  resistance  to  the  separating  pressure  forces. 

Also  shown  in  this  figure  is  the  critical  point  line  which  essentially 
divides  the  figure  into  subcritical  and  supercritical  regions.  In  the  latter 
region  it  should  be  noted  that  the  pressure  coefficients  are  referred  to  the 
pressure  behind  the  weak  shock  at  the  singular  point  and  not  to  the  pressure  at 
upstream  infinity.  An  estimate  of  the  shock  strength  required  to  produce  a 
subcritical  flow  under  conditions  of  low  wall  temperature  is  given  in  figure (15), 
In  this  figure  AX  represents  the  difference  between  the  flow  angle  for  a  zero 
pressure  gradient  and  that  required  to  produce  a  zero  value  of  the  coefficient 
determinant  D.  Clearly  where  AX  is  positive  an  oblique  shock  wave  is  required  and 
the  upstream  flow  is  supercritical.  Where  AX  is  negative  the  flow  is  subcritical 
and  an  oblique  shock  wave  is  not  required.  Further  calculations  with  different 
initial  values  of  the  shape  parameter  G  show  that  as  G  falls  and  the  velocity 
profiles  fill  out,  the  strength  of  the  discontinuity  becomes  larger  if  the  other 
conditions  are  kept  constant.  This  is  to  be  expected  since  falling  values  of  G 
imply  a  tendency  towards  an  inviscid  flow  profile  and  thus  a  discontinuity 
tending  towards  that  of  an  inviscid  reflection  of  the  incident  shock  wave,  (i.e 
the  shock  wave  producing  the  interaction). 

Figure  (16)  shows  the  effect  of  low  wall  temperatures  on  the  predicted  wall 
pressure  distribution  up  tc  separation.  For  S*,  =  -  0,2  and  -  0.4  the  upstream 
conditions  are  subcritical  and  the  solutions  show  increasing  pressure  gradients 
as  the  wall  is  cooled.  «t  »  -  0.6  the  upstream  conditions  become  supercritical 
and  for  the  boundary  conditions  as  shown  the  initial  discontinuity  in  pressure 
ratio  was  calculated  to  be  10$  giving  a  pressure  ratio  across  the  weak  initial 
shock  of  1.1,  Downstream  the  pressure  continues  to  rise  sharply  a3  shown.  For 
heated  walls  the  pressure  gradients  induced  by  the  impinging  shock  wave  become 
smaller  and  tend  towards  those  typical  of  laminar  interactions.  This  may  be 
explained  by  the  fact  that  as  the  wall  is  heated  the  corresponding  decreases  in 
density  near  the  wall  produce  momentum  flux  profiles  tending  towards  those  of  an 
unheated  laminar  boundary  layer. 

Concluding  Remarks 

The  theoretical  resuits  presented  have  been  show’-  to  compare  fairly  well  with 
available  experimental  results.  In  regions  where  little  or  no  concise  experimental 
evidence  is  available  the  results  may  be  inferred  to  be  feasible  on  the  grounds  of 
simple  physical  reasoning. 

For  shock  Interaction  equations  expressed  in  terms  of  conventional  boundary 
layer  theory  in  which  the  normal  pressure  gradient  is  assumed  to  be  negligible 
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it  is  woll  known  that  the  supercritical  condition  is  reached  at  Mach  numbers 
around  2.0.  By  including  the  variation  of  static  pressure  normal  to  the  surface 
the  present  theory  for  adiabatic  walls  has  overcome  this  difficulty  and  has 
provided  sensible  predictions  when  compared  with  experiment.  It  is  believed  that 
this  is  possibly  the  most  important  result,  not  only  for  interaction  problems 
but  also  for  non-interacting  flows  over  curved  surfaces.  In  this  latter  case 
normal  pressure  gradients  may  again  be  shown  to  be  extremely  important  and  must 
be  accounted  for  in  theoretical  treatments. 

A  simple  physical  explanation  of  the  appearance  of  singularities  at  low  wall 
temperatures  has  been  presented  and  a  method  has  been  outlined  by  which  the 
magnitude  of  the  singularities  may  be  calculated.  The  case  in  which  the  incident 
shock  wave  reflects  as  for  an  inviscid  flow  can  be  imagined.  The  sole  requirement 
for  this  is  that  the  calculated  value  of  D  should  be  everywhere  positive.  The 
appropriate  physical  conditions  for  this  may  be  deduced  if  it  is  assumed  that  the 
shock  wave  associated  with  the  discontinuity  forms  part  of  the  reflected  shock 
system.  If  it  is  also  assumed  that  the  reflected  system  cannot  be  stronger  than 
the  incident  shock  wave  ’’hen  clearly  the  discontinuity  shock  may  not  be  stronger 
than  the  incident  shock.  Thus  the  condition  at  which  the  interaction  just 
disappears  may  be  inferred  to  be  the  condition  at  which  the  calculated  value  of  A  A. 
is  Just  equal  to  the  flow  deflection  acres.'  the  incident  shock.  For  cases  such 
as  this  the  discontinuity  shock  may  no  longer  be  regarded  as  being  weak,  and  the 
full  oblique  shock  equations  must  be  used  to  determine  the  pressure  ratio  across 
it.  Even  so,  the  discontinuities  in  the  main  variables  may  still  be  expected  to 
be  given  fairly  adequately  by  relations  such  as  that  of  equation  (27)  if  is 
replaced  by  the  Kach  number  M.  Thij  gives 


■AM  ,  28. 

mean 

where  AM  is  the  change  in  Mach  number  across  the  discontinuity  shock  wave. 

Although  in  the  previous  discussion  the  ngularity  in  the  equations  has  been 
interpreted  as  a  physical  discontinuity,  in  ri  .lity  this  is  unlikely  to  be  the 
case.  If  indeed  the  singularity  is  a  result  of  a  shock  wave  forming  inside  the 
boundary  layer,  this  shock  will  certainly  h we  some  interaction  with  the  subsonic 
part  of  the  boundary  layer  close  to  the  wal  and  the  consequent  variable 
derivatives  will  be  very  large  but  not  infinite.  Clearly,  the  order  of  accuracy 
of  any  solution  is  governed  by  the  order  o  accuracy  of  the  mathematical  model, 
and  in  this  case  the  use  of  an  integral  boundary  layer  analysis  effectively 
implies  a  one-dimensional  boundary  layer  model.  Thus  any  internal  interaction 
must  manifest  itself  as  a  mathematical  singularity  in  this  particular  frame  of 
reference.  Nevertheless,  the  procedures  outlined  may  be  expected  to  give  a  fair 
overall  picture  if  the  phenomena  described,  although  some  experimental  evidence 
for  cold  walls  would  be  extremely  desirable. 
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Notation 

2 

temperature  ratio  -  1-*0.2M  . 
coefficient  of  skin  friction, 
pressure  coefficient  at  separation, 
coefficient  determinant, 

entrainment  coefficient  independent  of  Mach  and  Reynolds  numbers. 

non-dimensional  rate  of  change  of  mass  flow  in  boundary  layer. 

normalizod  shape  parameter  based  on  ( i*)0 . 

normalized  shape  parameter  based  on  (&~6’)/0. 

value  of  &*/®  for  a  1/7  power  law  velocity  profile. 

value  of  U-S'^/efor  a  1/7  power  law  velocity  profile. 

distance  measured  along  an  Isobar. 

Mach  number. 

pressure  gradient  coefficient  defined  by  equation  (21). 

static  pressure. 

radius  of  curvature  of  surface. 

Reynolds  number  based  on  momentum  thickness. 

Wall  temperature  parameter  »  (T../T,  -  1). 
temperature. 

velocity  in  x  -  direction. 

usual  boundary  layer  co-ordinates. 

local  angle  between  isobar  and  streamline. 

boundary  layer  thickness. 

boundary  layer  displacement  thickness. 


f'CD 


4-11 


1 

oO 

m 

0 

r 

w 


Notation  (cont.) 

boundary  layer  momentum  thickness, 
local  angle  between  streamline  and  wall, 
non-dimensional  suiface  curvature  ■  &/R. 
density 


Subscripts 


evaluated  just  outside  boundary  layer. 

evaluated  at  upstream  infinity. 

non-dimensional  quantity  in  terms  of  ©„ 

evaluated  at  reference  temperature. 

evaluated  at  start  of  pressure  rise  to  separation. 

evaluated  at  recovery  temperature. 

wall  eruditions. 
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SUMMARY 


Theoretical  end  experimental  wall  pressure  distributions  on  small  nose-bluntness  ratio  cone 
cylinder  configurations  in  hypersonic  flow  are  presented.  Both  laminar  and  turbulent  boundary 
layers  are  considered.  The  expansion  over  Che  cone-cylinder  sh<xilder  is  emphasised.  The  theore 
tlcal  computations  are  comparative  studies  compiled  from  various  aerospace  companies  in  the 
U.  S.  A.  including  an  exact  theoretical  method  for  the  laminar  corner  flow  developed  by  one  of 
the  authors.  The  latter  is  described  in  some  detail.  The  experiments  Include  hypersonic  wind 
tunnel  data  and  a  novel  technique  using  rocket  sleds  with  Mach  and  Reynolds  number  ranges  of 
1.5  *  M  s  7  and  3  x  10®  <  Re/ft  *  42  x  10s,  respectively.  A  special  emphasis  is  placed  on  ob¬ 
taining  experimental  data  with  repeatability  of  better  than  5  percent.  The  measured  data  are 
compared  with  the  theoretical  calculations  and  the  various  discrepancies  are  analyzed. 
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INTRODUCTION 


The  Sandla  Laboratory  recently  evaluated  the  state-of-the-art  for  calculating  pressure  dis¬ 
tributions  on  small  nose-bluntness  ratio  cone-cylinder  configurations  In  hypersonic  flow.  Both 
laminar  and  turbulent  boundary  layer  flows  were  considered.  The  expansion  over  the  cone-cylinder 
shoulder  was  emphasized  and  a  special  effort  was  made  to  determine  the  accuracy  with  which  pres¬ 
sures  could  be  predicted  downstream  of  the  corner. 

Several  aerospace  companies  participated  In  calculating  the  pressure  distribution  on  the 
cone-cylinder  conf igurrtions,  first  using  inviscld,  Ideal  gas  assumptions,  and  subsequently  in¬ 
cluding  viscous  and  real  gas  effects.  Because  of  an  unexpectedly  large  discrepancy  among  these 
various  calculations  it  was  decided  to  conduct  a  set  of  experimental  tests  to  aid  In  the  selec¬ 
tion  of  the  best  analytical  approach.  The  experiments  included  rocket  sled  tests  conducted  at 
Holloman  Air  Force  Base  and  Naval  Ordnance  Test  Section,  and  hypersonic  wind  tunnel  tests  at 
the  U.  S.  Naval  Ordnance  Laboratory.  The  particular  choice  of  these  test  facilities  was  governed 
by  the  Mach  and  Reynolds  number  requirements  described  below. 

In  this  paper,  the  various  analytic  techniques  used  are  discussed  briefly,  followed  by  a 
description  of  the  experimental  apparatus  and  measurements.  The  results  are  then  compared,  dis¬ 
crepancies  are  analyzed  and  an  exact  theoretical  method  recently  developed  by  one  of  the  authors 
is  described  in  some  detail. 


OUTLINE  OF  THEORETICAL  CALCULATIONS 


Table  I  summarizes  the  Important  features  in  each  computation  method  used  by  the  various 
aerospace  companies  (References  1-7).  These  were  divided  into  lnvlscid  and  viscous  calcula¬ 
tions.  All  inviscld  cal-ulatlons  were  done  both  for  real  gas  and  perfect  gas  flow  conditions. 
Because  of  the  very  small  nose-bluntness  in  the  models  under  study,  there  exists  a  very  thin 
layer  close  to  the  corner  where  large  entropy  gradients  are  present.  This  layer  constitutes 
5-10  percent  of  the  shock  layer  thickness  and  its  effect  on  the  corner  expansion  generated  some 
unexpected  computational  difficulties  which  could  be  traced  to  the  selection  of  mesh  size  up¬ 
stream  of  the  corner. 


The  viscous  calculations  included  both  laminar  and  turbulent  boundary  payers.  For  the  lat¬ 
ter,  it  was  assumed  that  transition  occurred  at  Re  ■  50,000,  using  free  stream  conditions  and 
the  boundary  layer  displacement  thickness.  The  flow  conditions  on  the  conical  section,  ahead 
of  the  corner,  were  calculated  by  using  cither  a  pseudosu- face  displacement  Iteration  technique 
or  a  simultaneous  matching  technique  of  vi scons- invisc id  1  oundary  conditions.  The  procedure 
here  was  to  match  conditions  at  the  boundary  layer  edge  to  both  method  of  characteristics  and 
boundary  layer  calculations. 


The  corner  flow  calculations  were  done  usii.g  three  different  methods.  The  first  w„j  simi¬ 
lar  to  the  method  used  by  Zakkay,  Tabs  and  Kuo  (Reference  7).  In  this  technique  the  velocity 
and  stagnation  enthalpy  nrofiles  are  expanded  isentropically  around  the  corner,  which  is  assumed 
to  be  sharp  (r«0)  and  a  new  laminar  boundary  layer  is  started  on  the  cylinder.  The  second 
method  adds  the  extra  feature  of  a  finite  radius  corner  to  the  above  method,  whereas  the  third 
is  jn  exact  finite  difference  solution,  restricted  to  laminar  boundary  layers  only.  Tills  method 
was  developed  recently  by  Tyson  (Reference  8).  The  governing  equations  used  in  the  solution  in¬ 
clude  the  transverse  (or  normal)  momentum  equation  with  its  attendant  pressure  gradient.  All 
transverse  and  longitudinal  curvature  terms  are  retained  in  the  equations  with  the  single  assump¬ 
tion  that  the  viscous  layer  is  thin  and  aligned  with  Che  surface  coordinate.  This  implies  drop¬ 


ping  Stokes-like  viscous  terms  which  involve 


d2  u 


and 


v 

?■ 


The  reduced  equations  are  solved 


dx  i.  ,r 

nuiner ically  using  a  fully  implicit  finite  difference  scheme.  (See  Appendix  for  reduced  equations) 


EXPERIMENTS 


Two  types  of  experiments  were  conducted.  The  first  consisted  of  cone-cylinder  models 
mounted  on  single-rail  high  speed  rocket  sleds  at  Che  Holloman  Air  Force  Base  35,000  it  trace  in 
Alamogordo,  New  Mexico,  the  U.  S.  Naval  Ordnance  Test  Station  £1,500  ft  track  in  Chino  Lake, 
California,  and  the  Sandla  Laboratory  5000  ft  track  in  Albuquerque,  New  Mexico. 


The  detirable  features  inherent  in  a  rocket  aled  system  are:  the  accuracy  with  which  test 
conditions  can  be  determined  (pressure,  temperature,  velocity);  the  possibility  of  obtaining 
continuous  data  over  a  wide  velocity  range,  and  high  Mach  number  and  Reynolds  number  combina¬ 
tions  at  constant  altitudes.  Peak  values  recorded  in  these  tests  were  M  ■  6.6,  Re  •  40xlOs/ft. 

Details  of  the  sled  design,  instrumentation,  and  measurement  techniques  are  given  in 
Reference  9  and  will  be  discussed  here  only  briefly.  The  models  were  1.5  inch  base  diameter 
cone-cylinders  and  cone-cones  with  nose-to-base  radius  ratio  of  8%.  The  fore-cone  angles  varied 
from  5  to  25*  and  the  aft-cones  from  0*  (cylinder)  to  +2*  (biconic  shape)  and  -2*  (reverse  cone). 
TVenty-four  equally  spaced  holes  of  0.063  inch  diameter  were  drilled  at  four  axial  stations 
ranging  fr<xn  0.2  to  2  cylinder  radii  aft  of  the  shoulder.  The  pressures  were  measured  by  un¬ 
bonded  strain  gauge  pressure  transducers.  The  output  of  each  transducer  was  amplified  and  tele¬ 
metered  on  standard  FM-FM  channels.  The  telemetry  system  contributed  the  largest  single  error 
to  the  measured  model  pressure,  p  .  This  was  equal  to  or  less  than  ±1%.  There  was  no  measurable 

lag  time  because  of  the  relatively  large  pressure  port  size.  In  fact,  the  ratio  of  port  size  d 
to  displacement  thlcxness  6*  was  in  the  range  5  *  d/6*  £  20.  Error  estimates  based  on  the  experi¬ 
mental  work  ot  Pugh  (Reference  10)  indicate  that  the  maximum  expected  error  in  p/ptt  for  this  d/6* 
range  is  ±2  percent. 

The  sled  speeds  were  measured  by  three  Independent  means  with  an  overall  accuracy  of 
±30  ft/sec.  These  Included  image  motion  (smear)  photographs;  integration  of  on-board  accelero¬ 
meter  data,  and  a  track  side  velocity  measuring  system  developed  at  the  Sandla  Laboratory. 

Figure  1  is  the  photograph  of  a  typical  rocket  sled  shot  taken  by  an  image  motion  camera  at  5620 
ft/sec  (length-dimensions  distorted  by  camera  position  and  image  motion  rate). 

The  second  set  of  testa  were  conducted  in  Hypersonic  Tunnel  No.  8  at  the  Naval  Ordnance 
Laboratory,  Silver  Springs,  Maryland.  The  Reynolds  number  ranged  from  3  to  30  mllllon/ft  at 
Mach  numbers  of  5,  6  and  7.  The  stainless  steel  models  used  in  the  wind  tunnel  tests  were  iden¬ 
tical  to  those  used  on  the  sleds.  In  the  wind  tunnel,  five  pitot  probes  and  four  cone-cylinder 
models  were  mounted  on  a  cruciform  sting  and  tested  simultaneously .  Each  of  the  probe  and  model 
pressures  was  recorded  using  three  separate  transducers,  calibrated  with  a  dead-weight  tester 
before  and  after  each  run.  Static  pressures,  p  ,  were  determined  from  the  pitot  probe  data 
staining  lsentropic  flew.  The  pressure  ratio  p/pn  was  then  calculated  by  computer  averaging 
several  hundred  data  points. 

A  high  speed  free-flight  rocket  test  of  the  25*  cone-cylinder  configuration  was  also  con¬ 
ducted  at  the  Sandla  Laboratory  Tonopah  Test  Range  in  Nevada.  The  rocket  was  a  two-stage  Nike- 
Tossahawk  system.  The  Tomahawk  was  ignited  at  the  descent  stage  imparting  a  burnout  velocity  of 
7400  ft/sec  (M  -  6.5)  at  10,000  ft  MSL. 


RESULTS  AND  DISCUSSION 


When  the  various  lnvlscld  and  viscous  calculations  are  compared  in  the  vicinity  of  the 
expansion  corner,  a  significant  discrepancy  is  observed  among  the  various  techniques  used  (see 
Figures  2  and  3).  In  fact,  this  discrepancy  is  a  factor  of  two  higher  in  the  corner  region  than 
over  the  cone  surface. 

lnvlscld  Flow.  As  discussed  above,  the  primary  cause  of  this  variation  in  the  lnvlscld 
solution  is  believed  to  bs  the  very  thin  layer  ahead  of  the  shoulder  wb  :  the  streamlines  have 
gone  through  the  curved  portion  of  the  bow  shock  wave.  Because  of  pr act. cal  limitations  on 
mesh  sice,  etc.,  variations  in  the  thickness  of  this  layer,  with  entropy  gradients  normal  to 
the  streamlines,  as  well  as  variations  in  the  method  of  including  it  in  the  lmrlscld  corner  ex¬ 
pansion  calculation  could  account  for  the  observed  differences.  For  example,  Figure  4a  shows 
the  magnitude  of  error  Introduced  in  p/pB  as  a  result  of  mesh  size  selection  just  ahead  of  the 
corner.  These  errors  Increase  sharply  for  number  of  starting  points  less  than  50.  Figure  4b, 
on  the  other  hand,  depicts  two  typical  entropy  profiles  just  ahead  of  the  corner  for  two  Mach 
numbers  and  shows  the  effect  it  has  on  the  pressure  gradient  inmediately  past  the  corner. 

Figures  2  and  3  show  results  based  on  real  gas  calculations.  Similar  studies  were  done 
using  ideal  gas  calculations,  e.  g.  Figure  4.  Because  of  relatively  low  Mach  numbers  4  s  M  £  8 
and  high  pressures,  the  amount  of  chemical  dissociation  was  low  and  the  flow  over  the  entire 
body  was  in  chemical  equilibrium.  In  all  cases,  ideal  gas  calculations  predict  a  lower  pres¬ 
sure  past  the  corner  than  real  gas  calculations.  Since  the  boundary  layer  displacement  thick¬ 
ness  is  roughly  proportional  to  i/yr  the  boundary  calculations  utilizing  the  ideal  gas  lnvlscld 
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solutions  will  yield  a  larger  displacement  thickness  which  will  tend  to  Increase  the  pressure 
past  the  corner.  Thus,  there  is  a  self-compensation  between  inviscld  and  viscous  calculations 
which,  when  coupled  with  high  pressures  and  relatively  low  Mach  numbers,  made  further  inclusion 
of  real  gas  effects  unnecessary. 

Finally,  for  the  inviscid  flow  calculations,  changing  the  corner  radius  from  0  to  0.20 
inches  amounted  to  an  increase  in  p  !pw  of  two  percent.  This  change  is  less  for  lower  Mach 
numbers. 


Viscous  Flow.  Discrepancies  among  the  various  viscous  calculations,  both  laminar  and  tur¬ 
bulent,  are  of  the  same  order  as  the  inviscld  calculations.  Results  in  Figure  3  Indicate 
that  Northr  .  predictions  compare  most  favorably  with  experiments  in  spite  of  the  fact  that 
Lockheed  used  an  intuitively  more  correct  simultaneous  matching  technique  for  the  flow  over  the 
hemisphere-cone  portion  followed  by  a  corner  expansion  technique  first  used  by  Zakkay  eC  al. 
(Reference  7).  In  the  Northrop  calculations,  the  flow  over  the  hemisphere-cone  incorporates  a 
pseudo-surface  displacement  iteration  technique  with  locally  similar  laminar  boundary  layers 
and  Rose-Probstein-Adams  type  turbulent  boundary  layer  computations.  These  computations  were 
stopped  just  ahead  of  the  corner  and  re-started  on  the  cylindrical  afterbody  after  carrying  out 
an  inviscid  expansion  over  the  corner.  The  displacement  thickness  on  the  cone  was  then  faired 
with  the  displacement  thickness  on  the  cylinder.  A  numerical  technique  similar  to  the  Lockheed 
mass  flux  matching  calculations  was  also  used  at  the  Sandia  Laboratory.  The  axial  pressure 


gradient  was  approximated  by  an  average  pressure  parameter  defined  by:  p 


k  L  p(s)ds 


(where 


s  “  distance  along  body  surface),  with  results  that  were  comparable  to  those  of  Lockheed  up  to 
the  corner.  The  technique,  however,  is  not  suitable  for  steep  pressure  gradients  as  those  en¬ 
countered  over  corners. 


The  corner  flow  was  therefore  handled  using  an  exact  method  developed  by  Tyson.  Figure  5 
is  a  schematic  of  the  corner  expansion  indicating  the  character  of  the  various  flow  regions 
and  the  stream  line  and  Mach  line  natterns  used  in  the  computation.  It  is  important  to  note 
here  the  various  flow  regions  and  the  strong  interaction  between  viscous  and  inviscld  flows, 
lit  fact,  "reflected"  waves  are  generated  within  the  boundary  layer  due  to  the  Mach  number 
gradient  and  these  waves  are  propagated  downstream.  Furthermore,  a  downstream  Influence  is 
propagated  upstream  through  the  subsonic  part  of  the  boundary  layer.* 

The  equations  were  written  in  axisynmetric  orthogonal  surface  coordinates  and  derived 
under  the  single  assumption  that  the  viscous  layer  is  thin  and  aligned  with  the  surface  co¬ 
ordinate.  All  transverse  and  longitudinal  curvature  terms  are  retained  so  the  syctem  reduces 
to  the  correct  polar  coordinate  formulation  at  a  sharp  corner.  After  writing  the  equations 
in  curvilinear  coordinates  and  making  the  "thin  viscous  layer"  assumptions,  the  coordinate 
transformation  (x,y)  -•  x,T]  ■  F(y/xn)  was  introduced  to  facilitate  the  numerical  treatment 
(F  is  an  arbitrary  analytic  function).  The  transformation  allows  one  to  conveniently  vary 
the  mesh  spacing  in  the  lateral  direction  depending  on  the  problem  at  hand. 

Experimental  and  theoretical  data  for  laminar  flow  over  a  9*  and  a  12.5°  corner  are 
shown  in  Figures  6  and  7.  The  experimental  data  were  obtained  in  the  NOL  Hypersonic  Tunnel. 

The  solid  curves  are  the  Northrop  solutions  with  simple  isentroplc  expansion  and  6*  fairing 
upstream  and  downstream  of  the  corner.  The  dashed  curves  correspond  to  the  exact  corner  flow 
analysis  of  Tyson,  which  was  based  on  inputs  upstream  of  the  corner  using  Northrop  data. 

Figure  8  is  another  Interesting  plot  comparing  the  9®  cone-cylinder  data  with  the  experimental 
correlation  of  Victoria  (Reference  11),  obtained  from  10°  cone-cylinder  and  5°  wedge-flat  plate 

P_i>inv  /x-x  \ 

data.  The  correlation  was  of  the  form:  - — jpf  “  F  (  jjy  I  where  P£  is  the  inviscid  pressure 

ic  00  ^  c  ' 

for  an  infinite  cylinder  at  downstream  conditions,  P  is  the  weak  interaction  pressure  for  an 
infinite  wedge  (or  cone)  calculated  at  the  corner,  P^nv  is  the  local  Inviscid  pressure, 


*Two  more  papers  have  recently  come  to  the  authors1  attention  that  deal  with  expansion  corners. 
The  first  is  by  I.  I.  Glass  (Reference  12)  and  it  treats  the  dissociated-lonized  gas  flows  in 
two-dimensional  corners  with  an  approximate  technique  used  for  laminar  and  turbulent  flows, 
along  lines  of  classical  boundary  layer  theory.  The  second  is  by  Braylovskaya  (Reference  13) 
and  it  almost  identical  to  the  exact  analysis  of  Tyson,  applied  to  a  two-dimensional  corner. 
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4*  is  the  displacement  thickness  calculated  at  the  corner  and  x,xc  are  distances  from  cone  tip 
and  corner,  respectively.  Flow  conditions  In  those  tests  were  150,000  s  Re^  s  750,000,  and 

6.1  <  M  <  6.8.  A  correlation  of  this  type  appears  quite  promising  for  approximate  expanding 
flow  studies. 

No  "exact"  method  analogous  to  the  laminar  flow  of  Tyson  exists  at  present  for  turbulent 
corner  flows.  Figures  5  and  9  compare  turbulent  boundary  layer  calculations  (turbulent  flow 
issoediately  upstream  of  the  corner)  with  wind  tunnel  and  sled  data.  In  Figure  9,  the  differ¬ 
ences  between  the  two  sets  of  measurements  lmnedlately  downstream  of  the  corner  can  be  attri¬ 
buted  to  differences  in  T  /T  .  For  wind  tunnel  models  T  /T  ■  0.64  and  for  sled  models  T  /T  , 

w  o  wo  wo 

on  the  average,  was  about  0.3  (actually  It  varied  between  0.2  and  0.4  in  any  given  run). 

This  implies  thicker  boundary  layers  over  the  wind  tunnel  models,  and  consequently,  higher 
pressures  inmedlately  past  the  corner.  In  addition,  it  Is  not  certain  that  boundary  layers 
were  turbulent  on  the  s’ed  models  at  H  ■  5.  This  was  especially  hard  to  determine  because 

one  could  not  estimate  the  effect  of  model  vibrations  (on  the  sled  runs)  on  transition. 

Figure  10  shows  experimental  and  theoretical  plots  of  p/pm  versus  Mach  number  at  2/3 
model  diameter  behind  the  corner  for  corner  turning  angles  of  12.5“,  12®,  and  11.5“.  The 
measurements  were  taken  on  the  rocket  sled  described  above.  Dotted  lines  correspond  to  in- 
vlscid  flow  calculation  with  a  respective  corner  angle  0.5“  lower  than  the  actual  turning 
angles.  The  triangles  correspond  to  viscous  turbulent  computation  using  the  Northrop 
(Reference  3)  approximation,  and  the  actual  turning  angle.  It  is  interesting  to  note  that  a 

0.5*  increase  in  afterbody  angle  (or  a  0.5®  decrease  in  turning  angle)  as  used  in  inviscid 

hypersonic  pressures  calculations,  has  the  effect  of  adding  the  proper  displacement  thickness 
to  take  into  account  the  pressure  increase  caused  by  turbulent  'ouidary  layers  expanding  over 
convex  corners. 


CONCLUSIONS 


Theoretical  and  experimental  pressure  data  have  been  obtained  past  convex  corners  on  cone- 
cylinder  configurations  in  laminar  and  turbulent  flows,  at  hypersonic  speeds.  The  experimental 
data  have  been  compared  to  existing  analytic  techniques  that  depict  the  flow  past  expansion 
corners  using  both  approximate  and  exact  methods.  The  latter  is  limited  to  laminar  boundary 
layers  only.  As  yet  there  exists  no  comparable  "exact"  method  for  turbulent  boundary  layers 
on  convex  corners. 

However,  the  analytical  method  of  this  paper  can  be  easily  extended  to  accept  general  eddy 
dlffuslvlty  distributions  for  turbulent  heat  and  momentum  transfers.  The  quantitative  descrip¬ 
tions  of  such  distributions  are  now  felt  to  be  quite  well  understood  for  planar  incompressible 
flows  (References  14  and  15).  The  extension  to  axisyimetric  flows  should  be  straightforward. 
Our  ability  then  to  analyze  turbulent  convex  corner  flows  in  detail  will  rest  on  the  success  of 
current  investigations  aimed  at  obtaining  the  compressible  analog  of  these  incompressible  eddy 
dlffuslvlty  distributions.  In  this  regard  the  corner  flow  problem  may  well  be  easier  to  ana¬ 
lyze  than  more  conventional  turbulent  boundary  layer  developments.  This  assertion  rests  on  the 
fact  that  the  bulk  of  the  boundary  layer  in  the  neighborhood  of  the  corner  expands  in  a  rela¬ 
tively  Inviscid  manner.  That  is,  the  eddy  transport  terms  are  comparable  to  the  inertia  terms 
only  in  a  thin  sub-layer  adjacent  to  the  wall  as  shown  in  Figure  5a.  Thus  the  accuracy  of  the 
adopted  compressible  eddy  dlffuslvlty  model  becomes  of  crucial  importance  only  near  the  wall. 

In  this  new  wall  domain  the  compressibility  transformation  proposed  by  Coles  (Reference  16)  and 
Baronti  and  Libby  (Reference  17)  are  probably  quite  adequate.  Hence  we  feel  that  extension  of 
the  analysis  of  this  paper  to  the  turbulent  regime  will  be  relatively  straightforward.  In  the 
meantime,  approximate  boundary  layer  fairing  techniques  if  used  properly  can  serve  as  a  first 
estimate  guide  In  predicting  pressure  distribution  for  engineering  design  purposes. 

It  has  also  been  demonstrated  that  in  the  Mach  range  1.5  s  M  £  6.6,  p/pw  data  from  sled 
tests  could  be  obtained  with  a  repeatability  of  ±2  percent.  The  overall  spread  in  p/p^  data 
both  from  wind  tunnel  and  sled  tests,  including  uncertainties  introduced  by  finite  transition 
duration  (e.  g.  Figure  9),  were  about  87..  The  situation  is  definitely  worse  for  theoretical 
predictions.  The  work  of  Tyson  is  the  most  exact  with  regard  to  flows  over  expansive  corners; 
however,  it  is  limited  by  the  accuracy  of  the  upstream  inputs,  which  in  turn  depend  on  viscous- 
inviscld  calculations  on  small-bluntness  cones  (or  wedges). 
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APPENDIX: 


THE  "GENERALIZED"  LAMINAR 


BOUNDARY  LAYER  EQUATIONS 


All  quantities  below  are  normalized  in  the  following  fashion:  r,  (*)"J  ,y,  and  x  with 
respect  to  an  arbitrary  length  L;  U,  V,  o,  T,  c  and  u  with  their  respective  undisturbed  free 

,  P 

stream  values;  and  P  with  respect  to  P„  Um  .  x  is  the  wall  curvature;  y  the  normal  distance 

from  the  surface;  and  x  is  coordinate  lying  along  the  surface.  J  ■  0  for  planar  flow  and 
J  ■  1.0  in  the  axi symmetric  case.  0  is  the  surface  inclination  relative  to  the  axis  of  axi- 
synmetry.  Further, 
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Subscript  x  and  y  below  refer  to  partial  differentiation. 
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Figure  2 


Calculated  Inviscid  Pressure  Distribution  Curves  on  Blunted  12.5°  Cone-Cylinder. 
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Figure  4 


Effect  of  Entropy  Layer  on  Invlicld  Corner  Expansion  Calculations 
(a)  Mesh  Size  Effect;  (b)  Entropy  Cradient  Effect. 
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Figure  5  Schematic  of  Corner  Expansion.  (a)  CharacLer  of  Various  Flow  Regions;  (b)  Stream 
Line  and  Mach  Line  Pattern. 
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Figure  6 


Predicted  and  Measured  Wall  Pressure  Distribution  for  Laminar  Flow  Over  9°  Corner. 
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Figure  7  Predicted  and  Measured  Wall  Pressure  Distribution  for  Laminar  Flow  Over  12.5°  Corner. 
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Figure  8  Conparison  of  9°  Corner  D«.:.a  with  Correlation  of  Victoria  (Reference  11). 
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Fipure  10 


Experimental  and  Theoretical  Plots  of  p/pt  versus  flacli  Number .  Experimental  Data 
from  Rochet  Sleds.  Computations  by  tlorthrop  (Reference  3). 
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Contrary  to  the  frequent lv  made  assumption  of  random  henavior,  careful  experimental  studies 
reported  in  the  literature  have  revealed  a  remarkable  decree  of  order  in  transitional  and  turbulent 
boundary  layers.  Some  results  are  reported  here  of  tests  made  with  hiconic,  concave,  and  convex 
ablating  Plexiglas  models  in  a  Mach  7  airstream  with  maximum  local  Reynolds  numbers  approach  in  10  . 
After  they  were  tested,  the  model  surfaces  were  carefully  examined.  In  addition  to  such  well-known 
features  as  turbulence  wedges  .ad  streamwise  grooves,  produced  hv  longitudinal  vortices,  many  parts 
of  the  models  exhibited  a  "cross  hatching"  pattern,  which  had  also  been  previously  observed  by  the 
authors  under  other  conditions.  It  was  found  that  the  spiral  angle  of  the  cross-hatching  is  close 
to  the  Mach  angle  based  on  boundary  layer  edge  Mach  number,  while  the  spacing  is  typically  equal  to 
a  few  boundary- layer  thicknesses.  A  physical  flow  model  is  outlined  which  could  explain  the 
cross-hatching  and  other  observed  patterns. 
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ORDI  RLY  rilRI.I  -DIM!  NSIONA1.  I’ROCI  SSLS  IN  TURBUl.i.NT  BOUNDARY  LAY  IRS  ON  AHLATINC.  BODIIS 

By  Thomas  N.  Canning,  Michael  1  .  Tauber,  Max  1..  Wilkins, 
and  Cary  T.  Chapman 

Ames  Research  Center,  NASA,  Moffett  field,  California,  94035,  USA 


1.  INTRODUCTION 

Careful  experimental  studies  have  revealed  the  presence  of  a  remarkable  degree  of  order  in 
turbulent  huundarv  lavers.  iwo  examples  of  this,  which  will  also  he  cited  as  bases  for  the  discus¬ 
sion  of  the  present  paper,  are  the  work  bv  (iregorv  and  Walker  (1)  and  bv  Mochizuki  (2,3).  These 
papers  illustrate  quite  clear]'  that  the  wedge  of  turbulent  flow  produced  by  affixing  a  single 
element  of  roughness  in  a  flat  plate  boundarv  laser  contains  a  highls'  regular  system  of  longitudinal 
vortices  which  extend  from  the  wedge  leading  edge  to  great  distances  downstream 

A  number  of  studies  have  shown  the  existence  of  laterall-  spaced,  time  variant  disturbances  in 
transitional  subsonic  and  supersonic  flows  (4  81.  More  recently,  the  present  authors  (9,10)  found 
what  appeared  to  he  regular  markings  on  recovered  ballistic  range  cone  models  showing  longitudinal 
as  well  as  lateral  periodicitv,  that  is,  a  cross-hatching  of  the  ablated  surface,  in  addition  to 
longitudinal  vortices  which  ablat'd  streemwise  grooves  in  the  surface.  An  example  of  this  cross- 
hatching  is  shown  in  lig.  1,  taken  from  Ref.  10. 

The  possible  implications  of  these  crosshatched  ablation  patterns  on  the  heat-shield  performance 
of  entn  bodies  have  prompted  the  present  study  .  Ibis  paper  describes  an  attempt  to  link  the  observed 
sculpturing  of  the  surfaces  to  the  aerodvnair,i  c  and  thermods  nami  c  test  conditions  under  which  thev 
were  produced 


-'  1  At  I  1. 1  I  1 1  *•  \N|J  I  I  SIN 

Most  n‘  the  data  and  discussion  will  concern  observations  of  Plexiglas  models  (polymethvl- 
me  t  h  ac  r\  latei  ,  as  affected  In  the  hot  hvpersonie  flow  in  the  NASA  Ames  3.5  foot  wind  tunnel.  Where 
appropriate,  comparison  will  he  made  with  models  recovered  after  flight  in  a  ballistic  range. 

ihe  3. 5  foot  hypersonic  wind  tunnel  is  a  blowdown  facility,  in  which  air  stored  at  high  pressure 
is  heated  as  it  passes  upward  through  a  cylindrical  tank  filled  with  hot  zirconia  pebbles.  The  hot 
air  then  passes  through  an  axial  1-  symmetric,  contoured  nozzle  (M,  =  7),  the  walls  of  which  are  pro¬ 
tected  bv  a  thin  film  of  helium  injected  upstream  of  the  nozzle  throat.  Ihe  tunnel  exhausts  into 
four  evacuated  spheres  and  can  provide  test  times  in  excess  of  1  minute  at  the  conditions  used  in  the 
present  tests  (stagnation  pressure  of  115  atm  and  stagnation  temperatures  of  "50°  and  1075°  k). 

Ihe  models  were  mounted  on  a  movable  sting,  inserted  into  the  test  section  after  steadv  flow 
was  established,  and  withdrawn  after  the  desired  test  interval  (before  the  flow  was  stopped). 
Insertion  and  withdrawal  each  required  onlv  a  fraction  of  a  second. 

Ihe  models  used  in  the  experimental  study  were  designed  tc  icveal  the  influence  of  both  gradual 
and  abrupt,  and  positive  and  negative,  pressure  gradients  on  the  patterns  produced  In  ablation. 

Shapes  were  selected  that  would  result  ,n  large  pressure  and  heating  rate  changes  on  a  given  model, 
along  with  large  changes  in  houndarv  laver  edge  Mach  number,  M  ,  (1.3  to  .3.51  and  unit  Reynolds 
number  ((>7,01)0  per  cm  to  B40,000  per  cm)  .  The  models  (|  ig.  2  wire  solid,  homogeneous  bodies  of 
revolution  (except  for  laminations)  made  of  Plexiglas.  Cone  angles  at  the  tip  were  25°,  30°,  40°, 
and  50°;  surface  inclination  was,  in  even  case,  changed  bv  a  15°  increment,  which  produced  compres¬ 
sions  on  the  two  smaller  tip  angle  cones,  and  expansions  on  those  with  larger  tip  angles.  The  slope 
was  changed  in  two  wavs,  discont l nuous h  at  a  corner,  and  continuously  on  surfaces  described  In 
cubic  equations.  Pointed  steel  tips,  about  1.2  cm  in  diameter,  were  used  on  the  models  to  prevent 
ablation  at  the  apex. 


3.  DA'I  A 


Ihe  data  presented  represent  a  detailed  visual  s t udi  of  the  bodies  during  and  after  testing 
During  the  tests,  the  model  surfaces  were  watched  In  one  or  more  observers  and  were  photographed  In 
a  1(>  mm  mot  i  on- picture  camera  at  128  frames  p<  ,  second.  Ibe  observers'  purpose  was  to  determine  the 
rate  of  formation  of  the  surface  patterns  In  the  airflow  and  to  signal  the  time  for  termination  of  the 
run  bv  withdraw ■ ng  the  model.  Since  the  plastic  material  is  transparent  and  the  surfaces  appeal 
frosted,  many  subtle  details  are  better  revealed  In  surface  replicas  than  In  the  original  surface. 

Iwo  tvpes  of  replica  were  made. 

Ihe  more  sensitive  of  the  two  consisted  of  epoxy  plastic  cast  in  a  s  1  1 1 corn- -  rubber  mold  made 
from  the  actual  model.  Ihe  rubber  used  adheres  only  weakly  to  the  model  and  to  the  epoxv  ,  and  is 
easil'-  separated  with  a  small  air  jet.  The  rubber  used  for  making  the  female  impression  is  Dew 
Corring  3111)  RTV  l.ncapsulant ,  and  the  epoxy  resin  is  Ipocast  Resin  No.  4  1  with  hardener  Ne.  9111. 

In  the  course  of  making  these  replicas  it  was  found  desirable  to  provide  hollow  liners  in  order  to 
save  rubber  and  epoxy  material  and  make  the  final  bodies  light.  Liners  were  made  In  vacuum  forming 
clear  plastic  sheets  of  (1.508  mm  to  1.270  mm  thickness  over  the  models.  A  rather  high  degree  of 
detail  was  replicated  in  born  of  these  processes,  and  main  features  difficult  or  impossible  to  so- 


*»vrt*T  *1 < 


and  photograph  on  the  actual  models  are  made  easilv  visible.  Photographs  of  all  of  the  epoxv 
replicas  are  shown  in  fig.  5.  rhere  are  more  repli  :as  than  models  since  two  models  were  tested 
twice  in  the  wind  tunnel  and  replicas  were  made  after  each  test.* 

Several  techniques  were  used  to  measure  dimensions  and  angles  of  surface  patterns  from  the 
models  and  replicas.  One  verv  sensitive  process  was  to  make  pencil  rubbings  by  pressing  a  piece  of 
bond  paper  tightly  against  the  model  or  replica  surface  and  stroking  lightlv  with  the  side  of  a  lead 
pencil  or  a  soft,  colored  r»pnn  i  Both  longitudinal  and  Uiwwal  or^iincic  were  used  to  get  best 
results.  The  features  were  then  identified  and  measured  in  the  flat. 


On  very  subtly  sculpted  models  (fig.  3(e))  or  deeply  ablated  models  (Mg.  3(f)),  it  was  found 
desirable  to  hand-mark  the  features  with  a  grease  pencil  while  studying  them  with  different  lighting 
and  viewing  angles.  After  the  principal  features  were  thus  accentuated,  the  pencil  marks  could  be 
either  "transferred"  using  pressure  sensitive  tape  (and  transported  to  flat  paper  as  in  the  case  of 
rubbings)  or  measured  in  place.  Some  features,  however,  were  so  clearlv  marked  that  there  was  no 
difficulty  in  measuring  them  directly. 

In  order  to  minimize  anv  personal  bias  in  the  measurement  of  pattern  sizes  and  shapes,  two  of 
the  authors  made  totally  independent  measurements  of  the  sweep  angle  and  longitudinal  and  lateral 
wavelengths  of  the  crosshatch  patterns  at  positions  on  the  bodies  selected  bv  each  for  claritv  of 
markings.  Several  measurements  were  made  in  each  region  so  that  the  results  would  have  some 
statistical  value,  but  no  averaging  ha;  neen  done  in  the  data  presentation.  The  results  of  the 
independent  studies  were  substantially  identical. 


3.1.  Appearance  of  Ablated  Surfaces 

After  ablation  by  the  hypersonic  tes*  stream,  the  present  models  exhibited  most  of  the  features 
seen  on  the  earlier  ballistic-range  model1  (9).  For  completeness  of  the  present  discussion  these 
features  are  described  briefly  herein  and  lelated  to  those  reported  bv  other  authors,  as 
appropri ate . 

Each  model  had  small  regions  of  apparently  uniform  laminar  flow,  for  at  least  a  part  of  the 
test  time,  which  produced  little  in  the  way  of  surface  sculpting.  These  regions  usually  ended  at 
a  highly  irregular  transition  front  characterized  by  roughness  elements  and  their  resultant  more 
deeply  eroded  "wedges."  The  wedges  appear  similar  in  planform  to  those  observed  in  Refs.  1-3,  9, 
and  10.  Their  lateral  rate  of  growth  is  similar  as  is  the  occasionally  observed  longitudinal 
grooving  inside  them.** 

The  most  striking  feature  in  the  turbulent  wedges  and  elsewhere  in  the  regions  of  presumably 
turbulent  flow  is  the  cross-hatching  produced  by  the  flow.  That  the  patterns  result  from  intersect¬ 
ing  grooves  which  spiral  in  both  directions  around  the  bodies  is  clearly  evident  from  the  slightly 
ablated  bodies  (Fig.  3(e)).  As  the  ablation  proceeds,  the  grooves  appear  to  influence  the  nature 
of  the  adjacent  flow  more  and  more  strongly.  Instead  of  clearly  intersecting,  the  grooves  appear 
to  join  longitudinally  at  the  spiral  intersections  and  produce  a  set  of  wavy  longitudinal  grooves 
like  those  shown  in  Fig.  3(f)  on  model  4. 

The  clarity  and  depth  of  the  crosshatch  patterns  is  occasionally  enhanced  by  disturbances  pro¬ 
duced  by  flaws  or  joints  in  the  models  as  seen  in  Fig.  3(d).  A  cursory  examination  showed  that  new 
grooves  were  being  created  more  or  less  continuously  along  the  surfaces  so  that  the  spacing  did  not 
increase  proportionately  with  body  radius. 

3.2.  Correlations 

In  general,  the  sculpture  produced  by  ablation  is  seen  to  be  quite  complicated,  and  our  first 
effort  at  relating  the  forms  produced  to  the  test  conditions  is  necessarily  limited.  In  the  present 
case  we  have  sought  to  correlate  the  spiral  angle  of  the  grooves,  that  is,  the  angle  between  the 
groove  and  the  body-generator  lines,  a.'d  the  size  of  the  patterns  with  the  boundary- layer-edge 
flow  conditions 

3.2.1.  Spiral  Angle  Correlation 

Althougn  the  influence  of  material  properties  has  not  been  ruled  out,  it  was  postulated  at  the 
outset  that  the  surface  patterns  were  governed  by  the  boundary  layer  and  perhaps  the  exterior  flow. 
Accoi ngly ,  the  spiral  angle  data  for  all  the  models  were  plotted  against  the  boundary- layer-edge 
Mach  number  to  obtain  Fig.  4.  A  rather  convincing  correlation  is  seen  between  the  observed  spiral 
angle  and  the  Mach  angle.  If  the  spiral  is  established  by  a  standing  wave,  it  must  of  necessity  be 
at  a  greater  angle  than  the  Mach  angle  at  the  boundary- layer  edge.  The  quality  of  the  correlation 
suggests  that  a  standing  wave  system  does  in  fact  exist,  and  hence  that  the  cross-hatching  should 

•In  general,  the  replicas  do  not  extend  fully  to  the  base  of  the  original  model.  For  the  purpose 
of  making  the  replicas  only,  in  some  cases  the  steel  tip  was  removed  from  the  model  nose  and  r<*"iaced 
with  a  screw.  The  apparent  !  .unting  of  model  tips,  such  as  in  Fig.  3(c),  was  caused  by  air  trapp  d 
during  casting  and  does  not  represent  the  actual  condition  of  the  model  during  the  test. 

**The  bodies  also  exhibited,  in  varying  degrees,  two  other  types  of  markings.  One  consisted  of 
very  fine  scale  longitudinal  ridges  along  body  generators  (see  Fig.  3(h));  these  may  be  a  product  of 
small  longitudinal  vortices.  The  other  markings  are  small  surface  craters  partly  surrounded  by  cres¬ 
cents  immediately  downstream  of  each  crater  (see  Fig.  3(c));  these  are  thought  to  be  produced  by  the 
impact  of  zircona  dust  particles  present  in  the  test  stream. 
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not  exist  in  subsonic  flow.  Mateer  anj  Larson  (Ml  conducted  a  test  sene'  using  cones 
materials  and  a  range  of  apex  angles  in  the  same  facility  and  found  cross-hatching  only 
with  supersonic  flow  outside  the  boundary  laver.  fhe  points  above  the  Mach  angle  curve 
the  disturbance  source  of  the  standing  wave  can  be  well  inside  the  boundary  laver  where 
numbers  are  lower  than  M  .  One  level  in  the  boundary  laver  which  might  he  critical  is 
which  temperature  is  maximum. 


of  various 
on  bodies 
suggest  that 
the  Mach 
that  at 


1  2.2  L?r era  I  - Snari  ng  Correlation 


Since  the  shape  of  the  pattern,  that  is,  the  spiral  angle,  is  related  to  the  flow  properties, 
a  length  was  sought  to  which  the  size  of  the  pattern  (longitudinal  or  lateral  spacing  of  grooves! 
could  be  satisfactorily  related.  Several  lengths  were  considered  the  various  boundary  laver 
thicknesses,  the  distance  from  the  surface  to  the  shock  wave,  the  wetted  length  along  the  surface 
from  the  apex,  the  radius  of  curvature  of  the  surface,  and  the  depth  of  united  surface  material,  if 
any.  In  addition  to  these  lengths,  the  influence  of  such  factors  as  absolute  heating  rate  and  Mach 
number  on  pattern  size  was  checked  as  well. 


liven  a  cursory  examination  of  the  models  showed  a  wide  variation  of  groove  spacing  at  anv 
particular  body  station.  New  grooves  continuously  appear  as  the  flow  stretches  around  the  expanding 
body;  this  means  that  the  minimum  groove  spacing  is,  at  the  ven  greatest,  half  the  maximum.  Also, 
since  there  are  doubtless  random  influences  affecting  groove  initiation,  the  ratio  of  maximum  spacing 
to  minimum  must  exceed  2.  At  a  particular  streamwise  location  on  model  4  a  groove  variation  of 
fourfold  over  the  minima"  was  observed.  In  view  of  these  variations,  onlv  an  approximate  character 
ization  was  possible  with  the  data  available.  No  obvious  effect  of  the  pressure  gradient  on  such 
features  as  the  cross  -  hat  ch  ir.;>  has  been  found;  however,  because  of  the  influence  of  the  pressure 
on  the  heat  t ransfer  rate,  significant  changes  occurred  in  the  depth  of  the  surface  markings. 


Many  dimensionless  groupings  were  attempted  in  the  course  of  studying  these  data  and  almost  all 
appeared  to  yield  substantially  poorer  correlation  than  that  given  bv  a  Reynolds  number  based  on 
boundary  layer- edge  conditions  and  the  lateral  spacing  between  the  oblique  grooves,  Re.  ,  plotted 

as  a  function  of  the  Reynolds  number  based  on  local  thickness  of  the  turbulent  boundary  laver,  Re.. 
The  correlation  showed  that  Re,^  increased  with  Re.  'rig.  S)  .  This  finding  has  two  weaknesses: 

first,  it  is  based  on  one  test  of  model  3  at  higher  total  temperature  (filled  symbols).  Second,  in 
two-dimensional  flow  it  would  be  necessary  for  grooves  to  disappear  selectively  in  order  to  permit 
the  spacing  to  increase  so  as  to  a-oid  passing  out  of  the  correlation  band.  Mateer  and  Larson  found 
no  such  selective  disappearance  in  tests  with  plastic  wedges.  An  alternative  to  selective  dis¬ 
appearance  might  he  that  the  entire  periodic  system  might  simple  decay  generally  and  produce  imper¬ 
ceptible  ablation  patterns.  In  view  of  the  slow  decay  of  longitudinally  disposed  vortices  this 
might  require  great  distances. 

A  few  measurements  of  *v  were  made  on  the  ballistic  range  models  of  Ref.  9.  Since  there  is 
little  chance  of  accurately  determining  when  during  the  flights  the  final  patterns  formed,  accurate 
calculations  of  Rc,y  and  Re.  are  not  possible.  The  complications  added  hv  the  possibility  of 

sizable  mass  transfer  at  the  surface  add  to  the  difficulty  of  interpretat  ion.  Roughly,  the  values 
of  Ke.  fell  near  the  bottom  of  the  scatter  hand  in  lig.  S. 

The  present  findings  together  with  those  of  earlier  experiments  (clearly  defined  laterally 
periodic  structure  in  turbulent  boundary -  layer  flows)  lead  to  a  possible  model  for  the  inception  of 
cross-hatching  and  other  sculpture  of  ablated  surfaces. 


4.  I’OSTULATl  D  MODI  1. 

The  flow  processes  in  the  boundary  layer,  which  are  thought  to  he  capable  of  sculpting  the 
present  patterns  (and  some  other  patterns  observed  earlier  a-  wclll,  are  described  without  qualifying 
remarks  in  this  section.  Subsequent  Is  ,  supporting  observations  taken  from  the  present  experiments 
and  from  the  literature  are  presented  to  lend  weight  to  the  description. 

4.1.  Postal ated  I  low 

the  establishment  of  a  turbulence  wedge,  such  as  diagrammed  in  lig.  6,  starts  with  i  single 
disturbance  source  a  (c.g,,  a  roughness  element)  in  a  laminar  boundary  laser  b  file  trailing 
vortex  si  stem  c  from  the  disturbance  mav  he  steads  downstream  for  a  distance,  depending  on  such 
factors  as  disturbance  size  and  flow  Reynolds  number,  and  then  suddenly  break  down  into  intense 
oscillation  and  turbulence  at  d  in  fig,  b.  Hie  disturbance  generated  by  this  breakdown  produces 
a  nearly  perfectly  symmetrical  spreading  pattern  of  turbulent  flow  containing  a  regular  arras-  ot 
discrete  longitudinal  vortices  e,  which  are  formed  at  the  wedge  leading  edge.  Ill e  disturbance  f 
along  the  leading  edge  either  produces  or  is  produced  hs  a  vortex  roughly  hyperbolic  in  form  near 

Near  the  beginning  of  the  test  periods  of  some  of  tin  models  a  much  smaller  crosshatch  pattern 

of  waves  was  seen  in  the  thin  melt  laser.  fhe  spiral  angle  of  these  wavelets  appeared  to  he  the  same 

as  th^t  of  the  grooves  produced  later,  hut  the  spacing  of  the  waves  was  perhaps  smaller  by  a  factor 

of  3  or  4  than  the  final  markings.  They  may  be  like  the  line  cross -hat ch i ng  flown  ;n  Ret.  10.  [heir 

smaller  size  and  impermanence  suggest  that  some  change  in  material  response,  such  as  temporary 
development  of  melt  layers  of  critical  thickness,  surface  tension,  or  viscosity,  mas  have  an  important 
influence  on  wave  spacing  in  either  the  small  temporary  oy  large  permanent  patterns  observed. 
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its  apex  The  longitudinal  vortex  filaments  are  rcgularlv  spaced.  The  pressure  disturbance  result 
ing  from  the  formation  of  ea  h  filament  propagates  within  the  Mach  cone  g,  as  indicated  in  lie.  6. 
The  array  of  pressure  pulses  can  excite  oscillations  in  the  boundary  laver  as  might  a  multitude  of 
randomly  spaced  disturbances  in  view  of  the  potential  for  self- aggravat ion  (i.e.,  feedback)  and 
stabilization  introduced  bv  the  sculptured  pattern,  rhese  disturbances  Jo  not  produce  noticeable 
local  increases  in  heat  transfer  or  ablation  outside  the  wedge  h  where  the  flow  is  laminar;  within 
the  wedge,  where  the  flow  is  turbulent,  the  wave-houndary  laser  interact  1  >n  is  concentrated  i  and 
yields  sharply  defined  increments  in  heating  Where  the  surface  contourme  be  concentrated  ablation 
becomes  deep  enough,  the  resulting  disturbances  become  severe  enough  to  supplant  the  hyperbolic 
front  vortex  mechanism  responsible  for  the  earlier  spread  of  turbulence,  as  shown  at  1,  toward  the 
rear  of  the  sketched  flow  in  Fig.  b.  As  the  boundary  laser  stretches  over  the  ever  -expar  'ing 
perimeter  of  the  bods,  new  three-dimensional  elements  (prohahlc  vortex  pairs)  are  created  and  pro 
duce  additional  wave  systems  (and  hence  grooves). 

4.2.  supporting  evidence 

The  observations  of  Gregory  and  Walker  [1)  and  of  Mochizuki  (2,3)  are  examples  indicating  that 
the  breakdown  of  the  smooth  trailing  vortex  svstem  from  a  roughness  element  is  hastened  either  b> 
increasing  the  free-stream  Reynolds  number  or  the  size  of  the  roughness  element.  Ihe  suddenness  of 
the  breakdown  is  well  documented  (2).  The  disturbance  generated  be  this  .  reakdown  is  so  strong  and 
the  resulting  breakdown  so  regular  that  an  almost  perfect lv  symmetrical  wedge  is  produced.  Among 
the  scores  of  turbulence  wedges  seen  bv  the  authors,  no  liighh  ascmmetric  turbulence  wedges  have 
ever  been  seen,  so  it  is  concluded  that  the  ensuing  spread  of  Mirhulenco  is  fulh  controlled.  That 
transition  from  laminar  to  turbulent  flow,  well  known  for  uncertain  behavior,  should  be  so  regular 
in  this  case  attests  to  the  dominance  of  this  mechanism 

Both  Refs.  1  and  2  note  clearlv  the  regular  array  of  streamwise  vortices  found  in  the  wedge. 

The  extremely  regular  breakdown  along  the  wedge  leading  edge  is  described  in  Ref.  3:  ",  .  the 

photographs  of  the  smoke  pattern  show  distinctly  the  turbulent  region  behind  the  sphere  [roughness 
element]  and  the  laminar  region  outside  of  it.  At  the  boundary  of  the  two  regions,  we  can  see  the 
smoke  filaments  ge.her  one  after  another  and  take  winded  forms  and  then  become  obscure  by  strong 
nixing  downstream.  This  state  indicates  that  there  might  be  a  longitudinal  vortex  near  the 
boundary.  The  measurements  of  the  mean  velocity  profiles  show  clearly  that  a  pair  of  longitudinal 
vortices  appears  outside  of  the  four  longitudinal  vc.'ices  existing  already,  iust  at  the  boundaries 
of  the  turbulence  wedge,  and  much  closer  to  the  flat  plate  than  the  former  vortices."  The  indication 
that  all  of  these  outer  vortices  (in  each  half  of  the  wedge)  are  co  rotational  also  suggests  that 
the  mechanism  controlling  filament  formation  is  not  simple  induction  bv  the  downwash  fields  of 
existing  vortices,  but  is  the  result  of  a  continuous  vortex  filament  or  a  pressure  wave  passing 
obliquely  across  the  flow. 

An  unusual  observation  on  recovered  bal  1  i st i c- range  models  (9,10)  mav  he  further  evidence  of 
this  postulated  leading-edge  vortex.  The  surface  shown  in  Fig.  7(a)  has  a  clearly  visible  low  ridge 
called  a  "hyperbolic  front"  by  the  authors;  several  such  fronts  have  been  preserved  on  ballistic- 
range  models.  If  fhe  leading  edge  vortex  described  in  Ref.  3  does  exist,  it  should  induce  a  lateral 
flow  near  the  surface  such  that  the  surface  streamline  will  trace  out  .  line  following  the  ridge 
found.  The  'low  detail  here  is  suggested  at  f  in  Fig.  6. 

The  pressure  disturbances  produced  by  the  start  of  each  vortex  filament  forming  at  this  front 
should  produce  sharp  pulses  propagating  along  the  Mach  cones  from  each  formation  point.  In  subsonic 
flow  no  such  obvious  mechanism  exists  for  concentrating  the  effect  of  the  pulses,  and  cross-hatching 
is  not  observed.  Also,  a  convincing  correlation  is  foui  J  between  spiral  angle  and  edge  Mach  number. 

In  a  laminar  boundary  layer  h  (i.e.,  along  the  outbound  wave>,  g),  the  streamwise  action  of 
each  wave  should  be  spread  out  over  many  boundary  - laver  thicknesses,  perhaps  over  several  wave 
spaces,  because  of  the  extensive  interaction  tvplcal  of  waves  with  laminar  boundary  layers,  and 
therefore  produce  no  important  sculpture  unless  it  is  strong  enough  bv  itself  to  cause  transition 
(j  in  lig  6),  as  illustrated  in  Fig.  7(b).  The  inward  hound  waves,  g,  on  the  other  hand,  are  inter 
acting  with  a  boundary  layer  of  much  higher  shear,  so  that  the  interaction  i  concentr  Ted  sharply 
This  should  permit  the  cutting  of  grooves  in  the  turbulent  flow  area.  As  the  flow  is  stretched  over 
the  body,  new  grooves  appear.  That  the  lateral  wavelength  does  not  exceed  some  poorly  defined  maxi 
mum  probably  related  to  the  boundary  laver  thickness  is  shown  by  the  present  data  Ihe  observations 
using  hydrogen  -  hubb  le  flow  visualization  in  two-dimensional  flow  (7)  show  that  even  at  very  large 
Reynolds  numbers  there  is  a  clear  lateral  periodicity  in  turbulent -boundary  laver  profiles.  Consis¬ 
tent  with  the  results  of  Ref.  7,  Black's  analytical  formulation  (12)  points  strongly  to  the  possihil 
ity  of  vortex- loop  discharges  into  the  outer  part  of  the  laver  from  near  the  surface  at  preferred 
lateral  spacings 

This  overall  flow  model  for  the  initiation  and  development  of  turbulence  and  cross  hatching  is 
believed  to  reconcile  many  of  the  observed  phenomena  in  transitional  and  turbulent  flow.  Che  high 
degree  of  order  found  is  consistent  with  the  orderliness  of  the  markings. 


S.  CONCLUDING  REMARKS 

It  has  been  shown  herein  that  there  can  be  a  great  deal  of  order  in  the  supersonic  turbulent 
boundary  layer.  The  presence  of  both  lateral  and  longitudinal,  nearly  t ime- invariant ,  spatially 
fixed  waves  or  vortex  systems  or  both  has  been  deduced  from  studying  ablated  surfaces  under  widely 
varying  test  conditions,  ranging  from  those  of  ballistic  ranges  to  wind  tunnels.  The  sizes  of  the 
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’SECOND  test 

’’nominal  wind  tunnel  stagnation  pressure 
‘stagnation  temperature 


Fig.  2.  Model  dimensions  and  test  conditions. 


Variation  of  crosshatch  spiral  angle  with  boundary- layer-edge  Mach  number. 


Fig.  5. 

Lateral  spacing  Reynolds  number  versus  boundary -layer  thickness  Reynolds  number 


Fig.  6,  Diagram  of  postulated  flow  model. 
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REYNOLDS  AND  MACH  NUMBER  SIMULATION  OF  APOLLO  AND 
GEMINI  RE-ENTRY  AND  COMPARISON  WITH  FLIGHT 

By 

B.  J.  Griffith  and  D.  E.  Boyian 
ARO,  Inc.,  Arnold  Air  Force  Stat:on,  Tennessee 


SUMMARY 


A  comprehensive  Investigation  i«.  the  AEDC-Vki'  wind  tunnels 
was  conducted  on  the  Apollo  Oil  and  Gemini  3  spacecraft  config¬ 
urations  in  order  to  resolve  several  anomalies  between  preflight 
predictions  and  flight  data.  Attention  was  focused  on  simu¬ 
lating  the  actual  Apollo  Command  Module  (Oil)  and  Gemini  space¬ 
craft  (GT3)  "as  flown"  in  model  construction  over  a  Mach  number 
range  of  3  to  20. 

The  investigation  indie  ted  that  the  influence  of  the 
ablator  (heat  shield)  geometry  of  the  Apollo  Command  Module 
causes  a  significant  change  in  trim  angle  of  attack  and 
resulting  decrease  in  available  lift-to-drag  ratio.  In  addi¬ 
tion,  a  very  strong  viscous  influence  exists  in  the  Initial 
portion  of  re-entry  for  both  the  Apollo  and  Gemini  space¬ 
crafts.  Also,  the  Mach  number  influence  extends  up  to  about 
Mach  14  which  is  substantially  higher  than  previous  blunt  body 
investigations  have  indicated.  Comparisons  of  the  AEbC  wind 
tunnel  data  with  existing  flight  data  are  made  and  generally 
excellent  agreement  exists. 
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REYNOLDS  AND  MACH  NUMBER  SIMULATION  OF  APOLLO  AND 
GEMINI  RE-ENTRY  AND  COMPARISON  WITH  FLIGHT'*’ 

By 

B.  J.  Griffith*  and  D.  E.  Boylan** 

ARO,  Inc.,  Arnold  Air  Force  Station,  Tennessee 

1.0  INTRODUCTION 

The  motion  of  a  spacecraft  in  flight  is  determined  by  the  propulsive  forces 
supplied,  the  force  of  gravity,  the  inertial  characteristics  of  the  spacecraft  and 
the  aerodynamic  forces.  The  wind  tunnel  is  generally  recognized  as  being  almost 
indispensable  in  obtaining  the  aerodynamic  information  necessary  to  define  the 
motion  of  the  spacecraft.  However,  the  validity  of  wind  tunnel  data  depends  on  the 
minimization  of  the  possible  sources  of  error  and  the  simulation  of  the  flow  around 
the  spacecraft  in  flight.  The  purpose  of  this  paper  is  to  present  a  direct  com¬ 
parison  between  flight  and  wind  tunnel  data  from  the  Apollo  Command  Module  and  the 
Gemini  Spacecraft  during  the  re-entry  phase.  Attention  is  focused  on  (1)  simulating 
Apollo  spacecraft  Oil  (AS-202)  and  Gemini  Spacecraft  (GTS)  "as  flown"  in  model  con¬ 
struction,  (2)  obtaining  consistent  pitch  plane  force  measurements  in  the  angle  of 
attack  range  of  interest,  (3)  defining  the  effect  of  Mach  number  over  a  range  of  3 
to  20  for  the  Apollo  tests  and  7  to  20  for  the  Gemini  study,  (4)  defining  the  effect 
of  Reynolds  number,  and  (0)  possible  sting  effects  on  the  Apollo  Command  Module. 

The  aerodynamic  model  data  reported  herein  were  obtained  in  the  40-in.  super¬ 
sonic  Tunnel  A,  the  50-in.  hypersonic  Tur.nels  B  and  C,  the  100-in.  hypersonic  Tun¬ 
nel  F,  the  low-density  hypersonic  Tunnel  L,  and  the  hypervelocity  Range  G  of  the 
von  Karmen  Gas  Dynamics  Facility  (VKF) ,  Arnold  Engineering  Development  Center  (AEDC) . 
Other  Apollo  and  Gemini  wind  tunnel  data  utilized  in  this  paper  were  taken  from 
Refs.  1  and  2.  The  flight  test  results  were  obtained  from  Refs.  2  and  3.  A  more 
detailed  documentation  oi  the  Gemini  results  is  reported  in  Ref.  2. 

2.0  FLIGHT  TEST  PROGRAM 

Apollo  mission  AS-201  was  flown  on  February  26,  1966  to  demonstrate  the  struc¬ 
tural  integrity  of  the  spacecraft  (009)  and  to  evaluate  heat-shield  performance 
during  re-entry  (see  Ref.  4).  The  spacecraft  was  not  fully  instrumented  for  re¬ 
entry  flight  aerodynamic  data.  In  addition,  a  failure  in  the  reaction  control  sys¬ 
tem  resulted  in  a  positive  rolling  re-entry  rather  than  the  planned  lifting  re-entry. 
Therefore,  spacecraft  009  was  not  simulated  during  the  post  flight  investigation. 
Hence,  no  comparisons  between  flight  and  wind  tunnel  data  are  made  in  this  paper. 

Apollo  mission  AS-202  was  flown  on  August  25,  1966.  A  pre-flight  photograph 
of  Spacecraft  011  (prior  to  flight  AS-202)  is  shown  in  Fig.  1.  A  considerable 
amount  of  detailed  aerodynamic  re-entry  data  resulted  from  this  flight  (Ref.  3). 
Atmospheric  data  were  obtained  in  the  re-entry  area.  These  measurements  allowed  a 
quantitative  analysis  between  flight  and  pre-flight  wind  tunnel  data  to  be  made. 

With  one  exception,  comparison  of  pre-flight  Apollo  Command  Module  aerodynamic 
data  and  actual  flight  AS-202  data  was  good.  The  one  anomoly  which  resulted  was 
the  decreased  flight  L/D  ratio.  Post-flight  determination  of  the  CM  center  of 
gravity  confirmed  the  accurate  determination  of  its  location.  The  decreased  flight 
L/D  could  then  be  traced  to  the  fact  that  the  vehicle  trimmed  at  an  angle  of  attack 
about  3.5  degrees  more  than  pre-flight  moment  data  indicated.  The  resulting  error 
in  L  D  was  one  reason  that  a  large  uprange  error  (205  n.miie)  in  splash  down  posi¬ 
tion  occurred. 

The  Gemini  flight  test  data  used  in  this  paper  wtre  obtained  during  the  re-entry 
phase  of  the  GT2,  GT3,  GT4,  and  GT5  spacecrafts.  The  data  were  collected  and  ana¬ 
lyzed  by  the  McDonnell  Aircraft  Corporation  for  NASA.  Additional  information  and 
data  on  these  flights  are  given  in  Ref.  2. 

3.0  WIND  TUNNEL  PROGRAM 

3.1  BRIEF  HISTORY  OF  APOLLO  WIND  TUNNEL  PROGRAM  (1962-1966) 

The  earlier  Apollo  wind-tunnel  testing  program  (AWTTP) ,  conducted  prior  to  the 
present  investigation,  wns  established  as  part  of  the  design  and  development  pro¬ 
gram  initiated  in  support  of  the  Apollo  spacecraft  program.  The  AWTTP  was  designed 

Research  reported  in  this  paper  was  done  at  the  request  of  the  Arnold  Engineering 
Development  Center  (AEDC),  Air  Force  Systems  Command  (AFSC) ,  under  Program  920E  in 
cooperation  with  the  NASA  Manned  Spacecraft  Center,  Houston,  Texas. 

*Supervisor,  Aerodynamics,  Hypervelocity  Branch,  von  Karman  Gas  Dynamics  Facility. 

**Engineer,  Aerophysics  Branch,  von  Karman  Gas  Dynamics  Facility. 


8-3 


to  obtain  the  necessary  aerodynamic  data  for  detailed  flight  planning,  flight  ana¬ 
lyses  and  abort  trajectories  to  meet  various  mission  requirements.  The  tests  were 
conducted  in  25  different  tunnels  having  Mach  number  range  capabilities  from  near 
0  to  Mach  number  19.  The  program  was  the  responsibility  of  North  American  Aviation 
as  prime  spacecraft  contractor.  Moseley  and  Martino  (Ref.  5)  have  given  an  excel¬ 
lent  comprehensive  chronological  summary  of  the  wind  tunnel  test  program.  Moseley, 
Moore,  and  Hughes  (Ref.  1>  present  stability  characteristics  of  the  Apollo  Command 
Module.  A  detail  summary  of  these  two  reports  is  beyond  the  scope  of  the  present 
paper.  Rather,  attention  is  drawn  only  to  the  Apollo  Command  aerodynamics  in  the 
attitude  of  heat  shield  forward,  i.e.,  the  re-entry  attitude. 

The  Command  Module  (CM)  aerodynamics  are  important  since  the  spacecraft  is  de¬ 
signed  to  employ  a  low  L/D  ratio  for  flight  path  control  during  re-entry  into  the 
earth's  atmosphere.  Since  the  CM  will  experience  a  wide  variation  of  flow  regimes 
from  high  altitude,  high  Mach  number  flight  to  low  altitude,  low  Mach  number  flight; 
many  different  facilities  were  employed  in  an  effort  to  provide  the  necessary  flow 
regimes.  Reference  5  includes  a  tabulation  of  the  various  wind  tunnel  facilities 
employed  in  the  investigation  of  the  Apollo  CM  aerodynamics.  In  addition,  one  low 
density  free-flight  wind  tunnel  test  (Ref.  6)  for  which  the  heat  shield  was  main¬ 
tained  in  a  forward  attitude  has  been  reported  in  the  open  literature.  Primary 
parameters  studied  in  these  investigations  were  influence  of  model  configuration, 
Mach  number,  and  Reynolds  number.  Various  studies  have  been  devoted  to  the  influ¬ 
ence  of  sting  mount  and  base  pressure  effects,  heat  shield  geometry,  and  center  of 
gravity  location. 

Static  stability  data  were  taken  over  a  Mach  number  range  of  0.20  to  -  19. 

Tests  were  made  using  both  the  smooth  command  module  and  models  with  surface  modi¬ 
fications.  These  modifications  included  antennas,  umbilical  fairing  (including 
pad  5  fairing),  vent  protuberances,  window  and  tower-leg  cavities.  However  on 
flight  AS-202,  the  205  miles  uprange  landing  was  in  some  part  due  to  the  aerodynamic 
performance  of  the  spacecraft.  The  flight  lift-to-drag  ratio  was  significantly  less 
than  predicted.  The  reasons  have  been  determined  to  be:  (1)  The  actual  heat  shield 
asymmetry  and  surface  condition  of  spacecraft  Oil  were  different  from  that  used  in 
the  pre-flight  wind  tunnel  program.  All  wind  tunnel  models  tested  during  the  AWTTP 
had  smooth  symmetrical  heat  shields.  (2)  The  high  Mach  number  data  taken  during 
the  AWTTP  were  taken  early  in  the  program.  Both  the  Cornell  Aeronautical  Lab.  (CAL) 
Mach  15.8  data  and  the  AEDC  Mach  18.7  data  were  taken  in  1962.  The  accuracy  of 
these  data  was  such  that  high  Mach  number  effects  could  not  clearly  be  defined. 

3.2  POST-FLIGHT  AEDC-VKF  APOLLO  (AS-202)  WIND  TUNNEL  PROGRAM 

A  comprehensive  wind  tunnel  program  was  undertaken  in  order  to  obtain  addi¬ 
tional  wind  +  ur.nel  data  on  the  command  module.  Only  the  command  module  in  the  re¬ 
entry  attitude  was  tested  in  order  that  a  systematic  and  carefully  analyzed  wind 
tunnel  program  could  be  completed  in  a  short  period  of  time.  The  program  was  a 
correlated  effort  between  NASA  and  AEDC .  Attention  was  focused  on  (1)  simulating 
the  actual  vehicle  "as  flown"  in  model  construction,  (2)  obtaining  consistent  pitch 
plane  force  measurements  in  the  angle-of-attack  range  150  s  i  s  180  degrees,  (3)  the 
effect  of  Mach  number  over  a  range  of  3  to  20,  (4)  ihe  effect  of  Reynolds  number, 
and  (5)  possible  sting  effects.  Table  1  presents  a  brief  description  of  the  wind 
tunnel  program  and  the  AEDC-VKF  test  lacilities  utilized  during  the  investigation. 
The  first  test  was  initiated  in  Tunnel  L  during  the  month  of  December,  1966.  The 
final  test  entry  was  in  Tunnel  A  during  the  month  of  May,  1967.  A  detailed  listing 
of  the  test  conditions  is  shown  in  Table  2. 

A  number  of  models  were  constructed  for  use  in  the  correlation  program.  The 
models,  shown  in  Fig.  2,  ranged  from  0.60  inches  in  diameter  (heat  shield)  to  8.01 
inches  in  diameter.  For  the  Tunnel  A,  B,  C,  and  F  tests,  the  actual  vehicle  (space¬ 
craft  Oil)  "as  flown”  was  simulated  in  model  construction.  Detail  templates  drawn 
to  model  scale  were  furnished  to  AEDC  by  the  North  American  Aviation  Company.  These 
templates  were  computer  fairings  of  actual  vehicle  measurements  (spacecraft  Oil) 
after  installation  of  the  ablation  material  over  the  heat  shield  and  afterbody. 
Pertinent  details  of  the  spacecraft  ablation  heat  shield  configuration  are  shown  in 
Fig.  3.  Added  ablation  material  on  the  windward  surfaces  of  the  spacecraft  produces 
an  asymmetrical  configuration.  Ablation  material  over  the  pressure  pads  (suppoiting 
structure)  makes  the  heat  shield  wavy.  A  view  of  the  asymmetrical  wavy  heat  shield 
model  produced  by  the  classical  Toepler-Schli eren  technique  is  shown  in  Fig.  4.  To 
the  authors'  knowledge,  no  previous  experimental  investigation  has  been  devoted  to 
the  asymmetrical  wavy  heat  shield.  Symmetrical  heat  shield  models  were  also  studied 
in  the  present  investigation  to  provide  consistent  comparative  data. 

Pertinent  model  and  sting  details  are  presented  in  Fig.  5.  The  asymmetrical 
configurations  were  constructed  according  to  templates  to  station  x  d  =  0.30  (see 
Fig.  5).  Hence,  the  symmetrical  and  asymmetrical  configurations  are  identical  ait 
of  this  station.  The  asymmetrical  model  tested  in  the  continuous  tunnels  included 
the  umbilical  housing  and  surviving  antenna.  The  Tunnel  F  model  included  only  the 
umbilical  housing  while  the  Tunnel  L  and  Range  G  models  had  only  symmetrical  smooth 
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heat  shields  and  hence  did  not  include  any  fairings.  Details  of  these  fairings  are 
given  in  Ref.  3  The  sign  convention  used  for  the  Apollo  data  is  given  in  Fig.  6. 

3.3  AEDC-VKF  GEMINI  WIND  TUNNEL  PROGRAM 

The  AEDC-VKF  wind  tunnel  program  is  documented  by  Griffith  in  Ref.  2.  The  pro¬ 
gram,  although  not  as  comprehensive  as  the  Apollo  study,  presents  a  systematic  study 
of  the  aerodynamics  of  the  Gemini  spacecraft  in  the  re-entry  attitude.  Figure  7 
presents  the  sign  convention  used  for  the  Gemini  data  throughout  the  paper. 

The  Gemini  investigation  was  conducted  only  in  AEDC-VKF  Tunnels  F  and  L.  The 
Tunnel  F  model  was  a  1/15-scale  version  of  the  Gemini  re-entry  module  with  detailed 
retaining  strap  fairings  and  observation  windows.  The  Tunnel  L  models  were  1/120- 
and  1/180-scale  versions  of  the  re-entry  module  and  did  not  include  fairings  or 
observation  windows.  The  reader  is  referred  to  Ref.  2  for  additional  details. 

3.4  TEST  FACILITIES  FOR  CURRENT  INVESTIGATION 

The  Apollo  investigation  was  conducted  in  the  40-in.  supersonic  tunnel  (Gas 
Dynamic  Wind  Tunnel,  Supersonic  (A)),  in  the  50-in.  hypersonic  tunnel  (Gas  Dynamic 
Wind  Tunnel,  Hypersonic  (B)),  the  50-in.  Mach  12  tunnel  (Gas  Dynamic  Wind  Tunnel, 
Hypersonic  (C)),  the  100-in.  Mach  20  tunnel  (Gas  Dynamic  Wind  Tunnel,  Hypersonic 
(L) )  ,  and  the  1000-ft.  Hypervelocity  Range  (G)  .  Only  Tunnels  F  and  L  were  utilized 
during  the  Gemini  investigation. 

Tunnel  A  is  a  continuous,  closed-circuit,  variable-densLty ,  supersonic  wind 
tunnel  with  a  Mach  number  range  of  1.5  to  6.  The  tunnel  operates  at  stagnation 
pressures  between  1.5  to  200  psia  and  stagnation  temperatures  of  70  to  290°F. 

Tunnel  B  (a  continuous  closed-circuit  wind  tunnel)  operates  at  a  nominal  Mach 
number  of  6  or  8  at  stagnation  pressures  from  20  to  280  or  from  50  to  900  psia, 
respectively,  at  stagnation  temperatures  up  to  890°F . 

Tunnel  C  (similar  to  Tunnel  B)  operates  at  a  nominal  Mach  number  of  10  or  12 
at  stagnation  pressures  from  200  to  2000  or  from  600  to  2400  psia,  respectively, 
at  stagnation  temperatures  up  to  1440°F.  The  data  presented  in  this  paper  at  Mach 
12  represent  the  first  test  (except  for  calibration)  in  the  Mach  12  nozzle. 

Tunnel  F  is  an  arc-driven  wind  tunnel  with  a  100-in.  test  section.  Nitrogen, 
Initially  confined  in  an  arc  chamber  by  a  diaphragm  located  near  the  throat  of  an 
attached  8-deg  conical  no2:zle,  is  heated  and  compressed  by  an  electric  arc  discharge 
and  expanded  through  the  conical  nozzle  to  the  test  section.  A  useful  run  time 
between  50  and  100  msec  is  attained. 

Tunnel  L  is  a  low-density,  hypersonic,  continuous-flow,  arc  heated,  ejector- 
pumped  facility,  normally  using  nitrogen  or  argon  as  the  test  gas.  Nitrogen  was 
used  for  all  the  tests  reported  herein.  Contoured  nozzles  provide  gradient  free 
flow  at  nominal  Mach  numbers  of  4,  9,  and  10  at  varying  free-stream  Reynolds  numbers. 

Hypervelocity  Range  G  is  a  1000-f t-long,  10-f t-diameter ,  variable  density  tube 
wholly  contained  within  an  underground  tunnel.  Launching  capability  ranges  from 
in-gun  weights  of  498  gms  at  12,000  ft/sec  to  130  gms  at  23,000  ft/sec.  Instrumen¬ 
tation  includes  provisions  for  pressure  and  temperature  measurements,  forty-three 
dual-axis  shadowgraph  stations,  schlieren  photography,  microwave  and  RF  cavity  mea¬ 
surements,  radiometric  and  spectrographic  measurements,  and  high  speed  photography. 

3.5  PROCEDURE 

The  broad  range  of  flight  conditions  during  Apollo  flight  AS-202  demanded  that 
several  of  the  AEDC-VKF  tunnels  be  utilized.  In  order  to  keep  the  experimental 
program  to  a  minimum,  the  results  of  a  given  test  entry  were  analyzed  before  the 
next  test  was  started.  For  example,  tests  in  Tunnel  L  were  started  prior  to  the 
Tunnel  F  tests  in  order  to  determine  the  viscous  influence  at  simulated  altitudes 
up  to  350,000  ft.  These  tests  resulted  in  a  more  meaningful  experimental  program 
in  Tunnel  F.  However,  the  post-flight  tests  still  required  515  hours  ol  testing. 

The  same  general  procedure  was  followed  during  the  Gemini  studies.  A  summary  of 
the  Apollo  testing  program  is  as  follows: 

1.  Viscous  Effects  at  High  Simulated  Altitudes 

Tests  were  conducted  in  Tunnel  L  at  Mach  numbers  of  9.37  and  10.15.  The 
f ree-strenm  Reynolds  number  (based  on  heat  sheild  diameter)  ranged  between  234  and 
1283  by  varying  test  conditions  and  model  size.  These  tests  were  conducted  during 
the  period  of  5  December  1966  to  9  January  1967. 
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2.  Viscous  and  Mach  Number  Effects  at  Simulated  Altitudes  of  220,000  to 

280,000  ft,  Plus  A  Study  of  the  Influerce  of  the  Ablator  (Heat  Shield 

Geometry) 

These  tests  mere  conducted  during  the  period  of  26  December  1966  to  24 
January  1967  in  Tunnel  F.  Data  were  obtained  over  a  Mach  number  range  of  14.6  to 
20  at  free-stream  Reynolds  numbers  of  13,700  to  377,000. 

3.  Viscous  and  Mach  Number  Effects  at  Simulated  Altitudes  o*  150,000  to 

200,000  ft,  Plus  A  Study  of  the  Influence  of  the  Ablator  (Heat  Shield 

Geometry) 

The  first  tests  were  conducted  at  Mach  8  in  Tunnel  B  over  a  Reynolds  num¬ 
ber  range  (Re^  j)  of  0.36  x  10^  to  1.8  x  10®  on  17  January  1967.  The  tests  were 
conducted  using  a  smail  (amplitude  (±3  deg),  free  oscillation,  cross-flexure  pivot 
balance  in  order  to  better  define  the  trim  angle.  The  data  indicated  the  need  for 
force  coefficients  at  similar  conditions.  Additional  tests  were  conducted  on  23 
February  1967  with  a  six-component ,  force-type,  strain-gage  balance. 

4.  Additional  Data  in  the  High  Mach  Number,  Low  Reynolds  Number  Range 

Additional  data  were  obtained  in  Tunnel  F  during  the  week  of  15  February 
1967  in  order  to  better  define  the  variation  of  the  Apollo  force  and  moment  co¬ 
efficients  with  Reynolds  number. 

5.  Verification  of  the  Apparent  Mach  Number  Effect 

Tests  were  conducted  in  Tunnel  A  on  18  May  1967  at  Mach  3,  4,  and  6  and  on 
26  May  1967  in  Tunnel  C  at  Mach  12.  These  data  we  *e  necessary  in  order  to  better 
C<*fine  the  effect  of  Mach  number  on  the  force  and  joment  coefficients  of  the  Com¬ 
mand  Module. 

6.  Sting  Effects 

Concurrent  with  the  tests  cu  the  sting  mounted  models,  configurations  with 
the  symmetrical  smooth  heat  shield  were  being  launched  in  Range  G  i;  order  to  study 
any  possible  influence  of  the  sting.  ShotB  were  made  with  models  that  had  full  CG 
offsets  (same  as  spacecraft  AS-202) ,  half  offsets  and  zero  offsets.  The  Bhots  were 
made  as  near  as  possible  to  the  Tunnel  B  test  conditions  and  were  made  from  25  Jan¬ 
uary  1967  to  25  March  1967. 

3.5  ACCURACY  AND  REPEATABILITY 

The  accuracy  of  the  data  is,  of  course,  a  function  not  only  of  the  uncertainty 
of  the  direct  measurements  but  also  of  the  test-section  flow  properties.  Except  for 
the  Mach  6  data  in  Tunnel  A  the  test-section  static  temperature  was  kept  within  a 
few  degrees  of  the  theoretical  liquefaction  value  in  order  to  add  validity  to  the 
calculated  flow  properties.  Assessments  of  the  estimated  uncertainties  iu  the 
Apollo  tunnel  and  Range  data  are  as  follows: 


CA 

CD 

CN 

cn 

“eg 

Q«j> 

Tunnel  A 

±0.01 

±0.01 

±0.002 

±0.0012 

_  _  _ 

Tunnel  F 

±0.01 

±0.01 

±0.002 

±0.0012 

-  -  - 

Tunnel  C 

±0.01 

±0.01 

±0.002 

±0.0012 

-  -  - 

Tunnel  F 

±0.04 

±0.04 

±0.005 

±0.0018 

-  -  - 

Tunnel  L 

±0.03 

±0.03 

±0.02 

±0.0025 

-  -  - 

Range  G 

-  - 

±0.01 

-  - 

-  -  - 

±1.2  dog 

The  estimated  uncertainties  for  the  Gemini  wind  tunnel  data  are  similar  to  the 
above  and  are  given  in  Ref.  2. 

4.0  WIND  TUNNEL  CORRELATION  PARAMETER 

The  comparison  of  wind  tunnel  or  range  data  with  flight  data  requires  the  de¬ 
termination  of  a  suitable  correlation  parameter.  The  need  for  a  correlation  para¬ 
meter,  of  course,  is  due  to  the  fact  that  flight  conditions  can  seldom  be  duplicated 
in  the  wind  tunnel.  Figure  8  shows  the  re-entry  of  Apollo  011  and  Gemini  3  in  terms 
of  altitude  and  time.  However,  Fig.  9  gives  (for  the  same  flights)  the  normal  shock 
stagnation  conditions  necessary  for  flight  duplication. 

Viscous  effects  are  sometimes  scaled  using  free-stream  Reynolds  number  as  the 
scaling  parameter,  but  it  is  well  known  that  this  is  not  always  the  best  procedure. 
Higher  altitude  viscous  interaction  effects  have  been  successfully  accounted  for 
using  the  parameter  vn  (Ref.  7).  Both  a  Re„  and  v„  parameter  appear  to  be  applic¬ 
able  to  either  blunt  or  sharp  slender  bodies  or  for  configurations  for  which  viscous 
effects  are  of  second  order  importance.  However,  ths  flow  field  of  interest  about 


Normal  to  £ 


e/d  •  0.(B38  j  flight 
x/d  •  a 2703  *S  20? 
I/d  •  0.0094  V 


Cq  •  CN  sin  1180  -ol  -  cos  (190 -  a  I 
cl  "  -C^  cos  (180  -  a  I  -  CA  Sin  (180  -  a  I 
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Xiplication 

a  very  blunt  body  such  as  the  Apollo  CM  Is  the  flow  which  is  separated  from  the 
free-stream  by  the  bow  shock  wave. 

If  the  bow  shock  is  strong  everywhere  (^  sin  0b  »  1),  the  density  ratio  e 
approaches  the  limit  (y-1)/ (y+1)  and  the  flow  quantities  immediately  behind  the 
shock  become  dependent  upon  only  p*,,  Um,  and  a.*  In  addition,  the  local  Mach  num¬ 
ber  Mo  la  always  a  lory  subsonic  value  with  only  about  a  2  percent  variation  between 
-  10  and  25.  The  shock  Reynolds  number  Re2d  nay  be  expressed  as 

Re2d  “  P2u2d//^2 

-  (p  U  d)/p.o 

where  d  la  the  characteristic  length  chosen  as  the  diameter  of  the  heat  shield  in 

the  present  case. 

An  Improved  parameter  would  be  one  which  would  account  for  wall  temperature 
effects  (Ref.  8)  such  as: 

Rewd  -  (Regj)^/^ 

However,  lack  of  adequate  wi».  '  tunnel  and  flight  wall  temperature  values  and 
the  fact  that 

^u‘,//^2^wlnd  tunnel  “  ’J,“/ ^2^  flight 

in  the  present  case  suggests  that  Rs2d  should  be  an  adequate  correlation  parameter 
between  flight  and  wind  tunnel  data  bb  long  as  the  free-stream  Mach  number  is  high. 
Howevb>  ,  the  present  data  show  that  the  Apollo  Command  Module  aerodynamics  are  sen¬ 
sitive  to  variations  in  free-stream  Mach  number  below  a  value  of  approximately 
fourteen.  The  data  also  indicate  that  above  a  Re2d  value  of  about  10“*  the  aero¬ 
dynamics  of  the  nodule  are  Insensitive  to  further  increases  in  Reynolds  number. 

Flight  values  of  Re2d  for  Apollo  mission  AS-202  are  shown  in  Fig.  10.  The 
velocity  profile  from  the  flight  data  was  used  in  conjunction  with  the  1962  standard 
atmosphere  and  the  viscosity  values  of  Ref.  9  and  Ref.  10  for  the  calculation  of 
R«2d-  Calculations  based  on  flight  values  of  free-stream  pressure  and  temperature 
gave  essentially  the  same  results.  For  the  flight  data,  real  gas  normal  shock  rela¬ 
tionships  from  Lewis  and  Burgess  (Ref.  10)  were  employed.  VKF  wind  tunnel  data  re¬ 
duction  programs  include  calculation  of  shock  Reynolds  number.  Nominal  facility 
test  conditions  (for  Apollo)  obtained  during  the  present  investigation  are  indicated 
in  Fig.  10  and  tabulated  in  Table  2  to  illustrate  the  regions  of  flight  simulation 
achieved.  Figure  11  compares  both  the  Mach  number  (H„)  and  Reynolds  number  varia¬ 
tion  (Reod)  of  mission  AS-202  with  the  facility  test  conditions.  Note  that  although 
a  variation  of  nearly  five  orders  of  magnitude  in  Reynolds  number  is  shown,  actual 
Mach  number  and  Reynolds  number  simulation  are  achieved  only  at  ^  -  6  and  8.  How¬ 
ever,  it  will  be  shown  that  this  lack  of  simulation,  although  undesirable,  is  not 
serious . 

The  basis  of  the  correlation  presented  in  this  report  (for  the  Apollo)  is  illu¬ 
strated  in  Fig.  12.  When  the  pitching-moment  data  from  the  present  investigation 
at  a  given  angle  of  attack  are  plotted  versus  Re2d,  a  consistent  trend  at  values  of 
Re2d  above  10*  does  not  exist.  However,  plotting  the  same  data  (Re2d  >  104)  versus 
Mach  number  presents  a  consistent  variation.  The  other  aerodynamic  data  (Cjj,  CA) 
on  the  Apollo  CM  exhibit  similar  trends.  The  wind  tunnel  data  at  values  of  Re2d  < 

200  were  at  Mach  numbers  of  9.4  and  10.2  (see  Fig.  11).  However,  the  strong  viscous 
effects  in  this  regime  should  make  variations  in  free-stream  Mach  number  rather 
insignificant . 

The  lack  of  a  comprehensive  set  of  wind  tunnel  data  or  the  Gemini  configuration 
prevented  a  similar  type  correlation.  To  circumvent  thi*  problem,  approximate  in- 
viscid  values  of  Cn  and  center  of  pressure  (Xc.p.)  where  obtained  by  extrapolation 
of  existing  data.  The  reader  is  referred  to  Ref.  2  for  additional  details  and  infor¬ 
mation  on  the  correlation  procedure  used  for  the  Gemini  data. 

5.0  WIND  TUNNEL  DATA  CORRELATION 

The  AEDC-VKF  data  are  correlated  over  a  free-stream  Reynolds  number  range  of 
234  to  1.9  x  10°  based  on  heat  shield  diameter  and  n  Mach  number  range  of  2.98  to 
approximately  20.  Typical  basic  data  are  shown  in  Fig.  13.  The  resulting  correla¬ 
tions  are  shown  in  Figs.  14  through  16.  The  data  points  presented  represent  fairings 
of  the  basic  data. 


‘Neglects  effects  of  shock  and  boundary  layer  merging  at  the  higher  simulated 
altitudes . 


Fig.  14  Variation  of  Axial-Force  Coefficient  (CA)  Fig.  15  Variation  of  Pitching-Moment  Coefficient 
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Figure  14  shows  the  variation  of  the  axial  force  coefficient  of  the  Apollo  CM 
with  Re2d  and  Mach  number.  Note  the  significant  increase  in  Ca  at  values  of  Re2d 
below  1000  and  the  slight  increase  at  the  lower  free-stream  Mach  numbers.  The  ref¬ 
erence  are-  of  the  symmetrical  smooth  heat  shield  is  used  in  data  reduction  which, 
in  part,  accounts  for  the  higher  axial  force  of  the  asymmetrical  wavy  heat  shield 
configuration.  Model  scale  limitations  did  not  permit  the  asymmetrical  wavy  heat 
shield  to  be  studied  at  low  values  of  Re2d.  Therefore,  the  aerodynamics  of  the 
symmetrical  and  asymmetrical  models  are  assumed  to  be  identical  below  a  Rt>2d  of 
200  since  viscous  effects  should  dominate  in  this  flow  regime. 

Significant  variations  in  the  pitching  moment  (Cmc„)  of  the  Apollo  CM  with 
Reynolds  number,  Mach  number  and  heat  shield  configuration  are  shown  in  Fig.  15. 

The  effect  of  the  asymmetrical  wavy  heat  shield  is  greater  at  the  high  Mach  number- 
high  Reynolds  number  flight  condition  (M*,  a  14  and  Re2d  -  5000)  which  represents  a 
major  portion  of  Apollo  flight  AS-202.  Additional  data  in  this  important  test 
regime  would  have  been  helpful  . 

The  normal  force  coefficient  (Cfj)  is  presented  in  Fig.  16.  Viscous  effects 
are  significant  below  a  Re2d  value  of  about  7000  whereas  variations  of  Cn  due  to 
Mach  number  are  generally  slight.  The  asymmetrical  wavy  heat  shield  causes  a 
decrease  in  the  normal  force  (C(j)  only  at  angles  of  attack  between  170  and  180 

degrees . 

The  lack  of  a  comprehensive  set  of  wind  tunnel  data  on  the  Gemini  configuration 
prevented  an  analysis  identical  to  the  Apollo.  However,  a  systematic  analysis  was 
possible  by  working  with  the  center  of  pressure  (Xc.p.)  instead  of  the  moment  coef¬ 
ficient  Cmcg.  A  summary  of  the  Cfj  and  XCip.  correlation  versus  Re2d  is  presented 
in  Fig.  17.  Note  the  near  order-of-magnltude  dec.reuse  in  Cfj  between  the  lower  Re2d 
data  and  the  predicted  invlscid  level;  note  also  the  sudden  rearward  shift  in  center 
of  pressure  when  He2d  was  increased  from  2400  and  5400.  The  Apollo  data  will  exhibit 
a  similar  trend  if  plotted  in  the  same  manner. 

6.0  RESULTS  AND  DISCUSSION 

6.1  APOLLO  SPACECRAFT  FLIGHT-WIND  TUNNEL  COMPARISONS 

A  comparison  between  the  Apollo  AS-202  flight  trim  angle  of  attack  and  wind 
tunnel  data  is  presented  in  Fig.  18.  Note  the  good  agreement  of  the  asymmetrical 
wavy  model  wind  tunnel  data  with  the  flight  test  data  over  the  regime  of  trimmed 
flight.  The  correlation  was  made  by  using  Re2d  as  the  correlation  parameter  from 
re-entry  to  an  altitude  (177,000  ft)  at  which  M*.  -  14  was  reached  and  a  Mach  number 
correlation  below  this  altitude.  The  correlation  curves  were  obtained  by  cross  plots 
of  Fig.  15.  The  flight  test  data  were  obtained  from  the  paper  by  Hillje  (Ref.  3). 

The  post-flight  symmetrical  model  correlation  along  with  the  pre-flight  estimate 
(Ref.  3)  are  given  for  completeness.  The  pre-flight  estimate  was  based  on  previous 
syanretrlcal  model  data.  A  summary  of  the  ligt-to-drag  ratios  (L/D)  for  Flight 
AS-202  is  shown  in  Fig.  19.  Again,  good  agreement  is  noted  between  the  flight  and 
asymmetrical  wavy  model  wind  tunnel  data.  The  offset  CG  of  spacecraft  Oil  changes 
during  the  final  re-entry  phase  due,  in  part,  to  fuel  usage.  The  effect  of  this 
variation  on  the  correlated  wind  tunnel  data  is  also  shown  in  Figs.  18  and  19. 

Figure  20  compares  the  present  trim  angle  of  attack  and  corresponding  L/D  to 
Apollo  Mission  AS-202  flight  data.  However,  the  comparative  data  are  shown  as  func¬ 
tions  of  Re2  and  M^  rather  than  flight  time,  as  used  in  Figs.  18  and  19,  to  illus¬ 
trate  the  strong  viscous  Influences  found  in  the  present  study.  The  strong  viscous 
influence  found  in  the  present  study  is  also  illustrated  in  Fig.  21. 

In  order  to  determine  if  the  wind  tunnel  data  were  free  of  significant  sting 
effects,  several  models  were  launched  in  the  1000-ft  Range  G  at  AEDC-VKF.  A  com¬ 
parison  of  the  free-flight  Range  G  data  with  the  wind  tunnel  data  is  shown  in 
Fig.  22.  Note  the  good  agreement  and  apparent  lack  of  sting  effects. 

6.2  GEMINI  SPACECRAFT  FLIGHT-WIND  TUNNEL  COMPARISONS 

The  comparison  between  the  Gemini  3  flight  test  data  and  the  AEDC-VKF  wind  tun¬ 
nel  data  is  shown  in  Fig.  23.  Excellent  agreement  is  noted  between  the  two  sets  of 
data.  The  increase  in  the  predicted  trim  angle-of-attack  curve  that  occurs  near  an 
altitude  of  240,000  ft  is  caused  by  the  center-of-pressure  shift  shown  in  Fig.  17. 

The  Gemini  3  flight  data  do  not  indicate  the  increase;  however,  flight  data  from 
GT2  and  GT4  give  some  indication  that  the  shift  in  center  of  pressure  exists  (see 
Ref.  2).  Langley  Mach  6.89  data  (Ref.  2)  are  also  in  excellent  agreement  with  GT3 
flight  data.  The  Langley  data  are  correlated  on  a  Mach  number  basis  since  insuf¬ 
ficient  data  were  available  for  correlating  this  lower  Mach  number  with  the  high 
Mach  number  correlation  of  Fig.  17.  A  summary  of  the  lift-to-drag  ratios  versus 
angle-of-attack  for  two  flight  regimes  is  given  in  Fig.  25.  The  Gemini  flight  and 
Tunnel  F  data  are  in  excellent  agreement. 
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The  flight  test  trim  angles  are  plotted  in  Fig.  25  versus  the  eg  offset  (e/d) 
associated  with  a  number  of  flights.  The  data  are  shown  for  Re2d  values  of  2000 
and  65,000  and  indicate  the  consistency  of  the  flight  results.  The  trim  angle  for 
GT5  at  the  lower  value  of  Re2d  is  noted  to  be  somewhat  low  when  compared  to  the 
other  flights. 

6.3  COMPARISON  OF  AMES  FREE-FLIGHT  DATA  AND  AEDC  WIND  TUNNEL  DATA 

The  low  density  free-f light  data  of  Horstmann  and  Kussoy  (Ref.  6)  from  the 
Ames  1-ft  shock  tunnel  are  compared  to  the  AEDC-VKF  Tunnel  L  sting  mount  data  in 
Fig.  26.  Again,  as  noted  in  Fig.  24  for  t.he  higher  density  VKF-Range  G  data,  no 
apparent  effect  of  the  support  sting  is  nuted. 

To  investigate  the  effect  of  velocity,  Mach  number,  and  Reynolds  number,  DeRose 
(Ref.  11)  measured  the  trim  angle  and  drag  coefficient  of  Apollo  Command  Module  at 
speeds  up  to  24,000  ft/sec  in  the  Ames  Counterflow  facilities  (also  see  Ref.  12). 
These  data  are  compared  with  the  AEDC-VK1  wind  tunnel  data  in  Fig.  27.  No  apparent 
effect  of  velocity,  Mach  number  or  Reynolds  number  is  noted.  Also  general  agree¬ 
ment  with  the  AEDC-VKF  data  is  noted,  again  indicating  no  apparent  sting  effects  in 
the  AEDC  data.  An  average  of  the  Ames  data  (at  e/d  ~  0.046)  would  indicate  a 
slightly  lower  trim  angle  than  the  tunnel  data.  The  shortened  version  of  the  Apollo 
Command  Module  used  in  the  Ames  tests  would  have  a  tendency  to  produce  this  trend 
in  the  data. 


7.0  CONCLUDING  REMARKS 

Post-flight  investigations  were  undertaken  in  order  to  obtain  static  stability 
characterlsitcs  of  the  Apollo  Command  Module  "as  flown"  during  flight  AS-202  and 
the  Gemini  3  spacecraft.  The  principle  conclusions  of  the  investigation  can  be 
summarized  as  follows: 

1.  The  influence  of  the  ablator  (heat  shield)  geometry  causes  a  significant 
change  in  trim  angle-of-attack  and  resulting  decrease  in  available  lift-to-drag 
ratio. 

2.  A  very  strong  viscous  influence  exists  on  the  Apollo  Command  Module  in  the 
initial  portion  of  re-entry  extending  down  to  an  altitude  of  about  220,000  feet. 

3.  The  Mach  number  influence  extends  upwards  to  a  value  of  about  14  which  is 
substantially  higher  than  previous  blunt  body  investigations  have  indicated. 

4.  Based  on  the  agreement  between  wind  tunnel  data,  where  real  gas  effects 
were  not  simulated,  and  both  aeroballistic  range  and  full  scale  flight  data,  where 
real  gas  effects  were  present,  it  may  be  concluded  that  real  gas  effects  on  the 
static  stability  of  the  Apollo  Command  Module  are  not  significant  at  velocities  up 
to  27,000  ft/sec. 

5.  Generally,  excellent  agreement  exists  between  the  Gemini  flight  lest  data 
and  data  from  the  AEDC  and  Langley  wind  tunnel  facilities.  The  resulting  comparison 
shows  how  useful  a  systematic  and  carefully  analyzed  wind-tunnel  program  could  be 

in  the  prediction  of  flight  aerodynamics  of  re-entry  spacecraft. 
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NOMENCLATURE 

AWTTP  Apollo  Wind  Tunnel  Test  Program 

C^  Axial  force  coefficient 

CD  Drag  force  coefficient 

CL  Lift  force  coefficient 

CM  Command  Module 
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Pitching-moment  coefficient  referenced  to  Apollo  Mission  AS-202  CM  center 
of  gravity  (see  Figs.  6  and  7) 

Normal  force  coefficient 

Chapman-Rubesir.  viscosity  coefficient  (ti_,/|i  -  C  T  /T  ) 

Maximum  diameter  of  Apollo  or  Gemini  Command  Module  (CM) 

Center  of  gravity  offset  from  CM  centerline  (see  Figs.  6  and  7) 

Ratio  of  offset  to  CM  diameter 
Lift-to-drag  ratio 

Mach  number  downstream  of  a  normal  shock 
Free-stream  Mach  number 

Pressure,  normal  shock  stagnation  conditions 

Reynolds  number  downstream  of  a  normal  shock  based  on  CM  diameter 
Free-stream  Reynolds  number  based  on  CM  diameter 
Diameter  of  model  sting  (see  Fig.  5) 

Temperature,  normal  shock  stagnation  conditions 

Wall  temperature 

Free-stream  temperature 

Velocity  downstream  of  a  normal  shock 

Free-stream  velocity 

1/2 

Viscous  interaction  parameter  defined  as  M^C^/Re^) 

Distance  aft  of  heat  shield  (see  Figs.  5,  6,  and  7) 

Ratio  of  longitudinal  center  of  pressure  location  to  CM  diameter 

Center  of  gravity  location  measured  longitudinally  from  aft  heat  shield 
(see  Figs.  6  and  7) 

Ratio  of  longitudinal  center  of  gravity  location  to  CM  diameter 
Model  or  spacecraft  station  (Gemini) 

Distance  normal  to  centerline  of  spacecraft  (see  Fig.  6) 

Angle  of  attack,  body  axis 

Effective  angle  of  attack  -  J  (180  -  a)^  +  f‘^ 

Trim  angle  of  attack 
180  -  a 

Angle  of  sideslip,  body  axis 
Ratio  of  specific  heats 

Angle  of  model  sting  referenced  to  centerline  of  model 
Local  inclination  angle  of  body 
Mean  free  path  downstream  of  a  normal  shock 
Free-stream  viscosity 

Viscositv  downstream  of  a  normal  shock 
Viscosity  based  on  wall  temperature 


Free-stream  density 
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Pg  Density  downstream  of  a  normal  shock 

0  Reference  angle  of  orientation  of  Apollo  heat  shield  (see  Fig.  3) 

o  Shock  Inclination  angle 
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TABLE  1 

POST  FLIGHT  APOLLO  (AS-202) 

WIND  TUNNEL  PROGRAM 


(1) 

EFFECT  OF  ASYMMETRY  HEAT  SHIELD 
AND  SIMULATED  PRESSURE  PADS 

AEDC-VKF  Tunnels  A,B,C  and  F 

M  -  3,4,8,12,15  to  20 

00  tilt 

(2) 

EFFECT  OF  FLIGHT  ANGLE 

a  -  180°  to  150°  (All  Tunnels) 

(3) 

MACH  NUMBER  EFFECTS 

M^  -  3,4,6,8,10,12,15  to  20 

(4) 

EFFECT  OF  REYNOLDS  NUMBER 

Re2d  “  29  to  500,000  (All  Tunnels) 

(5) 

POSSIBLE  STING  EFFECTS 

M  ~  8  AEDC-VKF  Range  G 

00  a  rnn  iwr  m _ _  i  n 

8  AEDC-VKF  Range  G 
AEDC-VKF  Tunnel  B 
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TABLE  2 

NOMINAL  TEST  FLOW  CONDITIONS 


a .  APOLLO 


VKF 

Re2d 

VKF 

Reood 

Re2d 

FACILITY 

M 

OC 

x  10"3 

x  10_J 

FACILITY 

M 

OC 

x  10-3 

x  10"3 

A 

6.0 

1900 

500 

C 

12.0 

730 

55 

4.0 

1200. 

480 

12.0 

420 

30 

3.0 

870 

470 

G 

6.0 

240 

80 

B 

8.0 

1800 

210 

8.5 

170 

40 

8.0 

1000 

110 

6.0 

120 

40 

8.0 

600 

65 

8.0 

90 

20 

8.0 

360 

40 

8.5 

50 

10 

F 

14.6 

380 

21  . 

L 

9.4 

1.28 

0  16 

19 

110 

4.7 

9.4 

0.96 

0.12 

20 

50 

1 .8 

10.2 

0.31 

0.04 

18 

14 

0.68 

10.2 

0.23 

0.03 

b.  GEMINI 

F 

15 

300 

18 

L 

9.2 

1.28 

0.15 

19 

155 

5.4 

9.2 

0.80 

0.10 

20 

70 

2.4 

10.2 

0.29 

0.32 

Langley 

1 1  - In . 

hypersonic 

(Test  Gas 

-  Air) 
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SUMMARY 


i 


A  series  of  requirements  Is  established  for  the  design  of  high  performance  hypersonic  air 
Intakes.  A  method,  based  on  axlsymmetrlc  conical  flow,  Is  presented  for  the  design  of 
axlsynmetrlc  and  non-axlsymmetrlc  air  Intakes.  Theoretical  estimates  of  the  performance  of 
these  Intakes  Is  presented  along  with  computer  drawings  of  inlet  shapes.  Geometric  construction 
of  modular  inlets  is  presented. 

Experimental  results  are  given  for  an  axlsymmetrlc  Busemann  Inlet  tested  In  a  gun  tunnel  at  a 
Mach  number  of  8.33  and  a  unit  Reynolds  number  of  6x10”  per  foot.  Results  of  surface  static 
pressures  and  oil  streaks  are  presented.  The  surface  contour  is  corrected  for  a  laminar 
boundary  layer  displacement  thickness  and  the  corrected  results  are  given.  Total  pressure 
recoveries  are  measured. 

A  modular  Inlet  design  is  described.  This  inlet  is  tested  In  the  gun  tunnel.  Surface 
pressure,  sutface  flow  visualization,  and  total  pressure  recovery  results  are  given. 


MODULAR  HYPERSONIC  INLETS  WITH  CONICAL  FLOW 
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1.  INTRODUCTION 


Thermodynamic  cycle  calculations  have  shown  that  the  performance  of  a  high  Mach  number 
air-breathing  engine  Is  critically  dependent  on  the  efficient  performance  of  the  air  Intake. 

It  Is  thus  Important  to  have  a  systematic  method  ror  the  design  of  high  performance  Inlets. 
Before  examining  such  a  method,  consider  a  list  of  desirable  qualities  for  a  high  performance 
air  intake  : 

1.  The  Intake  should  start  easily,  should  not  unstart  and  should  operate 
with  steady  flow  throughout. 

2.  The  Intake  should  have  a  specified  capability  In  that  It  should  decrease 
the  Mach  number,  or  increase  the  static  pressure,  a  given  desired  amount. 

3.  The  task  specified  in  2.  should  be  performed  as  e  f  f  lc  lent  1  y  as  possible. 

This  efficiency  may  be  measured  by  total  pressure  recovery  or  kinetic 
energy  efficiency  and  losses  In  efficiency  are  due  to  boundary  layers 
and  shock  waves.  For  hypersonic  Intakes  the  capability  and  efficiency 
are  both  Important  considerations  sine'.’  the  parameters  used  to  measure 
them  determine  aerodynamic  pe r f ormance .  The  above  three  qualities  are 
the  most  Important  considerations  In  Intake  design. 

‘ i.  It  is  further  desirable  to  have  the  flow  direct  ion  at  the  exit  of  the 

Intake  in  line  with  the  combustion  chamber.  Another  requirement  is 
usually  a  uniform  veloc lty  prof  1  le  at  the  exit. 

3.  From  the  design  standpoint  ,  It  is  desirable  to  deal  with  Inlet  flows 
which  are  easily  theoret lea  1  ly  predictable. 

6.  It  Is  desirable  not  to  have  performance  deteorlation  with  a  change  In 
flight  Mach  number. 

7.  A  change  In  angle  of  attack  should  not  produce  a  performance  decrement, 

8.  There  should  be  no  flow  spillage  within  a  given  operating  range  of 
Mach  number  and  angle  of  attack. 

9.  The  external  drag  should  be  as  small  as  possible. 

10.  There  should  be  a  minimum  contribution  to  side  forces  at  angle  of 
attack  since  these  forces  would  in  general  be  aerodynamical ly 
destabilizing  because  of  the  Intakes  forward  location. 

11.  The  inlet  should  be  able  to  withstand  high  Internal  pressures .  high 
accelerations  and  h lgh  heat  t rans f er  loads.  These  requirements  are 
not  in  general  compatible  with  variable  geometry. 

It  Is  difficult  to  visualize  an  Inlet  possessing  all  these  qualities,  because  a  practical 
design  would  Invariably  compromise  one  requirement  In  favour  of  one  or  more  others.  For 
example,  In  order  to  wltnstand  heat  transfer  the  inlet  leading  edges  would  have  to  be  blunted. 
Blunting  would  create  local  strong  shocks  with  ensuing  loss  In  total  pressure  recovery. 

Another  example  Is  that  in  order  to  decrease  side  loads  and  boundary  layer  losses  one  would 
shorten  the  Intake.  However,  this  would  result  in  higher  leading  edge  shock  losses  and  flow 
starting  difficulties,  Thus.no  single  inlet  can  be  designed  to  satisfy  all  requirements 
completely  and  a  given  design  entails  the  making  of  a  series  of  compromises  to  achieve  an 
inlet  which  is  best  suited  for  a  given  mission. 

Inlet  starting  is  of  paramount  importance  since  an  unstarted  Inlet  will  result  in  a  lower 
thrust  as  well  as  a  greatly  increased  external  drag.  Firstly,  quas 1- steady- state  starting  can 
be  accomplished  by  either  over- speed i ng  the  inlet  or  by  a  flow  area  change  (area  change  is 
equivalent  to  flow  spillage).  Overspeed  ing  is  effective  only  if  the  fnlet  has  an  area  ratio 
( Ae / A 3 )  less  then  1  .bbb  (Ref.  11).  This  area  ratio  Is  not  sufficient  for  a  high  performance 
hypersonic  Inlet,  ten  to  twenty  being  typical  useful  area  ratios.  Thus  overspeeding  is  not 
a  practical  method  for  starting  hypersontc  inlets.  Starting  by  a  change  in  area  would 
Involve  going  from  say  A. /Aj  ■  ’.5  down  to  at  least  l.bbb.  This  is  likely  to  pose  mechanical 
problems  especially  for  Internal  axlsymmetrlc  flows.  Flow  spillage  through  Internal  perforations 
or  over  thetdge  of  a  cowl  remains  as  the  only  practical  solutior.  It  Is  thus  Important  to 
perform  part  of  the  compression  ■xternallv  so  that  flow  may  be  spilled  during  starting.  For 
this  reason  the  modular  inlet  assumes  added  importance.  In  that  external  compression  Is  employed 
which  allows  flow  spillage  and  lr.let  starting.  Yet  the  design  of  the  modules  is  such  that  a 
simple  calculable  flow  develops  after  starting  has  occurred. 


This  paper  presents  a  theoretical  method  of  finding  the  inlet  geometry  required  to  satisfy 
the  first  five  aeordynamlc  requirements  listed  above.  Boundary  layer  characteristics  and  losses 
are  then  calculated,  A  method  is  described  whereby  portions  of  axisymmetrlc  conical  flows  are 
used  to  construct  non-axisymmetrlc  inlets  with  swept  leading  edges.  Experimental  performance 
of  such  Inlets  is  presented. 


2.  THEORY  OF  CONICAL  FLOWS 

The  general  method  of  characteristics  is  not  always  suitable  for  Internal  flow  calculations 
because  of  the  likely  formation  of  Mach  discs  and  consequent  mixed  flow.  Furthermore,  the 
method  of  characteristics  is  oriented  towards  finding  the  flow  over  a  given  body.  In  a  practical 
Intake  design,  however,  one  is  more  interested  in  finding  the  body  surface  shape  to  produce  a 
desired  flow.  We  make  use  here  of  a  flow  type  which  was  first  proposed  by  Busemann  (Ref.  1). 

This  flow  was  also  discussed  in  Ref.  2  and  applied  to  air  Inlets  in  Ref.  3,  The  flow  is 
Internal  and  has  both  axial  and  conical  symmetry  (Fig.  1).  The  freestream  flow  passes  through 
an  lsentroplc  compression  and  then  through  a  conical  shock. 

Compression  is  Initiated  at  the  freestream  Mach  angle,  and  it  is  isentropic  and  conically 
symmetric  (l.e,  conditions  along  a  ray  from  the  origin  "0"  are  constant.)  In  this  region,  the 
Mach  waves  start  from  the  surface,  bending  backwards  to  Intercept  the  shock  wave.  Since  the 
shock  reflection  and  Mach  waves  cancel  each  other,  the  flow  downstream  of  the  shock  is  uniform 
and  parallel  to  the  freestream.  The  flow  downstream  of  the  shock  may  be  subsonic  or  supersonic, 
depending  on  whether  the  conical  shock  is  strong  or  weak.  An  inlet  can  be  designed  by  calculating 
the  aforementioned  flowfleld  and  choosing  any  stream  surface  as  the  wall  of  the  inlet  duct.  An 
Inlet  of  this  type  Is  called  the  Busemann  inlet. 

This  flow  obeys  the  Taylor-Maccoll  equation  (Ref.  3,4)  for  axisymmetrlc  conical  flow.  The 
terms  ILg  and  represent  the  radial  and  tangential  velocities,  nondimen  sional  ized  with 

respect  to  the  escape  speed  (Fig.  1) . 

(<*•*«■  U.i)  -  (Tr-l)/s2.(l-  U.*  -  U.'*,  )  x(u.*  +  U.RC.ote  +  Zu.n.3  (1) 

where  llg  la  obtained  from  the  lrrotat lonal lty  condition, 

af=u.tB  d-u.*.  / (2) 

This  second-order  nonlinear  differential  equation  for  Ur  at  a  function  of  9  requires  two 
boundary  conditions  for  a  complete  solution.  These  are  provided  by  specifying  :  1)  the  value 
of  the  shock  angle  9a  and  the  Mach  number  M2  upstream  of  the  shock,  and  2)  the  condition  that  the 
flow  downstream  of  the  shock  is  parallel  to  the  freestream  flow.  Equation  (1),  together  with 
the  two  bou  idary  conditions,  can  now  be  solved  for  and  Ug  in  terms  of  0.  Once  this  is 
done,  one  can  find  all  the  additional  useful  variables,  Including  the  streamline  shapes. 

Fig.  1  Is  a  drawing  of  a  sample  Invlscld  contoured  inlet  which  diffuses  from  a  freestream 
Mach  number  of  8.33  to  a  Mach  number  M3  of  5.39  behind  the  free-standing  conical  shock. 

The  shock  angle  0S  is  12.05,  and  the  Mach  number  M2  upstream  of  the  shock  is  5.80.  The  total 
pressure  recovery  Pt3/Pt»  -992,  the  velocity  ratio  is  .9571,  and  the  area  ratio 

Aoo/A3  is  6.71. 

Fig,  2  Is  a  suninary  of  many  calculations  of  the  type  previously  described.  For  a  given 
freestream  Mach  number  (M»)  and  Mach  number  after  diffusion  (M3),  one  can  find  the  total 
pressure  recovery,  inlet  area  ratio,  and  Mach  number  in  front  of  the  shock.  The  regions 
of  weak  and  strong  shocks  occur  for  M3  >  1  and  M3  <  1,  respectively.  It  should  be 

emphasized  that  this  plot  is  for  design  point  operation  as  far  as  freestream  Mach  number,  flow 
direction,  and  inlet  geometry  are  concerned,  and  that  no  inferences  can  be  made  from  these 
results  to  off-design  operation.  The  inlet  described  by  Fig.  1  is  shown  on  Fig.  2  as  a  circle. 

3.  GEOMETRICAL  CONSTRUCTION  OF  MODULAR  INLETS 


For  steady  Invlscld  flow  the  mathematical  "boundary"  conditions  at  a  streamline  or  stream 
surface  are  the  same  as  those  at  a  solid  wall.  This  means  that  a  stream  surface  may  be  replaced 
by  a  surface  without  In  any  way  affecting  the  flow  contained  by  the  original  streamlines.  This 
fact  has  acquired  some  practical  significance  for  supersonic  flows  because  the  upstream  extent 
of  disturbances  in  supersonic  flow  is  limited  by  the  leading  edge  wave,  thus  requiring  practical 
surfaces  to  extend  downstream  of  the  leading  edge  wave  r.,iy.  Portions  of  known  flowflelds  have 
thua  been  used  to  construct  delta  wing  shapes  (Ref,  5)  and  even  complete  aircraft  configurations 
(Ref.  6).  An  application  to  missile  shapes  by  Malkapar  is  discussed  in  Ref.  7,  and  8. 

The  method  consists  of  tracing  a  closed  curve  on  the  leading  edge  wave  of  a  known  flowfleld. 
In  our  case,  the  wave  is  a  Mach  wave  and  the  flowfleld  is  the  Busemann  diffuser  flow.  The  shape 
of  this  curve  in  the  front  view  is  the  shape  of  the  freestream  rapture  streamtube.  From  every 
point  on  this  curve  streamlines  are  traced  back  to  the  shockwave  at  the  rear.  The  resulting 


streamline  sheet  Is  now  replaced  by  a  solid  surface,  without  in  any  way  affecting  the  flow 
bounded  by  the  surface.  In  our  example  ve  will  choose  the  shape  of  the  freestream  capture 
area  to  be  that  of  a  90  degree  segment  of  a  circle.  This  shape  is  now  projected  along  the 
flow  direction  onto  the  leading  edge  Mach  cone  of  the  full  Busemann  Inlet  in  such  a  way  that 
the  midpoint  of  the  chord  of  the  segment  lies  at  the  centre  of  symmetry  of  the  original 
Busemann  flow  (Fig.  3).  The  streamline  sheet  traced  back  from  the  leading  edge  wave  intersects 
the  shock-wave  at  the  rear  In  a  similar  segment  which  determines  the  croae-sectlonal  shape  at  the 
exit  flow.  By  this  process  the  surface  of  a  module  Is  developed.  Since  the  leading  edges  of 
the  module  lie  In  the  Mach  cone  they  are  sonic  leading  edges,  and  consequently  flow  Inside  the 
module  does  not  affect,  nor  Is  It  affected  by,  flow  outside  the  module.  Thus,  while  still 
preserving  the  flow  properties  and  streamline  geometry  determined  by  the  full  Busemann 
calculation,  one  can  lay  the  bottom  corners  of  four  of  these  modules  together  to  form  a 
modular  Inlet  with  a  circular  external  shape  (Fig.  9).  A  missile  with  such  an  Inlet  would 
have  four  diametrically  opposed  combustion  chambers  located  at  the  periphery  of  che  cross-section 
thus  leaving  a  central  free  volume.  The  swept  leading  edges  alleviate  problems  caused  by  heat 
transfer  and  allow  flow  spillage  and  easier  starting.  Flow  starting  will  be  discussed  further 

In  section  5,3. 

A  computer  program  has  been  written  to  calculate  and  plot  module  shapes.  This  program 
starts  by  calculating  the  full  Busemann  Inlet  and  continues  with  the  geometrical  construction 
described  above.  Sample  plots  are  shown  In  Figures  5  and  6. 

4.0  EXPERIMENTS  ON  FULL  BUSEMANN  IN1ET 
4,1  Full  Busemann  Inlet  without  Boundary  Layer  Correction 

All  tests  were  conducted  In  the  National  Research  Council's  Hypersonic  Gun  Tunnel.  The 
following  nominal  test  conditions  were  used  : 

Model  size  :  2  Inches  in  diameter,  8  to  12  inches  long 

Total  conditions  :  temperature,  Tt  •  2430°Rj  pressure,  Pt  «  4800  pBl 

Test  section  conditions  :  Mach  number,  •  8.33;  pressure,  p„.  ■  0,333  psl; 
temperature,  T„  ■  180°R;  sp.  heat  ratio,  »  1.4;  Reynolds  number  per 
ft.,  Reno  •  6.0  x  106/ft. 

Running  time  (57.  variation  in  Pt)  -  25  milliseconds 

Time  Interval  used  for  tests  (27.  variation  In  Pt)  -  5  milliseconds 

Variations  from  the  nominal  conditions  from  one  run  to  another  were  too  small  to  affect 
any  nondlmenslonal  quantities,  A  description  of  this  tunnel  Is  given  In  Ref,  12. 

The  full  Busemann  Inlet  described  in  Fig.  1  was  constructed  and  subsequently  tested  In 
the  National  Research  Council's  Hypersonic  Gun  Tunnel.  Measurements  ot  model  surface  static 
pressure  are  shown  In  Figure  7.  The  measured  pressures  are  about  507.  higher  than  predicted. 
There  Is  also  qualitative  disagreement  in  that  a  rapid  rise  In  pressure  occurs  at  x  •  9.9  Inches. 
Two  exploratory  tests  were  performed  at  this  point  In  order  to  discover  the  nature  of  the 
Internal  flow.  First  a  4  Inch  length  of  straight  tube  was  manufactured  to  conform  to  the 
leading  edge  portion  of  the  inlet.  This  was  then  tested  with  the  atm  of  finding  the  location 
of  the  leading  edge  wave.  At  Mach  8,33  a  Mach  wave  emanating  from  the  leading  edge  would 
reach  the  centerline  at  x  =  9.09  Indies.  It  was  observed,  however,  that  the  leading  edge 
wave  intersected  the  center  line  at  x  ■  6.5  inches  (Fig.  8).  This  indicated  the  presence  of 
a  significant  shock  -  boundary  layer  Interaction  at  the  leading  edge.  It  is  observed  however 
that  the  shock  Is  straight  which  ImplleB  that  the  flow  behind  it  has  conical  symmetry.  Also 
the  reflected  shock  cone  appears  straight  and  there  Is  no  visible  Mach  disc.  If  this  shock 
system  Is  superimposed  on  the  Busemann  Inlet  flow  then  the  reflected  shock  meets  the  Inlet 
surface  at  9.9  Inches  (Fig.  9a),  Such  superposition  Is  not  entirely  Justified  because  in 
Busemann  flow  the  reflected  shock  would  lie  in  an  already  compressed  flowfteld,  nevertheless 
the  point  of  Impingement  of  the  weak  reflected  shock  at  x  ■  9,9  Inches  coincides  with  the 
observed  pressure  increase, 

A  technique  of  surface  flow  visualization  was  used  to  study  the  behaviour  of  the  boundary 
layer  along  the  compression  surfaces  of  all  inlets.  The  method  of  flow  visualization  makes 
use  of  oil  dots  of  a  discrete  size  (0.020  -  0.030  In  diameter)  which  are  evenly  spaced  over  the 
model  surfaces.  (The  oil  dot  Is  composed  of  a  mixture  of  a  low  vapour  pressure  oil  and 

lampblack.)  The  dot  movement  is  related  solely  to  the  local  surface  shear  stress.  It  is 

found  to  give  an  accurate  description  of  the  direction  of  the  limiting  streamlines  and  a  good 
qualitative  description  of  the  dfstrlbutfon  of  the  magnitude  of  surface  shear  stress. 

Separation  lines,  lines  of  flow  attachment,  and  regions  of  reversed  flow  nay  be  readily 
Identified  (Ref.  9). 

It  was  found  that  the  oil  dot  streak  pattern,  in  conjunction  with  the  pressure  measurements 

provided  a  reliable  method  for  deducing  the  internal  flow  structure.  The  flow  picture,  as 

constructed  from  these  measurements  fs  shown  in  Fig.  10.  Discrepancies  from  the  theoretical 
model  are  due  to  boundary  layer  effects.  First,  there  is  the  leading  edge  shock  boundary 


layer  Interaction.  The  measured  wave  angle  and  pressure  at  the  leading  edge  show  that  the 
Interaction  Is  produced  by  the  equivalent  of  an  average  flow  deflection  of  3.7  degrees.  The 
leading  edge  wave  Is  reflected  from  the  centre  line  to  intercept  the  surface  at  9.9  Inches. 

The  Increase  in  skin  friction  at  9.9  Inches  as  Indicated  by  the  oil  streaks  was  attributed  to 
boundary  layer  transition  probably  Induced  by  the  Incident  shock  at  this  location.  The  second 
rapid  rise  In  pressure,  Indicating  the  presence  of  another  shock  wave  at  the  surface,  is  at 
11.8  Inches.  The  general  higher  level  of  pressure  In  the  whole  Inlet  Is  ascribed  to  the 
displacement  effect  of  the  laminar  boundary  layer.  A  displacement  thickness  correction  was 
calculated  and  a  new  Inlet  was  manufactured  and  tested.  This  is  described  in  the  next  section. 

4.2  Boundary  Laver  Corrections  on  the  Full  Busemann  Inlet 

In  calculating  the  boundary  layer  characteristics  one  must  select  a  method  which  accounts 
for  compressibility  effects,  surface  heat  transfer  and  an  adverse  pressure  gradient.  With  a 
Reynolds  Number  per  foot  of  6.0  x  10^,  with  high  heat  transfer  to  the  wall  and  with  the  support 
of  oil  smear  tests  described  In  the  previous  section,  it  Is  reasonable  to  assume  that  the 
boundary  layer  remains  laminar,  at  least  up  to  the  point  where  the  reflected  shock  Is  Incident 
on  the  inlet  surface.  Based  on  these  considerations  It  was  reasonable  to  apply  the  calculation 
method  as  described  In  Ref.  10.  Since  this  reference  Is  not  yet  generally  available  a  brief 
description  of  the  method  follows  :  A  reference  temperature,  defined  by, 

T  -  0 . 5T  +  0.37M?T.  +  0.5T  , 

R  1  11  v' 

is  used  to  transform  the  compressible  boundary  layer  equations  Into  the  incompressible  form. 

These  Incompressible  equations  are  then  solved  by  a  method,  similar  to  Polhauaens  method, 
described  In  Ref.  11.  In  the  above  equation  subscript  1  denotes  conditions  at  the  boundary 
layer  edge  and  w  denotes  wall  conditions.  The  boundary  layer  edge  conditions  are  calculated 
from  the  lnvlscld  flow  solution.  These  are  shown  in  Fig.  1.  The  remaining  quantities 
required  tor  the  boundary  layer  calculation  were  the  tunnel  freestream  conditions  as  given  In 
Section  4.1  and  the  model  wall  temperature,  taken  as  Tw  ■  300°K  (constant).  Results  of  these 
calculations  are  presented  In  Fig.  11.  These  results  show  that  due  to  the  very  high  skin 
friction  at  the  leading  edge  there  lt>  a  rapid  Increase  of  all  boundary  layer  thicknesses.  In 
practice,  the  results  near  the  leading  edge  would  be  modified  by  shock  boundary  layer  Interaction. 
Subsequently,  In  the  first  6  inches,  the  relatively  low  skin  friction  and  low  adverse  pressure 
gradient  result  In  virtually  no  change  In  0  and  only  small  changes  In  8*  and  b.  Because  of 
compress lbll lty,  g*  Is  actually  decreasing  slightly.  The  skin  friction  coefficient  then  decreases 
further  and  approaches  zero  at  x  *  9.9  inches  and  the  program  termlnatescalculatlois  here 
Indicating  boundary  layer  separation.  Curiously,  this  point  Is  almost  coincident  with  the 
rapid  surface  pressure  and  oil  streak  variations  observed  on  the  uncorrected  model.  In  an 
attempt  to  apply  theS*  correction  two  problems  appear  :  First,  the  unrealistically  rapid 
variation  of  8*  near  the  leading  edge  and  secondly  the  unavailability  of  8*  values  beyond 
x  •  10  Inches.  In  solving  the  first  problem,  we  use  the  results  found  from  the  straight 
tube  experiment,  described  previously  In  Section  4.1,  to  correct  the  leading  edg;  by  cutting  a 
negative  3.7  degree  slope  at  the  leading  edge.  This  cut  meets  the  calculated  g '•  curve  at 
x  »  1.6  Inches.  From  x  •  10  Inches  the  correction  Is  as  calculated.  The  second  >  roblem, 
beyond  x  «  10  Inches,  was  solved  by  a  reasonable  extrapolation  shown  In  Fig.  11.  No  prior 
Justification  exists  except  If  the  predicted  separation  Is  premature  or  If  transition 
occurs  then  the  extrapolated  curve  is  not  unreasonable.  The  inlet  surface  was  corrected  for  6* 
as  described  above,  It  was  then  tested  In  the  Gun  Tunnel  and  the  surface  pressure,  oil  streaks 
and  total  pleasure  recovery  were  measured.  Results  are  presented  In  Figures  7  and  9b.  From 
Fig.  7.  we  see  that  there  Is  now  good  agreement  between  the  lnvlscld  theory  and  measured  surface 
pressure  values.  In  particular  the  leading  edge  pressure  Is  now  down  to  the  freestream  value, 
the  rapid  rise  at  x  ■  9.9  Inches  has  completely  disappeared  and  the  final  value  at  x  •  12  Inches 
Is  57.  above  that  theoretically  predicted.  There  appears  a  plateau  of  pressure  when  the  reflected 
shock  Intercepts  the  surface  at  x  *  11.8  Inches.  This  could  Indicate  the  presence  of  a  local 
region  of  separatl  'r  the  possibility  of  a  slightly  oscillating  shock  wave. 

Oil  streaks  are  shown  In  Fig.  9.  Fig.  9a  Is  for  the  Inlet  without  boundary  layer  correction 
and  Fig.  9b  Is  with  a  laminar  boundary  layer  correction.  Only  the  portions  from  x  ■  6  inches 
downstream  are  shown  because  upstream  of  this  point  there  Is  no  significant  difference  between 
the  two  traces.  We  note  that  the  upper  trace  Indicates  a  generally  higher  wall  shear.  In 
approaching  x  »  11.8  Inches  the  shear  Increases  substantial ly .  At  and  beyond  x  «  11.8  Inches 
the  streak  behaviour  Is  not  Incompatible  with  the  occurrence  of  transition.  The  seeming  flow 
angularity  Is  due  to  the  fact  that  the  oil  dots  were  first  placed  on  a  flat  paper  tape  which 
was  then  applied  to  the  curved  surface  of  the  inle. .  In  fact,  there  Is  natural 
convergence  of  the  boundary  layer  flow  In  this  region.  With  the  boundary  layer  corrected  inlet 
the  skin  friction  Is  lower  and  the  flow  seems  smoother  right  to  the  exit  at  x  »  12,8  Inches. 

There  are  no  obvious  regions  of  separation  for  either  of  the  two  flows. 


Pitot  pressure  was  measured  at  the  exit  of  the  corrected  Busemann  Inlet.  These  measurements 

were  made  on  the  centerline  and  0.187  Inches  from  the  wall  at  x  ■  12.5  inches.  The  measured 
values  were  165  and  179  psl,  respectively.  These  measurements  are  compared  with  theory  in  the 
following  table  : 
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In  this  table  measured  quantities  and  ratios  of  measured  quantities  are  reduced  to  equivalent 
ideal  gas  values  by  the  use  of  correction  factors  (Ref.  16).  The  purpose  of  this  Is  to  facilitate 
comparison  with  theory.  From  the  table,  we  see  that  the  static  pressure  is  slightly  higher  than 
predicted,  the  Mach  number  is  lower,  and  the  total  pressure  recovery  is  lower.  The  value  of  Kp 
is  unusually  low  here  because  it  reflects  the  relatively  low  amount  of  compression  (l.e.  from 
(ko  *  .333  to  pj  •  5.35)  that  takes  place  in  this  inlet. 

5.0  DESIGN.  MANUFACTURE  AND  TESTING  OF  MODULAR  INLETS 

5,1  Design  and  Manufacture 

The  geometrical  method  for  developing  modular  inlets  meets  with  some  difficulties  when  one 
tries  to  apply  it  to  an  actual  design.  The  zero  slope  of  the  flow  streamlines  at  the  leading 
edge  means  that  when  modules  are  placed  back-to-back  an  intolerably  thin  leading  edge  is  required 
for  a  considerable  leading  edge  length.  The  situation  becomes  even  worse  when  a  boundary  layer 
correction  is  applied  because  then,  for  some  distance  downstream  of  the  leading  edge,  the  surface 
contours  of  adjacent  modules  actually  overlap. 

The  only  solution  is  to  have  a  finite  angle  leading  edge  with  its  adherent  shock  losses.  A 
finite  angle  leading  edge  can  be  had  by  simply  removing  the  leading  edge  portion  oi  the  surface 
streamline  contour  to  the  point  where  the  streamline  angle  is  acceptable.  Two  questions  immediately 
arise  :  What  is  acceptable  and  what  are  the  effects  of  this  truncation  on  the  rest  of  the  flow? 

An  attempt  will  not  be  made  to  answer  the  first  question  here,  because  it  Involves  consideration 

of  structural  and  heat  transfer  loads  and  manufacturing  techniques.  In  answering  the  second 
question  recall  the  fact,  that  for  small  turning  angles  and  weak  shock  waves  the  conditions 

produced  by  turning  through  an  lsentroplc  compression  and  a  weak  shock  are  nearly  the  same. 

Also  a  simple  look  at  the  geometry  of  the  Busemann  streamline  will  show  that  at  a  given  flow 
deflection  angle  the  relationship  between  freestream  Mach  number  and  the  resulting  finite  surface 
angle  is  such  that  the  resultant  shock  wave  Intercepts  the  axis  of  svmmetry  at  the  original 
centre  of  the  conical  flow.  These  two  facts  mean  that  removal  oi  a  portion  of  the  leading  edge 
contour  has  the  effect  of  lowering  the  overall  total  pressure  in  the  inlet  by  the  amount  of  the 
leading  edge  shock  loss  wltnout  markedly  affecting  the  remaining  flow  properties  or  wave  structure. 

Another  difficulty  arises  when  one  examines  the  module  shapes  in  Figures  5  and  b.  These 
shapes,  as  evidenced  bycross-sect  lonal  views,  are  truly  threedimensional,  and  consequently  their 
manufacture  presents  considerable  problems.  In  an  attempt  to  circumvent  the  machining  of 
general  three-dimensional  surfaces  it  was  assumed  that  the  cfos»-sect  iona  1  shapes  are  almost 
coincident  when  their  bottom  corners  are  superimposed.  This  made  it  possible  to  use  a  single 
(specially  shaped)  milling  cutter  to  cut  four  diametrically  opposed  flutes  into  an  originally 
circular  billet.  The  bottom  corner  of  each  cut  was  made  to  the  shape  of  the  original  Busemann 
streamline.  Another  modification  of  geometry  has  to  be  made  at  tue  cowl  for  much  the  same 
reasons.  Two  .owls  were  manufactured  from  a  straight  circular  tube  (Fig.  9,  18).  The  external 
diameter  of  these  cowls  is  2,5  inches  and  their  thickness  is  .Ob25  inches.  Both  have  four 
V-cuts  with  V-angles  of  25  degrees.  The  leading  edges  are  sharp  lor  both  iowls.  The  significant 
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difference  In  the  two  cowls  Is  that  Cowl  A  has  an  Internal  leading  edge  chamfer  of  30  degrees 
(7  degrees  when  measured  In  the  freestream  direction)  (Fig.  18).  Cowl  B  has  an  external 
chamfer  of  30  degrees  (Fig.  4).  Cowl  A  was  manufactured  first  because  it  provided  a  closer 
representation  of  the  theoreticalcross-section.  It  was  found  however  that  it  caused  starting 
difficulties  and  strong  internal  shock  waves. 

The  resulting  crossect tonal  shapes  are  compared  with  those  of  the  ideal  modular  shapes  in 
Figures  5,  6.  The  largest  difference  occurs  at  the  exit  where,  for  the  Modular  Inlet,  the 
actually  machined  area  ratio  Is  10  to  1  whereas  the  calculated  area  ratio  is  13  to  1.  An 
attempt  was  not  made  to  evaluate  the  effect  of  these  departures  from  the  Ideal  modular  shape 
because  the  uncertainties  In  the  boundary  layer  displacement  thickness  effects  are  large  and 
would  obacure  any  effects  due  to  variations  In  wall  geometry.  It  is  noticed  however,  that  a 
boundary  layer  correction  would  result  In  a  larger  geometric  area  In  accord  with  the  present 
geometric  deviation. 

The  Modular  Inlet  shown  In  Fig.  4  was  manufactured.  This  four-module  Inlet  was  designed 
for  a  freestream  Mach  number  of  8.33,  It  had  an  area  ratio  of  10  to  1  and  a  leading  edge  angle 
of  3  degrees.  The  outside  diameter  of  the  Inlet  is  2.3  Inches  and  Its  length  Is  8.08  inches. 

The  basic  flow  conultlons  of  this  Modular  Inlet  are  shown  by  a  star  on  Fig.  2.  The  next  section 

describes  the  testing  of  this  Inlet  In  the  NRC  Gun  Tunnel. 

5.2  Test  Conditions 


The  Modular  Inlet  was  tested  In  the  NRC  Gun  Tunnel  at  the  nominal  conditions  listed  in 
Section  4.1.  In  general,  the  observations  consisted  of  surface  static  pressure  measurements, 
surface  flow  visual  izat  Ion  by  oil  stresks  and  schlleren  or  shadowgraj  h  flow  pictures.  Pitot 
pressures  were  measured  at  the  exit  and  some  tests  were  performed  at  small  angles  of  att.tck. 

Some  exploratory  tests  were  done  to  measure  Inlet  drag  and  base  pressure. 

5.3  Inlet  Starting 

In  the  Gun  Tunnel,  the  starting  process  is  distinctly  different  in  that  the  airflow  suddenly 
sweeps  over  the  Inlet  model,  and  the  Internal  flow  is  established  from  the  leading  edge  on 
downwards,  Thus,  there  is  no  backpressure  to  Impede  flow  starting  and  one  would  suspect  the 
possibility  of  impulsively  starting  hlgharea  ratio  inlets.  This  has  been  observed  previously 
(Ref.  14,  15)  as  well  as  In  thlastudy.  In  fact  the  difficulties  encountered  with  design  of 
variable  geometry  models  for  short  duration  facilities  are  conveniently  eliminated  by  Impulsive 
flow  starting.  From  our  tedta  on  both  the  axlsymmetrlc  and  the  Modular  Inlet  we  found  that  the 
Inlet  with  complete  axlsymmetrlc  flow  was  started  at  an  area  ratio  of  15.7  to  1  (20  to  1  would  not 
start.)  From  this,  It  seems  that  there  Is  no  great  effect  of  modules  on  the  starting  area  ratio. 
Thus,  one  may  assume  that  spillage  does  not  play  an  important  role  in  Impulsive  starting.  In  fact 
It  may  be  that  spillage  does  not  even  occur  during  Impulsive  starting.  The  above  illustrates  that 
Impulsive  starting  is  fundamentally  different  from  quasi-steady  flow  starting  and  that  results  of 
Impulsive  starting  conditions  cannot  be  carried  over  to  s-fllght  starting  situations. 

A  shadowgraph  of  the  unatarted  Modular  Inlet  with  Cowl  A  is  shown  in  Fig.  12,  Strong  and 
unsteady  shock  waves  can  be  seen  emanating  from  the  Inlet  center  spike  and  the  cowl  apex.  There 
Is  clearly  s  large  amount  of  spillage.  In  this  test.  Inlet  starting  was  prevented  by  placing  a 
physical  obstruction  at  the  exit.  In  addition  to  the  unstartlng  caused  by  the  7°  cowl  leading 
edges,  It  was  found  that  disturbances  produced  In  one  module  (e.g.,  by  static  pressure  tubing) 
would  force  adjacent  modules  to  either  spill  flow  or  unstart.  It  was  also  found  that  a  Module 
will  not  start  when  a  large  diameter  (0.065")  pitot  tube  Is  inserted  at  the  exit  plane. 

Figure  13  showa  the  Modular  Inlet  with  Cowl  A  at  -4  degrees  Incidence,  in  this  case  the  Inlet 
la  started  In  the  sense  that  steady  supersonic  flow  appears  at  the  exit,  but  flow  Is  spilling 
through  the  upper  V-cut.  In  this  case  no  strong  shocks  are  emanating  from  the  center  spike.  The 
bottom  module  facing  away  from  the  flow  Is  started  and  Is  not  spilling.  Starting  was  not  achieved 
at  larger  Incidences, 

The  schl leren  photograph  shown  In  Fig.  14  Illustrates  the  external  shock  structure  of  the 
fully  started  Modular  Inlet  with  Cowl  A,  As  spillage  has  not  occurred,  the  external  shock  waves 
from  the  module  leading  edges  are  weak  and  lie  close  to  the  surface.  A  second  shock  wave  can  be 
seen  at  the  Inlet  midsection.  This  shock  wave  emanated  from  the  cowl  apex.  The  boundary  layer 
separation  shown  near  the  exit  plane  has  been  Induced  by  a  circumferential  groove  on  the  external 
cowl  surface.  Full  view  of  the  exit  flow  Is  obstructed  by  pressure  tubing. 

In  Figures  13  and  14  starting  was  achieved  by  sharpening  the  leading  edges  from  7  degrees 
(measured  with  respect  to  the  freestream)  to  approximately  2  degrees.  Cowl  B  (with  external 
chamfer)  produced  no  starting  difficulties.  The  reasons  are  that  the  Internal  shocks  were  weaker 
and  the  effective  area  ratio  was  reduced  from  10.0  to  9,0. 

5.4  Surface  Flow  Visualisation 

Oil  dot  durface  flow  visualization  has  been  used  to  study  tbs  surface  flow  behaviour  of  a  fully 
started  Inlet,  an  unstarted  Inlet,  and  a  started  Inlet  with  spillage. 
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The  flow  visualization  on  the  surface  of  the  fully  started  Modular  Inlet  with  no  spillage 
is  shown  in  Figure  15.  At  the  leading  edges  dot  movement  is  visible  due  to  the  hit,h  sheer  stress 
there.  For  a  considerable  distance  beyond  the  leading  edge,  the  surface  shear  stress  is  so  low 
that  either  very  littie  or  no  dot  movement  occurs.  The  surface  shear  stress  starts  increasing 
rapidly  on  the  rear  half  of  the  inlet.  Near  the  end  of  the  compression  surface,  oil  streaks  are 
seen  to  coalesce  indicating  a  separation  line.  Flow  reattachment  follows  closely  behind  indicating 
a  small  region  of  separated  flow.  It  seems  plausible  that  this  separation  is  due  to  a  shock  wave 
emanating  from  the  cowl  apex.  At  the  horizontal  exit  section,  a  very  weak  separation  line  can 
sometimes  be  seen,  indicating  a  possible  shock  reflection.  The  surface  flow  visualization  on  the 
Modular  Inlet  surface  using  Cowl  B  showed  a  smaller  region  of  separated  flow.  This  is  expected, 
because  the  shock  wave  generated  from  the  cowl  apex  is  weaker  and  is  due  only  to  leading  edge 
viscous  effects. 

The  flow  visualization  cn  the  unstarted  inlet  shown  in  Fig,  16,  illustrates  a  recirculating 
flow  with  two  vortex-like  structures.  The  broadness  of  some  of  the  dots  indicates  some  flow 
unstead in >ss . 

A  detailed  study  of  the  unsteady  starting  process  of  the  Modular  Inlpt  has  not  been  undertaken. 

The  surface  flow  visualization  on  the  started  module  with  spillage  exhibits  a  pattern  of  flow 
streamlines  similar  to  those  appearing  on  the  surface  of  a  fully  started  inlet  with  no  spillage. 

The  case  oL  flow  spillage,  shown  in  Fig,  17,  was  obtained  on  the  upper  inlet  module  when  the  inlet 
was  tested  at  -6  degrees  angle  of  attack.  The  streamlines  at  half  the  body  length  exhibit  a  sudden 
upward  curvature  towards  the  apex  of  the  cowl  leading  edges.  It  is  apparent  that  this  flow  is 

approaching  separation.  The  flow,  unable  to  negotiate  the  increasing  pressure  gradients  in  this 
region,  is  forced  to  spill  at  the  cowl  apex.  Further  downstream,  a  pronounced  separation  line 
exists  immediately  followed  by  a  line  of  reattachment.  This  separated  region  is  due  to  the  presence 
of  a  shock  wave  emanating  from  the  cowl  apex.  Another  line  of  separation  occurs  downstream, 
indicating  a  likely  reflected  shock  wave.  The  oil  streak  lengths  at  the  exit  show  a  region  of 
extremely  high  surface  shear  stress. 

Flow  visualization,  applied  to  the  internal  surface  of  Cowl  A,  between  the  cowl  apex  and 
the  exit  plane  is  shown  in  Fig,  18.  The  resulting  oil  streak  pattern  shows  two  intense  separation 
lines  converging  in  a  downstream  direction  at  the  inlet  centerline.  These  separations  ^re  attributed 
to  the  second  reflection  of  the  sho  k  wave  from  the  cowl  apex.  Cowl  B  exhibited  a  similar 
separation  region  only  located  close  to  the  exit  plane. 

5.5  Static  Pressure  Measurements 

Static  pressures  were  measured  along  the  side  wall  oi  one  module  (see  Fig.  17,  for  static 
pressure  holes.)  Measurements  could  n-'t  be  made  at  the  first  six  static  holes  because  the  presence 
of  pressure  tubing  and  instruments  in  aojacent  modules  caused  spillage  and  unstarting  of  the  module 
being  surveyed.  Measurements  were  made,  at  the  18  aft  holes  without  disturbing  the  flew  fields,  by 
passing  tubing  through  the  walls  between  modules.  At  the  limited  wall  thickness  close  to  the  leading 
edge  prevented  such  procedures,  no  static  pressure  record  is  available  from  the  first  six  holes. 

Static  pressures  measured  in  this  region  exhibited  sudden  increase  immediately  behind  lines  of 
separation.  These  increases  in  pressure,  shown  in  Fig.  19,  for  both  Cowls  A  and  confirm  the 
presence  of  the  internal  shock  wave  emanating  fren  the  apex  ot  the  cowl.  The  static  pressure 
measurements  are  compared  with  the  theory  of  Equation  1  in  Fig.  19. 

Using  Cowl  A,  the  pressures  measured  at  the  central  streamline,  before  the  shock  wave,  are 
within  57„  of  the  predicted  values.  The  pressures  behind  the  shock  wave  are  not  constant  due  to  the 
presence  of  the  reflected  shock  wave.  This  reflected  shock  wave,  however,  appears  to  he  weak  since 
pressures  Increase  between  20  and  507,  whereas  the  incident  shock  wave  increased  the  static  press  ires 

by  3007 ,  Lower  surface  static  pressures  were  measured  us  in;  Cowl  B.  The  static  pressures  measured 

at  the  central  streamline,  before  the  shock  wave  from  the  cowl  apex,  are  within  67.  of  the  predicted 
values.  Due  to  the  weak  shock  wave  from  the  cowl  the  static  pressure  is  increased  by  1 0  J  7 . 

However,  the  static  pressures  at  the  end  of  the  compression  surface  x  *  7,2  inches  differ  hv  only 
970  between  tests  using  the  two  cowls. 

The  static  pressure  measurements  made  on  only  a  portion  of  the  conpressio.i  ar  '  horizontal 
exit  surface  using  Cowl  A,  shown  in  Fig.  19,  are  compared  in  Fig.  20,  with  the  theory  (Equation  1) 
and  a  method  oi  characteristics  solution  for  the  entire  surface.  Good  agreement  between  theory 
and  experiment  can  be  seen  at  x  «  7.0  inches.  Beyond  this  value,  the  stati  pressure  shows  a 

sudden  increase  in  the  region  where  separation  was  indicated  by  flow  visualization. 

From  the  measurements  it  appears  that  the  shock  is  incident  on  the  surtace  at  a  point  ahead 
of  the  corner  atid  that  there  is  an  expansion  wave  emanating  from  who  corner.  Thus,  the  pressures 
downstream  of  the  corner  exhibit  a  sudden  decrease.  Beyond  this  expansion,  at  x  *  7.96,  *he 
pressures  increase  to  within  77,  of  the  predicted  values. 

Static  pressures  were  measured  on  the  internal  surface  of  Cowl  A,  between  the  cowl  apex 
(x  ■  5,20)  and  the  exit  plane.  The  static  pressure  between  x  *  5,20  and  x  ■  7.20  remained 
relatively  constant  between  9  and  12  psi.  At  x  *  7,65  and  x  •  7.70,  behind  the  vertex  of  the 
separation,  the  static  pressures  were  66,0  and  68.0  psi,  respectively.  However,  the  static 
pressure  increase  across  the  shock  wave  still  remained  at  approx in. ate  1  v  3-)07.. 


5,6  Pitot  Pressure  Measurements 

Some  measurements  o'  exit  pitot  pressures  were  made  at  x  ■  7.70  using  Cowl  A.  The 
measurement  of  pitot  pressure  near  thp  exit  was  made  for  two  reasons.  First,  to  determine  the 
flow  uniformity,  and  second,  to  estimate  the  inlet  total  pressure  recovery,  ( Pc Pt  ).  A  summary 
of  pitot  pressure  measurements  Is  given  in  Fig.  22. 

Measurements  made  wlthlii  the  boundary  layer  showed  a  pitot  pressure  range  between 
1J8  -  174  psi.  At  approximately  0.070"  from  the  walls  near  the  edge  of  the  boundary  layer, 
pitot  pressures  were  between  294  -  J76  psi.  The  pitot  pressure  at  the  inlet  centre  was  350  psi. 

A  measurement  made  on  the  Internal  cowl  surface,  immediately  behind  the  vertex  of  the  separation 
gave  an  extremely  high  pitot  pressure  of  595  psi.  Additional  pitot  measurements  in  this  plane 
exhibited  only  slight  variations  from  the  value  of  350  psi. 

An  accurate  determination  of  the  total  pressure  recovery  of  this  inlet  cannot  be  obtained 
without  measurement  of  the  static  pressure  in  the  exit  core.  To  measure  the  static  pressures  in 
the  core  of  relatively  uniform  flow  with  any  instrument  larger  than  the  cross-sect  Iona  1  area  of  a 
pitot  tube  (0.032"),  would  be  sufficient  to  prevent  inlet  starting.  Thus,  at  the  exit,  the  wall 
static  pressure  of  16.4  psi  was  used.  The  pitot  pressure  associated  with  this  static  pressure 
measurement  is  376  psi.  A  total  pressure  recovery,  Pt  3/ has  been  calculated  by  the 
same  method  as  shown  in  the  table  of  section  4.2.  " 


6_. _ CONCLUSIONS 

A  series  of  requirements  for  the  design  of  high  parformance  hypersonic  air  intakes  has  been 
outlined,  A  method  has  been  developed  for  the  rational  design  of  a  wide  variety  of  hypersonic 
air  inlet  geometries.  Inherent  in  the  method  is  the  prediction  of  all  flow  quantities,  including 
the  total  pressure  recovery  and  a  uniform  and  parallel  exit  stream.  The  streamline  tracing 
concept  has  been  applied  successfully  to  generate  inlets  with  non-axlsymmetrlc  cro3sect ions ,  swept 
leading  edges  and  an  ability  to  spill  flow  at  off-design  conditions. 

Surface  static  pressure  and  qualitative  shear  measurements  on  an  axisymmetrlc  Busemann  inlet 
show  substantial  effects  of  leading  edge  shock-boundary- 1 ayer  interaction  and  boundary  layer 
displacement  thickness.  The  same  measurements  made  on  an  inlet  which  has  been  corrected  for  these 
viscous  effects  show  good  agreement  with  theory,  thus  confirming  the  exlstance  of  the  postulated 
conical  invlscld  flow  as  well  as  the  correctness  of  the  boundary  layer  displacement  thickness 
estimations.  However,  separation,  as  predicted  by  the  laminar  boundary  layer  calculation,  is  not 
observed.  The  measured  total  pressure  recovery  of  this  inlet  is  between  0.54  and  0,68. 

A  modular  inlet  was  tested  at  Mach  8.33.  This  inlet  had  an  area  ratio  of  10  to  1  and 
reduced  the  Mach  number  to  4.14.  The  measured  wall  static  pressures  at  the  exit  plane  were 
within  2\  of  the  theoretical  values.  Oil  dot  streaks  indicated  a  region  of  low  surface 
shear  Just  aft  of  the  leading  edge.  At  -4  degrees  angle  of  attack  the  module  that  was 
turned  into  the  stream  spilled  some  flow.  Oil  dots  Indicate  that  the  unstarted  flow  in  a 
partially  blocked  module  is  unsteady  and  has  two  vortex-like  regions.  The  measured  total 
pressure  recovery  of  the  fully  started  inlet  was  0.70. 

It  was  found  that  the  oil  dot  streaks,  in  conjunction  with  the  pressure  measurements 
provided  a  reliable  method  for  deducing  the  internal  flow  structure. 

Impulsive  starting  in  the  gun  tunnel  if  fundamentally  different  from  quasi-steady  flow 
starting.  Results  from  impulsive  starting  cannot  be  carried  over  to  free-flight  starting 
conditions.  The  largest  area  ratio  started  in  the  present  test  was  15.7  to  1.  It  was 
observed  that  a  high  inlet  efficiency  was  conducive  to  starting. 
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FIG.  9  OIL  DOT  STREAKS  OF  FULL  BUSEMANN  INLET  (A)  WITHOUT  AND 

(B)  WITH  BOUNDARY  LAYER  CORRECTION 
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FIG. 10  POSSIBLE  FLOW  STRUCTURE  OF  FULL  BUSEMANN  INLET  WITHOUT  BOUNDARY 
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FIG.  15  OIL  DOT  STREAKS  ON  SIDEWALLS  OF  MODULE  WITH  STARTED  FLOW 


FIG.  16  OIL  DOT  STREAKS  IN  MODULE  WITH  UNSTARTED  FLOW 
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OIL  DOT  STREAKS  IN  MODULE  WITH  SOME  FLOW  SPILLAGE  (THIS 
CORRESPONDS  TO  THE’  SCHLIEREN  PICTURE  OF  FIG.  IS ) 
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PRESSURE  DISTRIBUTION  ON  MODULE  SIDEWALL  NEAR  THE  EXIT  FIG. 20  PRESSURE  DISTRIBUTION  ON  MODULE  SIDEWALL 
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The  first  supersonic  airliner  of  tho  Western  world,  the  Anglo/Preooh  Concorde,  Is  d  eaigned 
around  the  principles  of  the  slender  wing.  The  central  idea  of  the  slender  wing  is  to  ensure 
the  maintenance  of  a  single  well-behaved  flow  under  all  flight  conditions  (see  for  example 
Ref.  1).  This  is  achieved  by  employing  a  leading  edge  sweep-back  such  that  the  wing  lies  well 
within  the  Bach  cone  centred  on  the  apex  as  In  Figure  1.  The  Mach  number  normal  to  the  leu  ing 
edge  is  subsonic,  the  flow  over  the  wing  is  shock-free  except  at  the  trailing  edge  and  it 
follows  that  many  principles  of  subsonic  flow  can  be  adopted  to  describe  the  aerodynamics  of  the 
shape . 


For  a  cruising  Bach  number  in  the  region  Bach  2  to  2.5,  these  principles  can  be  used 
satisfactorily  in  a  fixed  wing  design  because  the  resulting  aspect  ratio,  or  more  accurately  the 
span-to-length  ri  tio,  of  the  wing  is  still  high  enough  to  provide  good  handling  and  control 
chara-4  e.  istics  in  flight  at  low  speeds. 

If  the  -uising  Much  number  of  a  long  range  vehicle,  requiring  a  good  aerodynamic  lift-to- 
drag  ratio,  i->  to  tie  significantly  hi-her  than  that  of  Concorde,  say  above  Mach  3,  then 
alternative  set3  of  aerodynamic  considerations  come  into  [ rominenoe .  Adequate  low  speed  flying 
characteristics  can  now  be  i  rovided,  either  by  employing  variable  geometry  on  a  slender  wing  or 
by  using  a  fixed  wing  with  supersonic  velocities  normal  to  ‘he  leading  edge  and  thereby  being 
committed  to  some  system  of  shock  waves  in  association  -.ith  the  general  wing  shape. 

One  line  of  resear  h  in  the  ".K.  in  recent  years  has  been  directed  towards  the  second 
alternative:  that  is  to  3uy  its  object  has  been  to  study  the  problem  of  rroduoln*'  aerodynamic 
lift  efficiently  on  non-slender  planforms,  in  other  words  in  the  presence  of  shock  waves.  The 
chief  characteristic  of  this  work  hus  been  an  approach  by  the  ’inverse’  method,  that  of 
choosing  a  Known  flow  field  and  defining  a  shape  of  body  ..hich  produces  it.  In  the  i  resent 
context  this  approach  has  opened  up  new  lines  of  thought,  stimulated  considerable  discussion, 
nuch  of  it  controversial,  and  provided  a  !egr»e  of  definition  to  the  subject  of  high  Mach 
number  aerodynamics,  where  daft-' ‘ion  was  previously  lacking. 

The  present  parer  pi  •.  .  u  >  ocnly-based  acc  unt  or’  fhr  ;,o  and  some  of  the 

subsequent  progress  in  t:  >  •  ow  ’ieid  approach  to  design.  The  paper  is  not  intended  to 
provide  a  complete  revic  t.  ;  even  a  comprehensive  bibliography;  in  particu  ar  it  deals  only 
with  the  design  point,  aish  ugh  the  authors  fully  appreciate  the  need  to  ensure  good  off-design 
behaviour.  The  at:  has  be>  .i  to  present  a  connected  account  of  the  method  and  lt3  potential, 
based  mainly  on  urticular  lines  of  development  of  which  the  authors  have  had  personal 
experience  througn  their  supervision  of  the  group  principally  involved. 

Most  of  the  evidence  has  been  drawn  from  issued  reports  written  by  individual  members  of 
that  group,  who.'  -  work  is  hereo  acknowledged:  they  are  L.C.  bquire,  J.U.  Jones,  K.d.  Moore, 

J.  Tike  and  F.L.  Roe.  Whatever  its  permanent  value,  it  was  felt  that  such  a  paper  would 
provide  a  useful  background  to  the  discussion  of  this  particular  session  of  the  present 
meeting*. 

The  need  to  investigate  in  basic  fashion  the  a-rodynanics  of  non-slender  lifting  shapes 
enters,  as  already  stated,  at  about  Mach  3.  The  known  s  low  field  a  ,  roach  has  so  far  been 
studied  quite  generally  in  terms  of  supersonic,  , erfect  f.uid,  aerodynamics;  in  this  form 
therefore  vt  is  ap;licable  up  to  Mach  numbers  around  12,  beyond  which  the  presence  of  real  gas 
effects  will  clearly  call  for  significant  changes.  The  range  Mach  3  to  1?  is  thus  established 
as  a  natural  range  cf  applicability  of  the  ide.,s  and  moth  ds  involved.  Within  this  range  no 
aerodynamic  distinction  in  kind  appears,  as  for  example  between  what  might  be  termed  ’high 
supersonic’  speeds,  on  the  one  hand,  and  ’real  hypersonic’  speeds  on  the  other. 


2.  Fundamentals  of  the  method 


2,1  Primary  considerations:  lower  surface  design 

Entry  to  the  method  stems  from  two  basic  considera' ions .  The  first  is  the  recognition 
that  at  hypersonic  speeds  the  prjduction  of  lift  on  a  wing  is  dominated  by  pressures  on  the 
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lower  surface ,  in  contre-distinction  to  the  situation  at  subsonic  speeds,  where  the  contribution 
of  suction  on  the  upper  s  urface  is  ell-important.  Whatever  the  shape  of  wing,  suction  on  the  upper 
surface  at  hypersonic  speeds  is  severely  limited  by  the  approach  to  absolute  vaccuum  (C  =  -2  „) . 

This  situation  is  illustrated  in  Figure  2.  p  f  \t 

The  second  consideration  is  that  introduced  by  Nonweiler  who  pointed  ut  (Ret.  2)  that  a 
three-dimensional  body  of  triangular  planform  can  be  arrar.gsf.  to  carry  a  plane  shock  wave 
beneath  it,  extending  across  between  the  leading  edges  anu  communicating  a  constant  pressure  to 
all  points  on  the  lower  surface.  In  this  case  the  known  flow  field  is  that  beneath  a  two- 
dimensional  wedge.  The  method  of  construction  is  illustrated  in  Figure  3.  A  pair  of  swept 
leading  edges  is  defined  in  the  plane  of  the  shock  wave  created  by  the  hypothetical  w°dge  and  the 
lower  surface  of  the  three-dimensional  shape  is  that  generated  ay  the  strea...-lines  .  roceeding 
downstream  from  all  points  on  the  leading  edges. 

If  now  an  arbitrary  trailing  edge  plane  is  defined  and  an  upper  surface  is  assumed  to  lie 
along  the  mainstream  direction,  a  body  of  real  thickness  is  obtained  as  shown  in  the  ligure.  This 
body  is  known  as  a  'Nonweiler  wing'  or  alternatively  a  'caret  wing'.  In  a  supersonic  stream,  at 
its  'design  point',  which  is  determined  by  the  particular  combination  of  Mach  nu.iber  and  the  angle 
of  the  flow  field  generator  wedge,  the  body  produces  a  single,  plane,  triangular  shock  wuve, 
contained  underneath  between  the  leading  edges,  and  no  other  disturbance  forward  of  the  base. 

The  lift  and  pressure  drag  are  immediately  calculable  and  in  vie.-  ol'  the  point  made  ear  ier 
concerning  the  dominance  of  lower  surface  pressures  in  producing  Ipyp  rsonic  lift,  one  may  suggest 
that  an  elementary  approach  to  hypersonic  design  has  been  made. 

Two  possible  disadvantages  of  this  body  as  a  lifting  shape  urc  immediately  obvious.  The 
first  is  the  duff  base  result!^  from  the  method  of  construction.  This  ?;ill  be  ignored  for  the 
moment,  since  it  enters  into  later  discussions  in  an  evolutionary  manner.  The  second  is  the  large 
anhedral,  or  lower  surface  concavity,  which  besides  being  potentially  impractical  on  an  aircraft, 
clearly  implies  a  large  skin  friction  drag  in  rdetion  to  planform  area. 

The  first  extension  of  the  method,  due  to  Jones  (Ref.  3),  removes  any  general  objection 
which  might  otherwise  be  justified  on  this  second  score.  Jones  showed  how  the  flow  past  u 
non-lifting  circular  cone  could  be  used  as  the  basic  flow  field,  replacing  thu  :  of  the  two- 
dimensional  wedge  in  Nonweiler's  construction.  The  leading  edges  (not  necessarily  straight)  are 
now  drawn  on  the  conical  shock  wave  and  the  lower  surface  of  the  configuration  is  obtained,  as 
before,  by  replacing  the  stream  surface  through  and  downstream  of  the  leading  edge  by  a  colid 
surface.  This  construction  is  illustrated  in  Figure  4.  A  wider  selection  of  possible  shapes,  for 
which  the  exact  flow  field  is  known,  is  thereby  provided.  Jones  defines  two  basic  types  of  con¬ 
figuration,  depending  on  whether  or  not  the  leading  edges  arc  ‘rawn  from  the  apex  of  the  generator 
cone.  In  the  former  case  the  resulting  shape  consists  of  a  central  'body'  (t  -.cotor  of  the  generator 
cone)  and  an  outer  'wing',  ’n  the  latter  case  the  shape  is  of  the  type  shown  in  Figure  4.  In 
either  case,  the  lower  surface  concavity  is  much  less  pronounced  'ban  .vith  the  caret  win  . 

fa  are  therefore  led  to  the  conclusion  that  the  exact  Knowledge  of  supersonic  flow  around 
bodies  of  simple  shape  provides  a  possible  starting;  point  for  the  development  of  hyp*r«onic  wing 
theory.  Using  a  seleoted  known  flow,  e  portion  of  stream  sorfaoe  can  be  chosen  to  become  the 
basic  lifting  surface.  The  lift  and  pressure  dreg  characteristics  are  deducible  directly  lrom 
the  knowledge  ef  the  generating  flow  field  ani  the  principle  of  confining  shocks  to  the  lower 
surface  should  lead  to  an  optimisation  of  the  shockwave  system  from  the  aspect  of  lift-to-drag 
ratio  of  a  resulting  configuration. 

The  concept  of  a  shape  whlcn,  on  design,  rides  on  a  precisely  Known  system  of  shcc.c  waves  in 
the  manner  described  lead*  to  the  lse  of  the  term  'waverider'  to  describe  such  a  shape.  In 
practice  the  tern  can  uC  applied  mare  generally  to  distinguish  the  category  of  aircraft  shapes  in 
which,  as  distinct  from  slender  wings,  the  lift  is  associated  primarily  with  pressures  produced 
by  an  undar-surfece  shock  wave  system,  whether  or  not  the  flow  system  is  precisely  calculable.  A 
suitable  choice  o;  span-to-length  ratio  will  ensure  that  the  shape  behaves  as  a  slender  wing  at 
supersonic  speeds  some  way  below  the  design  value  and  also  has  good  flying  characteristics  at  low 
subsonic  speeds. 

The  Nonweiler  and  tha  Jones  constructions  mane  use  of  the  simplest  and  most  fundamental  known 
flew  fields  in  two-dimensional  and  axi-symoetric  l'low  respectively. 

2.2  Upper  surface  design 

In  the  illustrations  of  Figures  3  and  4.  the  upper  surface  of  the  shape  has  been  taken  to  be 
ttreamwiae,  i.e.  to  form  a  stream  surface  of  the  undisturbed  flow.  It  is,  however,  advantageous 
for  two  reasons  to  design  the  upper  surface  to  contribute  a  small  share  of  the  lift.  Fir.it, 
provided  that  the  inclination  of  the  upper  surface  is  smaller  than  that  of  the  lower  surfice,  lift 
can  be  developed  on  it  at  smaller  dragj  second,  because  some  lift  is  transferred  from  the  lower 
surface,  the  inclination  of  the  latter  can  itself  be  reduced.  Since  the  lower  surface  shoe*  wave 
is  attached  to  the  loading  edge,  the  design  of  upper  surface  is  generally  an  inderendent  process. 

The  shape  can  be  evolved  in  a  manner  similar  to  that  used  l  or  the  lower  surface  but  using  in  this 
case  a  stream  surface  from  a  known  expansion  flow  field.  In  principle,  any  expansion  flow  field 
oan  be  used  tnd  Flower  (Ref.  4)  and  Moore  (Ref.  5 )  have  illustrated  the  way  in  which  two-dimensional 
Prmndtl-Meyer  expane  ions  and  axi-ayametrlc  expansions  respectively  can  be  employed  for  this 
purpose. 
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In  order  to  ba  able  to  combine  the  upper  surfaoe  design  with  that  of  the  lower  surface  it 
is  necessary  only  to  ensure  that  the  up-stream  boundary  of  the  expansion  field  lies  behind  the 
leading  edge  already  chosen  for  the  lower  surface.  That  part  of  the  upper  surface  lying 
between  the  leading  dge  and  the  boundary  of  the  expansion  field  is  then  a  streaowise  surface. 
Figure  5  illustrates  a  combination  of  upper  and  lower  surface  designs  using  axi-symmetric  flows. 

The  introduction  of  an  expansion  flow  for  uprer  surface  design,  in  addition  to  improving 
the  lift  characteristics,  also  represents  a  first  step  in  reducing  the  residual  base  area  of 
the  shape. 


3.  Types  of  lower  surface  flow  field 


3.1  Flow  fields  for  direct  lift 


Proceeding  from  the  basic  caret  or  cone-flow  wing,  it  is  clear  that  a  number  of  major 
steps  may  be  involved  in  order  to  arrive  at  a  shape  api  roximating  to  that  of  a  practioal 
aircraft.  istions  a  ise  immediately  concerning  the  distribution  of  volume  and  lift,  the 
effect  of  adding  a  propulsion  system,  the  nature  of  surface  pressure  gradients  as  a  fecting 
boundary  layer  behaviour,  transonic  characteristics,  structural  considerations  and  so  on. 

Some  of  these  problems  can  be  studied  by  the  use  of  more  complex  flow  fields,  still  with 
explicitly  known  or  computable  characteristics.  Keeping  in  mind  the  primary  aim  of  designing 
a  lower  surface  'or  high  lift-to-drag  ratio,  a  number  of  possible  compression  flow  fields  have 
been  examined  in  greater  or  lesser  degree.  These  are  summarised  in  Figure  6,  to  which  the 
lollowing  co  merits  apply. 

(a)  Plain  wedge.  This  i=  the  basic  flow  fi“ld  of  the  Nonweiler  or  caret  wing.  The 
potential  disadvantage  of  large  anhedral  of  th  shape  (which  if  plies  particularly  to  the  lower 
Mach  numbers)  has  already  been  mentioned.  Additionally  it  is  desirable  to  be  able  to  provide 
greater  volume  near  the  nose  than  i3  given  by  the  caret  wine. 

(b)  Two-dimensional  staged  compression.  The  use  of  more  complex  two-dimensional  flow 
fields  has  been  studied  by  Townend  (Ref.  6).  The  chief  potential  advantage  or  these  is  in 
relation  to  the  design  of  three-dimensional  air  intakes,  which  in  turn  can  be  absorbed  into  the 
lower  surface  design  ao  as  to  preserve  two-dimensional  flow  in  the  joint  lifting-propulsive 
system. 

(c)  Plain  cone.  This  is  the  basic  flow  field  of  the  Jones  or  cone-flow  wing.  Its 
uisodvantages  are  that  the  resultin  ’  shapes  have  the  centre  of  li.t  downstream  of  the  ce  :tre  of 
area  and  too  little  volume  neur  the  nose.  Also  surface  pressure  gradients  are  slightly  adverse 
in  the  streamwise  direction,  though  this  is  a  point  which  shoul~  be  corisi.eieo  along  with  a 
refinel  assessment  of  skin  friction  levels.  Kxperimsnts  at  11  >  A  on  wings  biased  on  this  type 
of  flow  ar  repo. -ted  in  Ref.  7. 

(d)  Cone-cylinder. 

(e)  Cone-ogive. 

71  ow  fields  (d)  and  (e)  both  lead  to  shapes  in  which  both  the  volume  and  centre  of 
pressure  are  lurther  f- rwurd  than  with  the  cone-flow  wings.  St  die3  cf  th“3"  flow  fields  have 
been  confined  to  th"  region  of  homentropic  flow  behind  th<  conical  shock.  The  two  tyres  give 
somewhat  different  indications  a,  to  the  efficiency  of  lift  Droduction  (see  Section  O . 

(f)  Curved  shock.  This  is  the  firs'  non-horu-ntroplc  flow  fi«ld  to  be  studied.  It 
produces  the  same  kind  of  enefits  as  oo  flow  fields  (d)  and  (e)  but  widens  the  range  of 
possibilities  and  gives  indications  of  -ood  liftin’  efficiency  of  the  resulting  shapes. 

The  studies  of  I  low  fields  (e)  and  (f)  arc  due  particularly  to  Moore,  who  has  developed 
computer  programmes  for  evolving  the  shapes  am  their  pressure  distributions. 

All  the  foregoing  flow  fields  are  concerned  with  th"  problem  of  lift  as  produced 
irectly  on  the  derived  surface  through  incidence.  It  is  o:  interest  to  c>  tsl  er  also  the 
production  of  lift  on  a  su  face  by  what  is  usually  termed  the  'favourable  interference'  of  the 
pressure  field  of  another  com  onent  of  the  C'-nfi'’Ui\-i  ion;  or  more  generally  to  consider  flow 
systems  whereby  direct  and  interference  lift  can  be  combined  in  an  effective  mann°r.  Some 
developments  of  the  theory  along  these  lines  are  iecribed  in  th ■  next  section. 


3.2  Direct  and  interference  lift:  com arison  and  combination 


An  interesting  study  by  Roe  (Ref.  8)  h.s  compared  the  lifting  efficiency  of  a  vertical 


* edge  beneath  a  plane  wing  with  that  of  a  horizontal  wedge  producing  lift  directly  through 
incidence  as  in  the  caret  wing.  His  result  is  that  the  comparison  is  favourable  or  unfavourable 
to  the  former  (i.e.  Interference)  arrangement  according  as  the  parameter  M^Ct/12  has  a  value 
less  or  greater  respectively  than  0.65.  ' 

The  two  systems  under  comparison  are  illustrated  in  Figure  7,  (a)  and  (b).  The  caret  wing 
has  the  same  direct  lift  characteristic  as  a  two-dimensional  wedge,  the  flow  being  in  both  oases 
deflected  vertically  downwards  by  the  shock  wave.  The  interference  arrangement  acquires  lift 
from  the  pressure  field  of  the  vertical  wedge  acting  on  the  plane  wing,  the  flow  being  deflected 
horisontally  by  the  shock  wave.  Pike  (Ref.  9)  has  analysed  the  performance  of  systems  containing 
a  combination  of  d.rect  and  interference  lift,  as  obtained  from  flow  fi-lds  produced  by  plane 
shock  waves.  A  single  p.ane  shock  wav*  inclined  at  an  angle  to  the  horizontal  gives  the 
deflected  air  a  sideways  component  of  velocity.  Shapes  equivalent  to  caret  wings  but  associated 
with  such  inclined  shock  waves  may  he  named  more  generally  V-wings.  Pike's  analysis  shows  that 
V-wings  can  give  significantly  better  ratios  of  lift  to  pressure  crag  than  caret  wings.  The 
superiority  oepends  upon  exercising  freedom  in  the  choice  of  trailing  edge  sweepback:  with  a 
caret  wing  this  makes  no  difference  to  the  performance,  since  pressures  and  inclinations  are  the 
same  at  all  points  of  the  lifting  surfaces  with  a  general  V-wing,  however,  employing  trailing 
edge  sweepback,  the  favourable  interference  situation  can  be  optimised  to  considerable 
advantage. 

An  important  stage  of  realism  is  introduced  by  joining  together  two  V-wings  as  a  mirror 
image  pair  with  a  common  leading  edge  in  '.he  vertical  plane  of  symmetry.  This  gives  a  V-wing  as 
illustrated  in  Figure  7  (c),  the  performance  of  which  is  the  same  as  that  of  each  half  or  V-wing 
component.  The  W-wlng  configuration  may  be  seen  as  consisting  of  a  deep  central  body  between 
lifting  wings  and  i  roo  this  point  of  view  it  is  clearly  important  to  asseso  the  potential  as 
defined  by  study  of  the  flow  field  characteristics. 

Pika's  analysis  again  reveals,  now  in  general  terms,  the  potential  advantage  of  deploying 
favourable  interference  at  low  values  of  the  similarity  purameter  2  ,  a  summary  picture 

taken  from  his  report  and  including  some  of  his  worked-out  examples  is  shown  as  Figure  6. 

Generally  speaking,  the  wing-body  arrangements  emerging  are  not  immediately  representative 
of  practioal  aircraft  configurations  -  to  reach  the  optimum  curve  in  Figure  8  the  shapes  would 
beccaie  such  more  extrema  than  those  shown  -  but  the  reeults  of  the  study  can  be  used  to  indioate 
the  distribution  of  voliaa  and  wing  position  for  obtaining  favourable  interference  when  the  wing 
supports  an  attached  shock  wave. 


It.  Considerations  of  lifting  efficiency 


Uol  Particular  optimisations 

As  part  of  the  known  flow  field  a-proach,  optimisation  studies  are  frequently  possible 
which,  treated  in  »  proper  context,  i.e.  with  due  regard  to  the  limitations  imposed,  can  provide 
useful  guide  lines  to  design. 

Thus  in  his  cone-flow  wing  study,  Jones  (loc.  cit)  shows  that  with  type  A  configurations, 
pressure  lift  is  .roduced  more  efficiently  the  smaller  the  angle  ^  (Figure  9).  This  conclusion 
has  to  be  weighed  against  the  effect  of  increase  of  friction  drag  with  decrease  of  f'  and  the 
progressive  departure  from  realistic  configurations. 

A  particular  study  by  Pike  (Ref.  10)  shows  that  the  two-dimensional  compression  surface 
with  minimum  pressure  drag  for  a  ;iven  lift  is  a  double  wedge.  The  discontinuity  in  slope  is  at 
a  point  such  that  disturbances  from  the  discontinuity,  on  reflection  from  the  shock  wave,  Just 
fail  to  effect  the  surface.  The  double  wedge  is  generally  concave  for  Mach  numbers  above  3. 

The  conclusion  must  b’  kept  in  proper  context.  Taus  if  a  streamwise  upper  surface  is  assumed 
and  the  enclosed  volume  per  unit  span  is  maintained  constant,  Bartlett  (Ref.  11)  has  shown  that 
a  convex  double  wedge  lower  surface  gives  the  best  lift-to-drag  ratio. 


U. 2  Momentum  analysis 

Since  the  flow  beneath  a  r.eriveu  lifting  surface  is  known  in  depth,  the  lift  and  drag  may 
be  determined  from  a  momentum  analysis.  An  approach  on  these  lines  is  -'ue  to  Roe  (lef.  12), 
who  has  been  able  to  apply  it  to  both  two-dimensional  and  three-dimensional  flow  fields. 

Briefly,  each  element  of  planform  area  of  a  given  shape  is  associated  with  an  elementary 
streaatube  in  the  flow  and  accordingly  with  the  changes  of  momentum  which  take  clace  along  that 
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3tret.Bt.ube .  The  momentum  changes  contribute  to  the  overall  pressure  foi'ce  by  amounts 
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where  &  Ap  represents  u.i  element  of  planform  area  and  and  are  functions  which  may  be 
com  uted  for  each  streamline.  The  lift  and  drag  coefficients  are  then  simply  mean  values  of 
fL  and  fD. 

Roe  has  developed  this  method  in  order  to  study  the  generation  of  lift  in  a  variety  of 
circumstances.  An  analysis  of  two-dimensional  flow  fields  leads  to  a  conclusion  similar  te  those 
of  Pike  and  Bartlett  -  that  optimal  lifting  shapes  are  close  to  doublewedges .  The  analyait  has 
been  extended  to  three-dimensional  flow  fields  with  a  vertical  plane  of  synmetry.  It  is  shown 
how  maps  of  a  -  iven  flow  field  may  be  drawn  so  as  to  indicate  those  parts  which  from  their 
lifting  efficiency  seen  mo;  t  suitable  for  Incorporation  into  a  practical  lifting  system.  Some 
typical  maps,  relating  to  a xi-symm.-tric  flow  fields  included  in  the  types  discussed  in  Section  3, 
are  reproduced  in  Figure  10.  The  numbers  assigned  to  the  contour  fines  refer  to  values  of  a 
lift  efficiency  factor  for  individual  streamlines  relative  to  the  streamline  of  the  flow  through 
a  plane  inclined  shockwave  giving  the  same  f^. 

Since  the  values  of  f^  vary  throughout  the  field  in  each  case,  it  is  not  possible  to  deduoe 
overall  comparisons  of  lifting  sfficiency.  Thus  a  high  value  of  the  local  afficiency  factor 
may  be  associated  with  a  relatively  small  f^  contribution  to  ths  overall  C^.  Broad  qualitative 
Indications  are  obtained,  however,  of  the  relative  merits  of  different  flow  fielda.  One  would 
tentatively  draw  the  following  conclusions  from  the  results  displayed  in  Figure  10:- 

(1)  The  cone-cylinder  flow  field  is  relatively  inefficient:  this  is  because  the  flow 
over-expands  around  the  shoulder,  leading  to  parallel  and  even  inwardly-directed  flow  sens  w»y 
donwstream  in  the  inner  region  of  the  field. 

(2)  A  cone-ogive  flow  field  successfully  avoids  this  characteristic.  The  high  values  of 
looal  efficiency  factor  near  the  vertioal  plane  of  symmetry  lead  to  a  conclusion  similar  to  that 
of  Jones  mentioned  above:  namely  that  it  is  desiraLle  in  constructing  lifting  shapes  fro*  this 
field  to  employ  stream  surfaces  within  a  relatively  narrow  sector  around  the  plane  of  symmetry. 

In  practice,  this  conclusion  is  subject  to  the  same  qualification  «s  before  in  respect  of  the 
adverse  trend  of  friction  drag  with  angle  of  the  sector. 

(3)  The  curved  shock  flow  field  shown  in  the  third  example  is  worthy  of  detailed  stuty  in 
relation  to  practical  ;  oaaibilltiea ,  in  that  it  contains  an  extensive  region  in  which  looal 
lifting  afficiancy  factors  are  greater  than  unity.  This  flow  field  does  not  exhibit  the  very 
high  factors  which  occur  locally  in  the  cone-ogive  field,  the  probable  explanation  being  that 
the  leading  shock  is  in  this  respect  now  over-strong.  That  particular  fault,  howevar,  is 
compensated  by  the  fact  that  strengthening  the  leading  shock  enables  both  the  volume  and  centra 
of  pressure  of  a  deriveu  lifting  shape  to  be  b. ought  further  forward,  with  consaquent  benefit 
in  a  practical  application. 

Roe's  broad  conclusions  from  this  work  to  date  are  that  optimum  flow  processes  have  the 
following  features: - 

(s)  The  elr  is  initial  y  deflected  through  a  weak  shock  wave; 

(b)  Subsequent  flow  processes  are  isentropic; 

(c)  Expansion  to  free-stream  pressure  occurs  in  conjunction  with  s  residual  dsflection 
angle  of  the  flow. 


4.3  Estimates  of  overall  llft-to-drag  ratio 

It  seems  appropriate  to  conclude  this  section  on  lifting  efficiency  with  a  brial'  note  on 
the  levels  of  lift-to-drag  ratio  which  it  is  estimated  can  be  reached  by  waverider  shapes 
uerived  from  known  flow  fields,  with  the  effect  of  skin  friction  included.  The  position  is 
depicted  in  Figure  11.  The  full  curve  on  the  left  is  estimated  for  slender  wings  and  its  trend 
towards  non-slender  span-to-iength  ratio  is  confirmed  by  experimental  results  from  the 
High  Supersonic  Speed  Tunnel  at  R.A.E.  Bedford.  Lying  above  this,  the  dotted  curve  represents  s 
corresponding  estimate  or  slender  wings  again  but  assuming,  instead  of  a  thin  trailing  edge,  a 
positive  base  area  equal  to  the  maximum  cress  section  area  yet  having  tero  bass  drag.  The 
conclusions  are:- 

(l)  Under  comparable  condition!,  waverider  shapes  at  Mach  4  (the  speed  chosen  for  this 
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•at  of  oatiaatos)  oan  give  about  tha  aaaa  I/D  as  slender  wings; 

(2)  Fora*  of  waverider  utilising  trailing  edge  swoepback  show  appreciably  higher 
potential  than  tha  carat  wing; 

(3)  Since  a  non-sore  base  araa  la  an  essential  feature  of  basic  waverider  shapes,  the 
comparisons  are  aade  assuming  a  positive  base  area  but  fere  base  drag:  in  practice  therefore 
muoh  will  depend  on  how  the  base  drag  can  be  eliminated  in  a  real  configuration. 


5«  Approach  to  complete  aircraft  configurations 


So  far  in  this  account  it  has  been  described  how  the  use  of  known  flow  fields  leads 
readily  to  the  derivation  of  efi'ioier.l  lifting  shapes  with  representative  volume.  The  choice  of 
flow  field  influences  such  characteristics  as  the  longitudinal  distribution  of  volume,  position 
of  centre  of  pressure  and  the  nature  of  pressure  gradients  along  the  surface.  The  account  would 
not  b#  adequate,  however,  without  mention  of  some  further  significant  steps  which  tin  be  taken 
in  the  approach  towards  complete  and  acceptable  aircraft  configurations. 


5.1  Ermine -airframe  integration 

At  hypsrsonio  speeds,  the  propulsion  system  -  air  intake,  engine  and  nozzle  -  constitutes 
a  major  portion  of  a  total  aircraft  layout:  in  particular  the  area  of  the  propulsion  nozzle  for 
complete  expansion  of  the  jet  grows  rapidly  with  increase  of  Mach  number  and  oy  Mach  6,  say,  is 
comparabls  with  the  total  frontal  area  of  the  vehicle.  Integration  of  the  propulsion  system  into 
the  total  configuration  clearly  plays  an  im.  ortant  part  in  defining  the  overall  aerodynamics. 

In  relation  to  the  flow  field  approach  to  design,  the  first  and  most  obvious  point  is  that 
concerning  the  base  area  of  derived  shapes.  It  is  recalled  that  the  basic  construction  of  a 
lifting  lower  surface  and  streamwlse  upper  surface  (e.g.  Figures  3  and  4)  defines  a  base  area. 

By  introducing  shaping  of  the  upper  surface  to  provide  a  lift  contribution,  this  base  area  is 
rvducwd.  Jfith  optimum  upper  surface  lift,  however,  a  substantial  base  remains.  An  essential 
part  of  the  philosophy  of  the  flow  field  approach  is  that  in  a  complete  configuration  this 
residual  base  area  is  occupied  by  the  exhaust  nozzle  or  nozzles  of  the  precision  system.  The 
extent  to  which  s  match  can  be  made  will  have  a  significant  effect  on  the  ultimate  aerodynamic 
efficiency,  as  can  be  seen  from  Figure  11. 

That  the  flow  field  method  provides  a  useful  approach  to  the  nroblem  of  integrating  the 
pro;  vision  system  into  a  configuration  has  be:n  demonstrated  by  Pike  (Ref.  It).  In  his  worked 
example  for  Mach  4  the  following  steps  are  incorporated: - 

(1)  The  intake  is  placed  on  'he  lower  surface,  where  it  can  benefit  from  th  compression 
through  the  leadin’  edge  shock.  In  the  cruise  condition  the  intake  is  in  a  region  of  known  flow 
and  its  size  is  relctsu  to  the  free  strea  1  capture  area  by  following  forward  streamlines .  The 
known  flow  field  is  retained  behind  the  intake  {assuming  no  spillage  at  the  design  Mach  number) 
by  defining  the  outer  shape  of  the  pro;  vision  box  as  the  stream  surface  which  continues  rlor.n- 
stream  from  the  intake.  At  the  trailing  edge  th--  prop-ilsion  box  increases  to  the  base  urea 
which  needs  t:  be  absorbed  by  the  nozzle. 

(2)  "sinr  a  csne-cylinder  flow  field  for  the  lower  surface,  he  base  area  obtained  is 
about  6a:  in  excess  jf  the  nozzle  area  reyiired.  This  excess  is  removed  by  introducing  upper 
surface  expansion.  In  an  interesting  modification  01'  the  basic  method,  Pike  uses  a  pair  of 
axi-syaaetric  expansion  flc*  fields,  one  on  °scb.  si  ie  of  the  vertical  plane  of  symmetry,  and 
thereby  removes  base  area  towards  the  tips,  leavin  the  real  dual  nozzle  arei.  concentrated  around 
the  centre  line. 

Photographs  of  a  model  of  the  resulting  conf ig'tration  are  shown  in  Figure  12.  The  vertical 
•fin'  which  can  be  seen  emerges  in  the  form  shown  as  the  result  of  prescribing  a  solid  b  -undiiry 
to  prevent  the  two  expansion  flows  from  interfering  one  with  another. 


5.2  Lower  surface  shape 

It  can  of  course  be  argued  that  shapes  precisely  as  defined  by  the  Known  flow  field 
approach  are  enerally  sue.,  as  would  present  significant  inconvenience  in  actual  desi  m 
application.  For  example,  an  aircraft  designer  mi ’ht  ,'ustifiably  react  adversely  to  the  large 
undersurface  concavity  which  is  a  feature  of  the  caret  wing,  at  least  at  the  lower  Mach  numbers, 
or  to  the  surface  curvatures  peculiar  to  the  cone-flow  wing.  Thi3  is  merely  to  say,  however, 
that  the  exact  theory  is  limited  in  scope  to  illustra'in-  the  principles  .nd  providing  e  first 
broad  approach  to  particular  design.  Tt  woul-.  seem  that  the  stage  has  in  fact  been  reached 
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where  U*  ncou  now  is  i-o  build  up  a  background  or  experi.Ticp.tai  evidence  in  relation  to  the 
details  of  these  more  practical  points  -  and  there  are  many  -  involving  departures  from  exactly 
d(  rived  shapes;  and  to  investigate  in  parallel  the  possibilities  of  1  ‘rocucing  ;  rturbation 
methods  to  carry  tht  theoretical  aiprouch  a  stage  nearer  practicality.  To  take  for  a  moment  the 
question  of  lower  surface  detail,  it  is  interesting  to  c  -nq^re,  as  in  ?iguro  13,  the  lower 
surface  pressure  distri:  ution3  as  btained  for  some  of  the  .<nown-flow  shapes  and,  in  one  ease, 
experimental  results  for  a  flat-bottomed  wing.  It  is  se  i  that  the  particular  curved-shock 
oesign  haa  a  spanwise  iressure  distribution  very  close  to  that  of  the  flat-bottomed  wing  coupled 
with  the  a  ivantage  of  further  forward  centre  of  ,  reinsure.  The  results  suggest  thct 
reconciliation  between  •  heory  and  practice  may  not  be  too  ifficult  to  achieve.  In  this  respect 
the  work  of  L.C.  Squire  (Ref.  14)  on  the  calculation  oi’  pressure  distributions  is  important. 


6.  Concluding  remarks 


An  account  has  been  given  of  the  method  of-  using  known  flow  fields  as  an  ap>  roach  to  the 
design  of  effl-tant  non-slender  lifting  vehicles  at  high  speeds  (U  >  3).  The  method  is 
interesting  and  novel  and  provides  a  basis  of  theoretical  deaim  in  un  are-  of  aerodynamics  which 
is  characterized  by  flow  non-lineurity  resulting  from  the  presence  of  .hock  waves.  Various  types 
of  flow  field  may  be  used  and  the  efficiency  of  the  lifting  process  can  be  studied  in  a  direct 
fashion.  It  seems  that  extensions  of  th>  method,  both  on  an  em:  irical  basis  and  by  the  use  of 
perturbation  theories,  could  be  devised  to  link  the  results  more  closely  with  design 
considerations  of  practical  aircraft. 
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WAVE-RIDERS 

by 

L.  C.  Squire 

Cambridge  University  Eng  i ncer  i  ng  Department 
Cambridge,  United  Kingdom 
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SUMMAMY 

Charts  are  presented  for  the  calculation  of  pressure 
distributions  and  shock  shapes  on  conical  wings  with  diamond 
and  caret  (Nonweiler)  cross-sections.  These  charts  are 
based  on  extensions  to  Messiter's  first  order  correction  to 
simple  Newtonian  theory.  Comparisons  of  measured  and 
calculated  pressure  distributions  show  good  agreement  over  a 
wide  range  of  cross-section  shapes  and  Mach  numbers.  This 
good  agreement  allows  the  theory  to  be  used  to  build  up  a 
systematic  description  of  the  off-design  behaviour  of  conical 
wave-rider  wings. 
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CALCULATIONS  OF  THE  PRESSURE  DISTRIBUTION  ON  LIFTING  CONICAL 
WINGS  WITH  APPLICATIONS  TO  THE  OFF-DESIGN  BEHAVIOUR  OF 

WAVE-RIDERS 

by  L.C.  Squire 

Cambridge  University  Engineering  Department 


1 .  INTRODUCTION 

For  flight  at  high  supersonic  speeds  there  is  considerable  interest  in 
lifting  body  configurations  which  provide  most  of  the  necessary  lift  and  volume 
and  offer  the  prospect  of  egration  with  the  power  plant1.  However,  until 
recently,  most  of  the  methi  available  for  calculating  the  aerodynamic  loads 
and  pressure  distributions  .1  these  vehicles  were  rudimentary.  This  lack  of 
reliable  methods  for  calculating  pressure  distributions  was  one  of  the  reasons 
which  led  to  the  current  interest  in  the  wave-rider  type  of  vehicle.  For 
these  vehicles  the  complete  flow-field  is  known  exactly  at  the  design  point; 
however,  reliable  methods  are  still  needed  to  find  the  off-design  characteris¬ 
tics  . 

Apart  from  the  use  of  simple  Newtonian  theory,  or  the  equivalent  wetge,  or 
cone,  concepts,  methods  have  only  been  developed  for  conical  shapes.  Ii 
particular,  Walkden*-  has  developed  a  method  for  the  calculation  of  the  olf-design 
pressure  distributions  on  conical  wave-riders  by  x mean  nation  about  the  design 
condition;  while  the  present  author^,^  has  extended  Messiter'r^  first  order 
correction  to  Newtonian  theory  to  this  problem.  Crabtree  and  Treadgold^  have 
also  shown  that  pressure  distributions  in  certain  off-design  conditions  can  be 
predicted  by  use  of  certain  configurations  of  oblique  shock  waves. 

The  extensions  to  Messiter's  theory  produced  by  the  present  author  require 
a  large  amount  of  computer  time.  (A  typical  calculation  for  a  given  cross- 
section  at  one  incidence  and  speed  may  need  up  to  5  minutes  on  a  fast  computer). 
However,  for  diamond,  and  caret,  cross-sections  the  solution  only  depends  on  two 
parameters.  During  the  course  of  the  work  solutions  were  obtained  for  a  wide 
range  of  these  two  parameters,  and  the  main  purpose  of  the  present  paper  is  to 
present  charts  based  on  these  solutions.  The  charts  contain  data  for  both 
surface  pressure  distributions  and  shock  shape.  The  paper  also  includes  more 
extensive  comparisons  with  experiment  than  could  be  included  in  previous  papers. 
In  general  the  agreement  with  experiment  is  very  good  and  the  theory  is  then  used 
to  build  up  a  systematic  description  of  the  off-design  behaviour  of  conical  wave- 
riders  . 


2.  OUTLINE  OF  THE  THEORY  AND  DESCRIPTION  OF  THE  CHARTS 
2.1  OUTLINE  OF  THEORY 

A  full  account  of  Messiter's  basic  theory  can  be  found  in  Ref,  5,  while  the 
extensions  by  the  present  author  are  described  in  Kefs.  3  and  k .  A  full  account 
of  this  work  is  not  necessary  here,  but  a  short  outline  is  given  for  completeness. 
To  derive  the  equations  for  the  general  conical  case,  Messiter  first  studied  the 
related  problem  of  the  flow  over  an  infinite  swept  wing  with  an  attached  shock. 
For  this  case  the  full  solution  is  known  and  Messiter  recast  this  solution  in 
terms  of  the  basic  Newtonian  solution,  with  the  shock  lying  in  the  wing  surface, 
together  with  a  series  solution  in  terms  of  the  density  ratio  across  this  basic 
shock.  This  form  of  the  solution  was  then  used  as  a  guide  to  treat  the  conical 
problem.  Using  this  model  Messiter  transforms  the  physical  coordinates  and  the 
velocities  downstream  of  the  physical  shock  as  follows  (see  Fig.  1  and  notation). 

x  =  x , 

y  =  >/x  C.  tana 
2  =  z/x  tana, 

u/lU  =  cosa  +  fsina  tana  u(y,z), 
v/UU  =  fsina  v(y,z), 
w/U—  =  f  ^  sina  w(y,z). 


P  "  P_»  2 

C  = - =  2sin  a  (1  ♦  (  p  (y,z)), 

p  *p«.  ui 


2 


t 


Cr(y,z), 


( 1) 
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where  barred  symbols  denote  physical  coordinates  and  velocities,  and  £  is 
the  density  ratio  across  the  basic  shock  lying  in  the  plane  of  the  leading 
edges,  of  incidence  a;  i.e. 


Y  -  1 

Y  ♦  1 


( Y  ♦  1 JM2 sin2a 


(2) 


Substitution  of  the.'e  expressions  into  the  equations  of  motion  and  into  the 
jump  conditions  across  the  shock  lead  to  a  consistent  system  of  equations. 

In  particular  it  is  lound  that  the  equations  for  v,  w  and  p  are  independent 
of  u  and  O'  .  Furthermore  the  equations  for  v,  w  and  p  have  two  real 

characteristic'  given  by  z  -  constant  and  J  =  constant,  where 


(v  -  y>  ilj  ♦  (’ 


■  > 


4-0. 


dz 


(3  ) 


Thus  the  lines  J  =  constant  are  conical  projections  of  the  streamlines. 
Messiter  fixes  the  constant  on  these  characteristics  by  putting  ^  =  z  on  the 

shock.  The  equations  of  motion  and  the  jump  conditions  across  the  shock  then 
show  that  w  is  a  function  of  ^  only  and  that 

dy  (z) 

1  dz  a  ■  W(S  >  *  ’ 

where  y  (z)  is  the  equation  of  the  shock. 


( 4  > 


Messiter  was  then  able  to  integrate  the  equations  for  v,  w  and  p  to 
obtain 


y(  ^.z)  *  y  (*>  -  1  w^*)  ~  %  d*  , 

J  “  J  (Wls)  -  s)2 

J 


(5) 


..j,.)  .  «.5>  -  •>[/  ^  j  • 


(6) 


^  2 

p(  V  ,z)  =  -  1  ♦  2ya(z)  +  2zw(z)  -  w  (z)  ♦ 


j  j  +  1 _ 1  dw(z )  C  (w(s)  -  z)' 

I  ( w  ( z  )  -  z  ) 2  J  dz  ( w  ( s )  -  a)' 


(7) 


In  the  present  approximation  the  condition  that  the  body  is  a  stream- 
surface  reduces  to 


( 


d*) 

dz  /. 


(8) 


body 

or,  by  substitution  from  eqn.  (6)  to 

/-  it 


( 


dx) 

dz  /, 


body 


ds 


$ 


(w( s )  -  s ) 


2  -  wUb) 


,(zb>  -  zb 


(9) 


In  this  equation  ^  is  the  value  of  the  constant  on  the  characteristic  passing 
through  z^,  that  is,  it  is  the  value  of  z  where  the  projected  streamline 
from  zb  crosses  the  shock.  Thus,  in  order  to  solve  eqn.  (9)  for  w,  we 
need  another  equation  to  relate  J  and  z^ .  This  relation  can  be  obtained  by 
differentiation  of  eqn.  (5J  with  respect  to  ^  and  by  regarding  z^  as  a 
function  of  ^ 


so  that 
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rzb 

,<  (  f  )  - 1» _ . 

b  5  „  .  ,  .  >2 

( w( S )  -  8 ) 


r(  z  )  -  —7 — 

b  w  ( zL 


-  (£).. 


w(  f  )  -  2 

♦ - £ —  =  0  .  do) 

<-(f  )  -  ?  )2 

^mce  the  term  in  square  brackets  is  zero  by  eqn .  (9)  we  must  have 

w( J  )  =  zb ,  or  1/z 'b(  J  )  =  0  .  (11) 

If  zb  =  W( f  ),  t..en  a  projected  streamline  ends  at  a  point  on  the  body 

surface,  and  the  surface  streamlines  lie  along  conical  rays  from  the  wing  apex. 

Messiter  suggests  that  this  corresponds  to  a  detached  shock,  when  w(  ^  )  is  the 
solution  of  the  equation 

w(  ?  ) 

I  - ^ - -  -  w(w(f  )) - — 1 - —  .(&)  .  (12) 

J  (w( s )  -  s  )“  w(w(j))-w(j)  '  'body 


fitli  w(0)  =  0,  and  w(Q  )  =  1  ♦  ft.  .  Here  SI 


is  the  transformed 


t^tana 


semi-span  and  the  boundary  condition  at  the  leading  edge  (i.e.  at  z  =  SI  ) 
corresponds  to  a  singularity  in  the  shock  curvature  (see  Messiter  for  a  full 
discussion  of  this  boundary  condition).  Messiter  obtained  some  solutions  of 

eqn.  (12)  for  flat  wings,  i.e.  (|jl)  =  0,  and  the  present  author  has 


described  a  numerical  method  of  solution^for  non-zero 


dz  body 


This  numerical 


mechod  of  solution  requires  a  large  amount  of  computer  time.  However,  for  wings 

with  rhombic  cross-sections  (diamond,  or  Nonweiler,  cross-sections)  I  4^  ) 

Uz/body 

is  constant  and  is  equal  to  -  h  t  =  -  C  (say).  In  this  case,  as  pointed  out 


in  the  introduction,  the  solution  depends  on  the  two  parameters  ft.  and  C  and 
it  has  been  possible  to  produce  charts  for  the  surface  pressure  distribution  and 
shock  shape  covering  a  wide  range  of  these  parameters.  These  charts  are 
described  in  section  2.3  below,  and  are  presented  in  Figs.  2  and  3» 

Messiter  also  pointed  out  that  the  condition  l/z’^(  J  )  =  0  corresponded  to 

the  flow  near  the  leading  edge  with  an  attached  shock,  but  he  was  unable  to  match 
this  solution  to  the  non-uniform  flow  near  the  centre-line.  An  approximate 
method  of  carrying  out  this  matching  is  described  by  the  present  author  in  Ref.  k. 
This  matching  follows  from  the  fact  that  near  the  leading  edge  of  a  wing  with  an 
attached  shock  all  the  surface  streamlines  cross  the  conical  rays  from  the  apex, 
and  so  a  projected  streamline  runs  across  the  wing  surface  and  crosses  the  shock 

at  the  leading  edge.  Thus  near  the  leading  edge  ^  =  S.  for  all  zb  and  eqn. 

( 9  )  becomes 


ds  ,  1 

- 71  -  ,Ub)  -  *UTT'- 

J  ( w(  s  )  -  a  )  b 


w(s)ds  -  0, 


the  shock  is  attached. 


If  we  confine  our  attention  to  wings  with  constant 


(»  -  C  (say)),  that 


'  body 

is,  to  flat  wings,  wings  with  diamond  cross-sections  and  Nonweiler  wings,  we 
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would  expect  the  flow  to  ba  uniform,  and  tha  shock  to  ba  plana,  naar  tha  leading 
adga.  Thus  by  aqn.  (4)  w(z)  will  ba  constant  (wq,  say )  for  z  ^  z#,  whara 

>o  is  as  yat  unknown.  Substitution  into  aqn.  (13)  than  gives,  for  z  ">  z^, 


(14) 


so  that  aqn.  (13)  holds  for  all  z  >  zq,  provided  wq,  SI.  and  C  are  related  by 


or. 


- - -  ♦  W  a  C  ,  (16) 

-  a  ° 

wo  -  i  |  (  51  ♦  c)  ♦  ((  n  -  C)2  -  4)^ j  .  (17) 


At  (  51  -  C )  <  2  wq  is  imaginary  and  so  (5V  -0=1  is  the  condition 

for  shock  detachment.  In  general  we  would  expect  to  take  the  negative  sign  in 
aqn.  (17)  as  corresponding  to  the  weak  shock.  However,  as  shown  below,  the 
strong  shock  may  occur  on  Nonwailer  wings  at  the  design  condition. 

A  solution  of  aqn.  (9),  inboard  of  tha  uniform  region,  may  be  obtained  by 
noting  that  Babaev's"  numerical  solution  for  a  flat  delta  wing  with  an  attached 
shock  shows  that  at  tha  inboard  edge  of  tha  uniform  flow  the  shock,  and  the 
shock  slope,  are  continuous,  but  that  the  shock  curvature  may  ba  discontinuous. 

In  the  present  notation  this  implies  that  w'(z)  may  be  discontinuous  at  the 
inner  edge  of  the  uniform  flow  region.  It  is  possible  to  show  that  this  type 
of  discontinuity  does  not  invalidate  solutions  (5),  (6)  and  (7),  so  that  aqn.  (9) 

still  holds.  It  can  then  be  shown  (Ref.  4)  ♦'hat  w  =  w  for  all  z  >  1  ♦  w  , 

o  o 

provided  wq  >  0;  bo  that  z  *  ( 1  ♦  )  corresponds  to  the  inner  edge  of  the 

uniform  flow  region.  Inboard  of  this  point  w(z)  is  given  by 

W(z )  a  Z  -  1  (  l8  ) 

This  solution  can  then  be  matched  approximately  to  a  solution  of  eqn.  (12)  to 
give  the  flow  in  the  central  region  of  the  wing.  As  pointed  out  in  Ref.  4  this 

SMtched  solution  is  not  completely  satisfactory .  However,  the  results  obtained 

are  in  good  agreement  with  Babaev's  numerical  solution  (sea  Fig.  ll).  Results 
from  this  matched  solution  are  included  in  the  charts  of  Figs.  2  and  3. 

Near  the  laading  edge  the  shock  shape,  and  the  pressure,  can  ba  found 
explicitly  in  the  form 

yg(z)  »  (Si  -  z)wq,  (1  *  wo)  <  z  <  & 

y  (z)  .(51-  1 )w  -  w  2/2  ♦  (z  -  l)2/2,  z  <  (1  ♦  w  ) ,  (19) 

s  o  o  o 

and  Cp  ■  2ain  a( 1  +  c  p ) ♦ 

where  p  »  -  1  ♦  2wq  51  -  wq2  ( 1  +  wq  )  4  z  t  SI 

p  •  -  1  ♦  2w  SI  —  w  2  ♦  2(z  -  1  -  w  )  z  <  (1  +  w  ).  (20) 

00  o  o 


Finally  it  should  be  noted  that  at  the  design  point  of  a  conical  wave-rider, 
the  incidence  of  the  plane  of  the  laading  edges,  a,  and  the  inclination  of  the 

central  ridge  line  to  this  plane,  Y  (a  tan-  (-  h))  (Fig.  l)  are  related  by  the 
oblique  shock  relations  for  a  shock  inclined  at  an  angle  a  producing  a  flow 
deflection  of  (a  -  Y),  see  Fig.  4(a). 


Thus 


tanY 

tana 


1  ' 


(21  ) 
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Thus  for  all  Nonweiler  wings  at  design  the  product  of  the  parameters  C  and  SI 
lie  on  a  hyperbola  in  the  (C,  SI  )  plana:  this  line  is  drawn  in  Fig.  4(b). 

As  can  be  seen  this  line  lies  above  the  line  (  SI  -  C)  =  2,  so  that  the  shock 
is  attached;  and  by  sqn.  (17)  wq  =  0 ,  so  that  the  shock  lies  in  the  plans  of 

the  leading  edges,  as  would  be  expected.  It  should  be  noted  that  to  make 
wQ  =  0  in  eqn.  (17)  we  need  to  take  the  negative  root  for  S\  1  and  the 

positive  root  for  SI  <  1;  this  corresponds  to  the  physical  fact  that  if  we 

regard  the  Nonweiler  wing  from  the  viewpoint  of  oblique  shock  waves  attached  to 
a  swept  edge,  then  it  is  the  weak  shock  which  lies  in  the  plane  of  the  edges  if 
the  edges  are  supersonic  with  respect  to  flow  inside  the  caret  shape,  whereas 
the  strong  shock  lisa  in  this  plane  if  the  edges  are  subsonic  with  l aspect  to 
this  flow.  A  study  of  a  large  number  of  Nonweiler  wings  using  the  oblique 
shock  relations  showed  that  this  changeover  does  occur  very  near  SI  *  1. 

For  i  0,  eqn.  (7)  gives  p  =  -  1,  so  that  the  pressure  coefficient, 

as  given  by  eqn.  (1),  is 

Cp  «  2  sin2a( 1  ♦  t  p)  *  2  sin  a(  1  -  t  ), 

«  .  7^7-7  (M2  ein2a  -  1),  (22) 

which  is  the  exact  pressure  coefficient  as  given  by  the  oblique  shock  relations. 
Thus  the  present  approximation  ia  exact  for  the  Nonweiler  wing  at  design. 

2.2  SIGNIFICANCE  OF  THE  PARAMETERS  C  AND  SI 

As  can  be  seen  from  Fig.  4(b),  the  lines  C  SI  ■  -  1  and  (  SI  -  C)  =  2, 
divide  the  C-  SI  plane  into  the  four  regions  labelled  A,  B,  C  and  D.  Also 
positive  C  corresponds  to  conical  wings  with  diamond  cross-aection a,  whereas 
negative  C  corresponds  to  Nonweiler  wings  (see  Fig.  1).  Fig.  4(b)  thus  shown 
two  types  of  flow  over  wings  with  diamond  cross-sections,  i.e.  flow  with 
attached  shocks,  region  D,  and  flow  with  attached  shocks,  region  B:  but  four 
types  of  flow  on  Nonweiler  wings.  Region  D  is  again  the  case  of  flow  with  a 
detached  shock,  and  the,  flow  field  ia  fully  given  by  the  solution  of  eqn.  (12). 

To  find  the  significance  of  the  other  three  regions  it  ia  first  helpful  to 
consider  a  wing  designed  for  an  incidence  aQ  and  a  Mach  number  Mp,  so  that  Y, 

and  hence  h,  is  given  by  the  oblique  shock  relatione.  If  M  is  now  kept 
fixed  and  the  incidence  changed  to  another  incidence  a',  then,  in  general,  it 
is  possible  to  find  a  new  equivalent  design  Mach  number  M' ,  so  that  M1  and  s' 
give  the  same  value  of  Y  (see  Fig.  4(a)).  (Note  that  in  all  this  discussion 
we  assume  that  the  flow  on  the  under  surfaces  is  independent  of  the  shape  of  the 
upper  surface).  Thus  the  case  of  a  wing  at  design  Mach  number,  but  of 1 -design 
incidence,  is  equivalent  to  that  on  a  wing  at  design  incidence,  but  off-design 
Mach  number.  At  the  equivalent  design  point  C  SI  =  -  tanY/ c  tana’  =  -  1,  and 
at  off-design  speed  a'  and  Y  remain  fixed,  so  that  C Si  behaves  like  1/t  . 

However,  at  fixed  incidence  1/t  behaves  like  M^  so  that  |C  Si |  >  1  for 

wings  flying  above  the  equivalent  design  speed.  Thus  region  A  corresponds  to 
wings  at  design  incidence  but  at  Mach  numbers  above  design,  whereas  regions  B,  C 
and  D  correspond  to  flight  below  the  equivalent  design  speed. 

The  flow  regimes  in  regions  B  and  C  are  best  understood  by  considering  the 
values  of  wq  (eqn.  (17))  on  their  boundaries.  At  design,  i.e.  at 

C  SI  =  -  1,  wq  is  ?,ero  since  the  shock  lies  in  the  plane  of  the  leading  edges, 

thus  by  eqn .  ( 17 ) 

o  =  wo  =  }  {(  Si  -  i/si  )  ♦  ((  n  +  1/SI  )2  -  4)*} 

»  J  {(  n.  -  1/ n.  )  ♦  jsi  -  i/si|  }  . 

Therefore,  if  J1  >  1  the  design  shock  corresponds  to  the  weak  attached  shock, 

whereas  if  SI  <  1  the  design  shock  corresponds  to  tb»  strong  attached  shock. 
Along  the  line  (SI  -  0  =  2,  w  =  (  SI  -  1 ) .  Thus  >  0  for  SI  >  1, 

and  this  condition  holds  for  all  region  B.  On  the  other  hand  wc  ^  0  in 

region  C.  Also,  as  shown  in  Hef.  4,  sqn.  (12)  gives  physically  possible 
solutions  for  C  -  1 ,  (SI  -  C)  >  2,  (Region  C),  whereas  for  C  >  -  1, 

(SI  -  C)  >  2  (Region  B)  the  solutions  obtained  are  physically  meaningless 

sines  the  calculated  shock  cuts  the  wing  surface  inboard  of  the  leading  edge, 
i.e.  the  'detached'  shock  is  not  detached.  However,  in  region  D  it  is 


possible  to  obtain  the  matched  aolution  described  in  section  2.1  since 

*o  >  0.  Thus  it  would  appear  that  region  B  corresponds  to  the  type  of  flow 

shown  in  fig.  4(c)  with  the  weak  shock  at  the  design  condition  and  with  an 
attach.  shock  below  the  plane  of  the  leading  edg^a  for  a  certain  Mach  number 
range  below  design.  On  the  other  hand  region  C  corresponds  to  flight  below 
ths  design  speed,  with  the  strong  attached  shock  occurring  at  design.  In  this 
condition  both  eqn.  (17),  and  the  oblique  shock  relations,  show  that  the  shock 
wave  attached  to  the  leading  edges  lies  inside  the  'caret'  shape  (see  Fig.  4(d)), 
whereas  the  two-dimensional  shock  corresponding  to  the  equivalent  wedge  lies 
below  this  plane.  It  is  suggested  in  Kef.  4  that  in  these  conditions  no 
sutching  of  the  shock  system  is  possible,  and  that  the  shock  detaches  immediately 
the  speed  falls  below  design,  so  that  we  revert  to  the  detached  shock  type  of 
flow  as  in  Kegion  D.  It  must  be  admitted  that  this  interpretation  of  the  flow 
in  region  C  is  rather  tentative,  but  it  is  supported  by  the  fact  that  we  can  get 
solutions  of  eqn.  (12)  in  this  region,  and  these  solutions  are  in  good  agreement 
with  experiment  (see,  for  example,  Fig.  7). 

2.3  DESCRIPTION  OF  THE  CHARTS 

In  presenting  charts  bassd  on  the  above  solutions  it  is  meet  convenient  to 
re-write  the  pressure  coefficient  in  the  form 

Cp  .  2sin2a  |l  ♦  £(2ftC  ♦  p*  (SL,  C,  z/bx))j  ,  (23) 

and  the  physical  shock  shape  as 

y/x  =  E  tana  y*  (  ,  C,  z/bx),  (24) 

where,  as  mentioned  above,  a  is  the  incidence  of  the  plane  containing  the 
leading  edges  of  the  wing,  or  body,  and  £  is  the  ratio  of  upstream  to 
downstream  density  across  a  shock  lying  in  this  plane  (eqn.  (2)).  C  and 
are  parameters,  as  defined  above, depending  on  the  wing  geometry  and  density 
ratio,  they  are  given  by 


It  should  be  remembered  that  y  is  measured  downwards  normal  to  the  plane  of 
the  leading  edges  so  that  C  is  positive  for  diamond  cross-sections,  and 
negative  for  Nonweller  wings. 

The  calculations  showed  that  the  functions  p*  (eqn.  (23)),  and  y*  (eqn. 
(24))  varied  slowly  near  the  centre-line,  and  more  rapidly  near  the  leading 
edges.  Also,  as  explained  in  Kef.  3,  the  numerical  values  near  the  leading 
edges  are  relatively  inaccurate  for  the  detached  shock  solution.  In  the  light 
of  this  behaviour  it  is  convenient  to  plot  p*  and  y*  against  C  at  fixed 

values  of  SI  in  four  separate  charts  for  z/bx  =  0,  0.4,  0.7  end  0.9.  To  allow 
accurate  interpolation  the  actual  values  of  SI  vary  in  the  different  charts. 

The  charts  for  p*  are  given  in  Fig^.  2(a)  to  2(g)  and  the  charts  for  y*  in 
Figs.  3(a)  to  3(d).  In  general,  tho  values  of  p*  and  y*  at 

z/bx  =  0,  0.4,  0.7  and  0.9  should  be  sufficient  to  determine  the  complete 
pressure  distribution  and  shock  shape'  across  the  span,  except  very  close  to  the 
leading  edge.  However,  if  there  is  any  doubt  about  the  shape  of  the  curve 
through  the  four  points,  guidance  can  be  obtained  from  the  typical  plots  of  p* 
and  shock  shape  presented  in  Refs.  3  and  4. 

It  should  be  noted  that  the  charts  generally  stop  for  C  3  1.5  since  it 

was  difficult  to  obtain  accurate  solutions  for  C  >  1.5.  Also  results  for 

region  B  are  shown  dotted  since  they  are  slightly  less  accurate  than  the  results 
in  regions  C  and  D.  Near  the  leading  edges  of  wings  in  region  B  ths  shock 
shape  and  pressure  coefficients  can  be  calculated  directly  from  the  formulae 
given  above  (eqns.  (19)  and  (20)).  These  results  are  not  included  in  the  charts. 
Alternatively  results  near  the  leading  edges  of  wings  in  region  B  can  be  obtained 
exactly  from  the  oblique  shock  relations. 

2.4  ACCURACY  OF  THE  CHARTS 

It  is  shown  in  Ref.  1  that  the  method  of  solution  for  the  detached  shock 
case  is  capable  of  giving  valuer  of  p*  with  an  accuracy  of  better  than 
±  0.015,  whereas  the  error  in  the  approximate  matched  solution  for  the  attached 
shock  crae  may  be  slightly  larger.  The  interpolation  to  produce  the  present 
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charts,  and  interpolation  from  these  charts  for  given  values  of  C  and  SI  , 
probably  doubles  this  error.  Thus  p*,  as  derived  from  the  charts,  should 
be  accurate  to  +_  0,03.  This  gives  an  error  in  pressure  coefficient  of 

+,  0.03(  £  2ain2a  ) , 

«  +  0. 01 ( sin2a  ♦  5/M2),  for  T  =  1.4. 

Except  at  low  Mach  numbers  (M  K.  4,  say)  and  high  incidence  (a  ^  25  * i  say) 

this  gives  a  maximum  error  of  _t_  0.005  in  .  However,  at  very  low  incidence 

£  itself  tends  to  be  large  so  that  the  neglected  higher  order  terms  become 
significant . 

It  is  also  estimated  that  the  charts  for  y*  are  accurate  to  ♦  0.02, 
thus  for  t  <  0.5 .  the  shock  angle  should  be  accurate  to  +  0.6*. 


3.  COMPARISON  BETWEEN  THEORY  AND  EXPERIMENT 

Some  comparisons  between  the  present  theory  and  experimental  results  are 
included  in  Refs.  3  and  4.  Since  these  papers  were  written  a  large  amount  of 
experimental  data  on  Nonweiler  wings  has  become  available  and  this  data  is 
compared  with  the  present  theory  in  Figs.  5  to  8.  For  completeness  some  of 
the  comparisons  included  in  previous  papers  are  given  in  Figs.  8  to  11.  The 
range  of  the  parameters  C  and  SI  corresponding  to  the  experimental  results 
used  in  the  comparisons  are  shown  in  Fig.  4(b),  This  figure  also  includes  the 
figure  numbers  of  the  various  comparisons.  It  should  be  noted  that  in  the 
figures  for  Nonweiler  wings  a*  is  measured  relative  to  the  design  incidence 
and  so  does  not  correspond  to  the  incidence  used  in  eqn.  (1).  Also  the 
theoretical  curves  drawn  in  Fig.  9  correspond  to  values  of  C  greater  than 
1.5,  and  therefore  had  to  be  obtained  by  extrapolation  from  the  curves  of 
Fig.  2.  This  extrapolation  gives  larger  errors  in  p*  than  the  values  quoted 

2 

in  section  2.4,  however,  for  these  wings  2  tain a  is  small  (  <  0.12)  so  that 
Cp  should  still  be  accurate  to  0.01. 

Let  us  first  consider  the  comparisons  between  theory  and  experiment  in 
regions  C  and  U  for  Nonweiler  wings,  Figs.  5,  6  and  7.  As  can  be  seen  the 

agreement  is  very  good  at  M  =  4.3,  except  at  very  high  incidence,  but  is  less 
good  at  M=  2.47,  where  the  agreement  between  theory  and  experiment  is  still 
good  over  the  outer  40%  of  the  span,  but  where  the  measured  pressures  are  above 
the  theoretical  curve  near  the  centre-line.  This  is  also  true  at  the  design 
condition  (Fig.  7,  a'  =  0),  where  the  present  theory  is  exact.  At  the  design 
condition  the  pressures  measured  on  two  wings  of  different  aspect  ratios  both 

show  an  almost  linear  fall  of  about  0.04  in  C  from  centre-line  to  leading 

P 

edges.  This  type  of  variation  is  not  present  on  the  wing  designed  for 
M  =  4.3  (Fig.  6(a)),  where  the  measured  pressures  ire  constant  across  the  span 
and  are  in  excellent  ag  ..ament  with  the  theoretical  value.  (Note  thut  in 
Fig.  6(a)  a'  =  4*  is  also  a  design  incidence).  It  seems  unlikely  that  the 
discrepancies  at  M  =  2.47  indicate  a  breakdown  in  the  present  theory  at  low 
values  of  SI  since  some  of  the  results  on  Fig.  5(a)  correspond  to  almost  as  low 
values  of  SI  ,  yet  the  agreement  between  theory  and  experiment  is  very  good  in 
this  case.  Rather  it  would  appear  that  some  viscous  effect  is  present  at  this 
low  Mach  number  which  is  virtually  independent  of  incidence.  This  behaviour 
calls  for  further  study. 

Results*  for  Nonweiler  wings  in  region  b  are  shown  in  Fig.  8.  This  figure 
also  includes  the  ranges  of  the  parameters  C  and  SI.  covered  by  the  tests  in  the 
bottom  right-hand  figure.  This  latter  figure  also  includes  the  line  of  exact 
shock  detachment  as  calculated  by  the  oblique  shock  relations.  As  will  be  seen 
the  exact  and  approximate  lines  of  shock  detachment  are  close  together  at 
M  =  3.97  (  £  =  0.33),  but  slightly  further  apart  at  M  =  3.5  (  t  =  0.47). 

At  M  =  3.5  exact  shock  detachment  occurs  at  about  1*  above  the  approximate 
value.  The  pressures  calculated  by  the  present  method  are  clcse  to  the 
measured  pressures  in  cases  where  the  shock  is  detached  (the  higher  incidences); 


These  results  were  recently  obtained  in  the  high  supersonic 
the  R.A.E.  Bedford.  The  author  would  like  to  thank  the  stal 
for  their  help  in  arranging  and  in  carrying  out  the  tests. 


speed  tunnel  at 
f  of  the  tunnel 
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but  wh«n  the  shock  Is  attached  the  present  method  overestimates  the  pressure 
In  the  uniform  flow  region  near  the  edge.  The  discrepancy  increases  as  the 
line  of  shock  detachment  is  approached.  Thus  calculated  results  for  M  *  3.5, 

«'  *  0.7*.  and  M  =  3.75.  a'  =  4.7*  and  8.9*,  which  are  near  the  condition  for 
shock  detachment,  are  very  high,  whereas  results  for  M  =  3.75,  a*  =  0.7-*  and 
M  =  3*97.  a*  =  0.1*,  4 .  1  *  and  8.12*  are  in  good  agreement  with  the  measured 

values.  In  all  cases  the  present  matched  solutions  are  in  very  good  agreement 
with  the  measured  pressures  near  the  centre-line  in  spite  of  the  large  errors 
near  the  leading  edge.  As  might  be  expected, the  pressures  calculated  from  the 
oblique  shock  relations  are  very  close  to  the  pressures  measured  near  the  edge. 
Thus  it  would  appear  that  the  pressures  in  region  B  can  be  predicted  over  the 
whole  span  by  using  the  present  matched  solution  near  the  centre-line  (thia 
solution  is  included  in  the  charts),  and  by  using  the  exact  oblique  shock  rela¬ 
tions  near  the  edge . 

Measured  results  for  wings  with  diamond  cross-sections  and  with  flat 
surfaces  are  compared  with  the  present  theory  for  detached  shocks  in  Pigs.  9 
and  10.  In  general  the  comparisons  are  very  good  except  in  Pig.  10(a)  at  the 
higher  aspect  ratio.  The  shapes  of  the  pressure  distributions  for  the  bodies 
of  Pig.  10(a)  suggest  that  as  the  aspect  ratio  increases  the  flow  over  the  body 
becomes  more  'winglike1.  However,  the  large  discrepancy  between  theory  and 
ex-pariment  at  SI  a  1.78  suggests  that  the  present  theory  tends  to  predict  too 
rapid  an  approach  to  the  ‘winglike'  flow.  Thus,,  in  cases  where  tie  physical 
type  of  flow  is  changing  rapidly  the  present  method  may  be  in  error.  The 
results  for  the  flat  wings  (Pig.  10(b))  are  particularly  encouraging  since  they 
include  some  results  at  approximately  the  same  value  of  SL  (1.82),  but  different 
values  of  (  (0.1*2  and  0.71)',  in  both  cases  the  agreement  between  experiment 

and  theory  is  excellent. 

Finally  Fig.  11  (extracted  from  Hef.  4)  shows  a  comparison  of  Babaev's 
numerical  solution  for  flat  wings  with  attached  shocks,  with  the  present 
matched  solution.  As  can  be  seen  the  agreement  is  very  good  at  a  =  15*, 
where  f  «  0.51,  but  less  good  at  a  =  9*  an<l  a  =  21*.  The  discrepancy  at 
a  *  9*  can  be  explained  by  the  high  value  of  £  (=1.11)  which  means  that  the 
present  theory  is  not  strictly  valid.  The  discrepancy  it  a  =  21*,  is  due  to 
the  fact  that  the  condition  for  shock  detachment  has  been  approached  and  so,  as 
shown  in  the  last  comparison,  we  might  expect  the  present  method  to  be  in  error. 
Howavar,  in  spite  of  these  discrepancies  the  present  results  are  quite  good. 


4.  CONCLUSIONS 

The  comparison  between  theory  and  experiment  discussed  in  section  3  show 
that  the  charts  presented  in  this  paper  can  be  used  to  predict  accurate  pressure 
distributions  on  a  wide  range  of  conical  bodies  at  high  supersonic  speeds.  In 
particular,  the  charts  can  be  used  to  predict  the  off-design  characteristics  of 
Nonweiler  wings,  except  in  conditions  near  shock  detachment.  However,  here  the 
charts  can  be  combined  with  the  exact  oblique  shock  relations  to  give  accurate 
predictions  of  the  pressure  distribution.  The  overall  good  agreement  between 
theory  and  experiment  shows  that  the  flow  regions  of  Pig.  4(b)  which  are 
predicted  by  the  present  theory  correspond  closely  with  the  real  flow  regimes, 
and  so  the  real  flow  may  be  conveniently  classified  in  terms  ol  the  two 
parameters  C  and  St  .  These  two  parameters  depend  on  the  wing  geometry. and 
incidence,  and  on  the  ratio  of  upstream  to  downstream  density  across  a  shock 
wave  inclined  to  the  flow  at  an  angle  equal  to  the  incidonce  of  the  plane 
containing  the  leading  edges  of  the  wing.  In  all  the  cases  considered  in  this 
paper  this  ratio  has  been  found  from  the  perfect  gas  relationships .  However, 
it  seems  likely  that  the  theory  will  still  apply  in  its  pressnt  form  in  cases 
where  real  gas  effects  are  significant,  provided  these  real  gas  effects  are 
included  in  the  calculation  of  the  basic  density  ratio. 

Finally  it  should  be  noted  that  the  work  so  far  only  applies  to  conical 
bodies,  and  that  calculations  have  only  been  made  for  cross-sections  with 
straight  edges.  Although  it  would  require  much  more  computer  time,  eqn.  (12) 
for  the  detached  shock,  could  be  solved  for  more  complicated  cross-sections, 
such  as  biconvex  sections,  or  Nonweiler  wings  with  blunted  leading  edges  and 
work  on  this  topic  is  in  progress.  The  extension  of  the  present  work  to  non- 
conical  shapes  is  more  difficult,  but  it  should  be  noted  that  many  lifting 
bodies  will  be  conical  near  the  nose  and  so  the  present  solution  should  provide 
initial  conditions  for  a  marching  type  of  solution  in  the  stream  direction. 
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Experimental  reeulte  from  three  oone  flow  waveridsrs. 

The  3ft  x  4ft  high  eupereonle  speed  tunnel  at  R.A.E.  Bedford  has  been  used  to  obtain 
experimental  results  from  two  waverider  models  with  sharp  leading  edges  and  a  third  with  a 
rounded  leading  edge.  At  a  particular  incidence  and  Uach  number  (M  -  4)  the  flow  supported  by 
the  compression  surfaces  of  the  models  can  be  predicted  theoretically.  This  predicted  flow  Is 
shown  to  agree  closely  with  experimental  measurements  of  lower  surface  pressures,  the  shook  wavs 
shape  and  the  surface  saline  pattern. 

At  other  Incident  a  or  Mach  numbers  the  flow  cannot  be  predicted  theoretically.  The 
experimental  results  show  however,  that  for  high  incidence  at  U  -  4  ths  pressures  are  remarkably 
uniform,  and  at  constant  incidence  with  Mach  number  decreasing,  the  shape  of  the  shook  wave 
changes  smoothly,  including  Its  detachment  from  the  leading  edge. 

Leading  edge  rounding  la  shown  to  affect  pressures  only  close  to  the  leading  edge. 
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Introduction 

It  has  been  suggested,  that  lifting  oonfiguratlons  may  be  designed,  which  at  a  particular 
incidence  and  supersonic  Mach  number,  have  a  theoretically  predictable  flow.  The  desl^i 
technique  Involves  fitting  together  compression  and  expansion  surfaces  which  are  the  same  shape 
as  stream  surfaces  in  known  axi symmetric  flow  fields,  to  form  a  'closed1  configuration  which 
has  supersonic  leading  edges,  and  oomnonly  a  bluff  base.  This  design  technique  is  described 
in  more  detail  in  reference  2. 

Two  models  hare  been  constructed  whose  compression  surfaces  are  the  same  shape  as  stream 
surfaces  from  the  flow  about  unyawed  cones  of  11°  and  16°  semi-angles  at  M  •  4.  These  models 
have  been  tested  in  the  3ft  x  4ft  high  supersonic  speed  tunnel  at  R.A.E.  Bedford,  to  verify 
that  the  predioted  flow  exists,  and  to  investigate  the  flow  at  other  incidences  and  Mach 
numbers . 

A  third  model  with  a  rounded  leading  edge  has  also  been  tested  to  investigate  the  effect 
of  leading  edge  rounding,  in  case  this  ie  necessary  for  structural  reasons. 

2.  Experimental  details. 

Planforms,  sections  and  pressure  hole  positions  for  two  of  the  models  are  shown  at  1/4 
scale  in  figure  1.  The  compression  surfaces  are  the  same  shape  as  stream  surfaces  in  the  flow 
about  unyawed  circular  cones  of  11°  or  16°  semi-vertex  angle,  in  a  free  stream  at  M  -  4.  The 
surface*  were  generated  by  defining  the  leading  edge  in  a  conical  shock  wave  with  vertex  1 4 . 35 
inches  ahead  of  the  nose  of  the  model,  and  obtaining  the  surface  coordinates  by  following 
streamlines  in  the  flow  downstream  from  the  leading  edge. 

All  the  models  were  constructed  of  glass  cloth  and  araldlte  covering  a  steel  core.  Small 
pressure  holes  (diareter  — 1  0.010  in.)  in  the  compression  surface  were  connected  via  tube* 
buried  in  the  glass  cloth  and  araldlte  to  the  pressure  measuring  system  pick-up  points  at  the 
bass  of  the  model.  The  pressures  were  measured  by  Midwood  manometers  *  with  an  accuracy  of 
0.015  ln.Hg. 

Most  of  the  tests  were  made  with  the  tunnel  at  a  fixed  Mach  number  of  M  «  3-977  •  A 
variation  in  Reynolds  number  from  about  1(r  per  foot  to  about  10'  per  foot  could  be  obtained 
by  varying  the  total  pressure  in  the  working  eeotion  from  20  in.  Hg  to  220  in.  Hg.  A  few 
teats  were  made  with  the  variable  Mach  rtuaber  facility  in  operation,  giving  a  Mach  number  range 

of  2.5  to  5. 

3.  Comparison  of  the  experimental  results  with  the  theoretically  predicted  flow. 

The  experimental  results  are  compared  with  the  theoretical  flow  in  three  ways,  firstly 
from  a  comparison  of  surface  pressures  along  theoretical  isobars,  secondly  from  achlisren 
photographs  of  the  shock  wave  at  various  roll  angles,  and  thirdly  from  oil  flow  patterns  giving 
the  surface  streamline  pattern. 

The  position  of  the  pressure  holes  and  theoretical  isobars  are  shown  in  figure  1 .  In  the 
Isometric  view  of  figure  2,  the  vertical  axin  ahows  pressure  coefficients,  and  the  experimental 
values  associated  with  the  pressure  holes  are  compared  with  theoretical  values  shown  by  the 
'broken'  lines.  We  see  that  the  experimental  pressures  closely  confirm  the  theoretical 
distribution. 

Errors  in  the  experimental  pressures  can  come  from  a  number  of  causes.  These  can  be 
grouped  under  five  headings,  namely  errors  in  model  chape,  errors  in  tunnel  conditions, 
defleotion  of  the  model  in  the  tunnel,  boundary  layer  effects  and  errors  in  the  pressure 
measuring  system.  The  errors  in  model  shape  have  most  significance  when  measured  as  errors  in 

model  slope.  A  series  of  checks  showed  errors  of  order  0.002  in/inch  as  typical,  with  the 

model  shown  in  figure  la  having  somewhat  smaller  errors  than  those  of  the  model  shown  in 
figure  1b.  The  errors  in  elope  could  account  for  up  to  half  the  difference  betwesn  the 

experimental  and  theoretical  pressure  coefficients  shown  in  figure  2.  Flow  misalignment  in 

the  tunnel  was  allowed  for  by  taking  measurements  at  0°  and  160°  of  roll.  The  tunnel  incidence 
measurements  were  accurate  to  within  0.05  degree,  which  is  equivalent  to  about  0.001  in  per 
inch.  The  test  Mach  number  was  3*977 •  The  reduction  of  0.023  in  Mach  number  below  the 
design  value  would  tend  to  increase  the  pressures  oy  a  small  amount.  The  pressures  coefficients 
have  been  corrected  for  sting  deflection  due  to  aerodynamic  force.  Deflection  of  the  glass 
cloth  and  araldlte  near  the  leading  edge  of  the  model  due  to  aerodynamic  forces,  were  eliminated 
from  the  model  shown  in  figure  la  by  shaping  the  upper  surface  to  have  balancing  pressures. 

The  leading  edgw  of  the  model  shown  in  figure  1b  was  thick  enough  to  give  only  small  deflections. 
Ho  oorrection  has  beon  applied  for  the  change  in  slope  due  to  boundary  layer  displacement  thick¬ 
ness.  The  boundary  layer  growth  must  be  expected  to  increase  the  pressure  slightly  near  the 
leading  edge.  Pressure  measuring  system  inaccuracies  could  come  from  pressure  holes  not 
perpendicular  to  the  surface,  pressure  holes  which  are  chipped  round  the  edge,  leaks  in  the 
pressure  tubes  or  errors  in  the  manometers.  The  significant  effect  was  found  to  be  the  leaks 
in  the  pressure  tubes,  causing  a  number  of  pressure  holes  to  be  abandoned  before  the  tests 
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started.  Thia  accounts  for  the  gaps  in  the  pressure  hole  distributions  shown  in  figure  1. 

The  total  effect  of  the  errors  are  such  tliat  they  oould  account  for  the  differences  in  the 
experimental  and  theoretical  pressure  coefficients  shown  in  figure  2. 

Figure  3  shows  schlieren  photographs  of  the  11°  cone  flow  model  at  various  roll  angles. 

The  theoretical  shock  wave  is  conical  and  inclined  at  18.5°  to  the  free  stream  direction. 

The  shock  wave  shown  in  figure  3  is  straight  and  in  the  theoretically  predicted  position  in  all 
three  views. 

The  surface  streamlines  are  illustrated  for  the  16°  cone-flow  model  in  figure  4.  by  oil 
flow  technique.  The  line  m  is  the  cone  axis.  As  the  flow  la  axiayzmetric  as  is  also  a 
theoretical  streamline  on  the  surface  of  the  body.  The  slight  deviation  of  the  flow  from 
thie  line  may  be  accounted  for  by  the  boundary  layer  modifying  the  direction  of  the  flow  near 
the  surface. 

Wie  comparisons  discussed  here,  demonstrate  clearly,  that  the  theoretically  predicted 
flow  does  occur  in  practice. 

4.  Further  experimental  results 

At  conditions  other  than  that  for  whioh  the  compression  surface  was  designed,  the  flow  is 
not  predictable  theoretically,  and  we  rely  solely  on  the  experimental  results  for  information 
about  the  flow. 

In  figure  5,  the  pressure  distribution  for  various  incidences,  with  Mach  nurber  constant 
at  K  -  4,  is  shown.  Zero  incidence  as  shown  in  figure  5,  is  the  incidence  for  whioh  the  flow 
ie  known  theoretically.  '.Then  the  surface  is  inclined  to  the  free  stream  at  less  than  this 
incidence,  the  pressure  coefficients  are  not  only  sraalj  but  vary  considerably  across  the 
ourfaoe.  For  example,  in  figure  5a  we  see  that  at  -4  the  pressure  coefficient  has  become 
(•to  near  the  wing  tips,  slightly  larger  near  the  nose  and  reaches  a  maximum  at  the  centre  of 
the  baae.  Thia  pressure  distribution  tends  to  correspond  to  the  local  inclination  of  the 
conoression  surface  to  the  free  stream.  The  wing  tips  of  the  compression  surface  are  nearly 
streamwlae,  the  nose  in  inclined  at  3*7°  to  the  tree  stream  and  the  Inclination  of  the  surface 
increases  progressively  alonf  the  centre  line  to  reach  a  maximum  of  6°  at  the  base. 

At  positive  incidences,  the  pressure  coefficients  are  remarkably  constant  across  the  wing. 
The  characteristic  over-compression  near  the  leading  edge  and  resulting  expansion  in  the  centre 
of  a  flat  delta  wing  with  an  attached  shock  wave,  does  not  occur  for  the  shapes  tested  here. 

The  caret  shape  near  the  nose,  the  smaller  incidence  of  the  tips  and  higher  incidence  Inboard 
are  instrumental  in  producing  the  nearly  constant  pressure. 

The  ratio  of  the  lift  to  pressure  drag  has  bean  obtained  by  integrating  the  experimental 
pressures  over  t.he  aurfaoe.  In  figure  6  the  values  obtained  are  compared  with  the  envelope 
for  plane  two-dimensional  wedgea  or  oaret  compression  surfaces  chosen  to  be  on  design  at  each 
lift  coefficient.  The  ratio  of  lift  to  pressure  drag  for  the  cone  flow  wing  is  found  to  be 
very  close  to  the  caret  value  for  a  wide  range  of  lift  coefficient.  For  zero  lift  the  pressure 
drag  of  any  curved  surface  Is  finite.  Hence  the  ratio  of  lift  to  pressure  drag  of  the  cone- 
flow  wing  tends  to  zero  as  the  lift  coefficient  tends  to  zero,  whereas  that  of  the  plane  wedge 
becomes  large.  The  experimental  values  suggest  this  divergence  at  low  values  of  lift  co¬ 
efficient. 

'./1th  variation  of  Uach  number,  the  effect  of  particular  interest  is  the  detachment  of  the 
shock  wave  from  the  leading  edge.  In  fimre  3  schlieren  photogranhs  of  the  model  and  shock 
wave  are  shown  at  various  roll  angles.  From  suoh  photographs  a  series  of  tangents  to  the  shock 
wave  msy  be  obtained,  whose  envelope  represents  the  shock  wave  shape.  Shock  wave  shapes 

obtained  thus  at  various  Mach  numbers  are  shown  in  figure  7«  The  main  eources  of  errors  in 

determining  the  ehanes,  result  from  difficulty  in  exactly  locating  the  edge  of  the  shock  wave 
in  some  of  the  photographs,  and  in  constructing  the  envelope  from  the  finite  number  of  tangents 
available.  However  these  errors  are  in  general  sm"ll  and  give  only  small  changes  in  the  shape, 
except  possiblv  near  th#  ends  of  the  detached  shock  waves  where  the  errors  may  be  significant. 

At  M  •  4  the  shock  wave  approximates  to  an  arc  of  a  circle.  At  higher  Mach  numbers  the 
■hock  wave  as  expected,  becomeB  less  convex,  and  remains  firmly  attached  to  the  leading  edge. 

As  the  Mach  number  decreases  below  Uach  4,  the  shock  wave  detaches  smoothly  from  the  leading 
edge  at  about  U  •  3*5  and  progressively  becomes  more  remote  from  the  surface. 

The  rounded  leading  edge  model  has  a  shock  wave  which  is,  of  course,  detached  at  all  Uaoh 

numbers.  In  figure  8,  comparison  between  the  sections  of  the  rounded  leading  edge  model  and 

the  model  derived  from  the  11°  cone-flow  are  shown.  We  see  that  the  only  difference  occurs 
near  the  leading  edges.  The  rounded  leading  edge  is  semi-circular  with  l/4"  radius.  This 
rndius  it  large  to  emphasize  the  effect  of  the  leading  edge  rounding.  The  nose  of  the  rounded 
leading  edge  model  is  part-spherical. 

A  comparison  of  the  pressures  for  the  two  models  aDpsars  on  the  left  of  figure  6.  The 
rounded  leading  edge  has  very  high  pressures  on  ths  areas  most  inclined  to  the  flow,  and  a  rapid 
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expansion  round  the  leading  eoge  until  it  meets  the  compression  surfsoe.  Rsoompression  to  near 
the  original  value  is  complete  by  about  three  leading  edge  diameters  inboard  or  about  ten 
diameters  downstream. 

Leading  edge  blunting  then  makes  little  difference  to  the  lift  coefficient,  but  the  high 
pressures  on  forward  facing  areas  will  contribute  to  the  drag. 

5.  Conclusions 


At  the  correct  conditions  of  incidence  and  Maoh  number,  the  compression  surfaces  support 
the  predicted  flow  to  within  the  limits  of  experimental  error. 

Increasing  the  incidence,  whilst  keeping  the  Mach  number  constant,  results  in  a  pressure 
distribution  which  is  remarkably  uniform.  The  lift  to  pressure  drag  ratio  is  found  to  be 
very  close  to  that  of  a  two-dimensional  wedge  of  the  same  lift  coefficient. 

The  shock  wave  shape,  it  is  found,  becomes  increasingly  convex  with  decreasing  Maoh  number, 
detaching  from  the  leading  edge  smoothly  and  becoming  remote  from  the  surface  at  low  gape  nude 
Mach  numbers. 

Leading  edge  rounding  does  not  affeot  the  pressure*  on  the  wing  significantly,  except  over 
a  region  of  three  diameters  width  from  the  leading  edge,  or  ten  diameters  downstream. 
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Planform,  sections  and  pressure  hole  positions  Fj9  ^  Planform,  sections  and  pressure  hole  positions 
the  model  derived  from  an  11°  cone  flow  for  the  model  derived  from  a  16°  cone  flow 
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FIG.  3.  SCHLIEREN  PHOTOGRAPHS  OF  THE  MODEL 
SUPPORTING  A  CONICAL  SHOCK  WAVE,  AT  M-4  AND 
AT  o;  IO#  AND  20°  OF  ROLL. 


n  CAMERA 
VIEW 
BELOW 


FIG  4A  FRONT  VIEW  OF  MODEL 


Experimental  pressures  on  a  wing  from  a  16  cone  flow  at  M-4 


*t*v.-**-*+ 


A  aeries  of  wave  riders  (caret  wings)  have  been  investigated 
in  the  JFL  hypersonic  gun  tunnel  in  the  Mach  number  range  from 
Ma  *  7.9  to  15.5icand  at  corresponding  Reynolds  numbers  from 
2.7*10°  to  1.4*10  .  The  tests  included  three-component-force 
measurements,  pressure  distribution  measurements  and  determination 
of  the  shock  wave  angle  by  flow  visualization.  The  experimental 
data  have  been  compared  with  simple  wedge  theory,  and  wedge  theory 
including  viscous  effects  and  also  witn  an  extended  Newtonian 
theory  depending  on  two  hypersonic  similarity  parameters  only. 

It  has  been  shown  that  large  viscous  interaction  effects  have 
considerable  influence  on  the  lift-to-drag  ratio,  on  the 
pressure  distribution  and  on  the  shock  wave  angle. 


RESUME 


Une  serie  de  planeurs  hype rsoniques  (caret  wings)  ont  ete 
examines  dans  la  soufflerie  a  choc  (gun  tunnel)  de  la  DPI. 

Les  nombres  de  Mach  realises  sont  compris  entre  7.9  gt  15.5  c. 
et  les  nombres  de  Reynolds  sont  compris  entre  2.7*10°  et  1.4*10  . 

Les  recherches  experimentales  comprenaient  deB  mesures  de  force, 
la  determination  des  angles ^de  choc  et  des  distri butions  de  la 
pression.  Les  resultats  experimentals  ont  ete  compares  avec  la 
theorie  de  coin,  une  fois  sans  et  I'autre  fois  avec  consideration 
dee  effets  visqueux.  Une  comparaison  a  ete  faite  avec  une  theorie 
de  Newton  modifiee,  qui  depend  seulement  a  deux  parametres  hyper- 
soniques.  II  a  ete  demonstre  que  les  effets  de  viscosite  ont  un 
influence  considerable  sur  les  parametres  characteristiques 
suivantss 

Portance/trainee,  I'angle  de  choc  et  la  distribution  de  la  pression. 
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NOTATION 


aspect  ratio,  A  =  4  s/l 
semispan  of  wing 


x.  V.  z 


upper  surface  ridge-line  length  of  models 

planform  area  of  wing,  S  =  s  l  ,  1/2 

p  /  /tan  6a  X  \ 

wetted  surface  area  of  wing,  Sw  =  Sp  (l  ♦  ^ — b/\')  / 

2  y2 1 

(  ~  /tan  6 .  -  tan  6  X  \ 

+  (l  ♦  tan26  ♦  (• - - )  )  j 

total  volume  of  wing,  V  =  ^  F  tan  6 

volume  coefficient,  r  =  V/S ^2 

angle  between  the  upper  and  lower  ridge-line 

angle  between  the  upper  ridge-line  and  the  leading-edge 
plane  (Fig. 1 ) 

anhedral  angle  of  the  upper  surface 

angle  between  the  two  planes  of  the  lower  surface  (Fig.1), 
also  ratio  of  specific  heats  (y  =  1.4) 

angle  of  attack  (see  Fig.1) 

deflection  angle,  61  =  6  +  a 

shock  wave  angle  (Fig.1) 

coordinate  system  (Fig.1) 

non-dimensional  semispan,  Tj  *  y/s(x) 

position  of  pressure  holes 


Mach  number,  Ma  =  jj 


Reynolds  number.  Re 


XcpA 


pitching  moment 
normal  force 

lift  coefficient,  c^  =  L/q^,  Sp 

drag  coefficient,  cD  =  D/q^  Sp 

pitching  moment  coefficient,  c^  =  M/q^  Sp  l 

normal  force  coefficient,  c^  =  N/q^  Sp 

center  of  pressure 

lift-drag  ratio,  L/D  =  c^/c^ 

skin-friction  coefficient 

coefficient  of  drag  due  to  skin-friction,  c^j.  =  c^.  S^/S 
static  pressure 


Subscripts 


Newton 


dynamic  pressure,  q  =  Q  U2/2  =  ^  Ma2  p 
velocity 

velocity  of  sound 

density 

temperature 

pressure  coefficient,  cp  =  ( P~P00)/l00 

density  ratio  across  a  shock  wave  (equ.9) 
hypersonic  viscous  interaction  parameter,  =  Ma^//Re 
kinematic  viscosity 
dynamic  viscosity 

Sutherland  constant,  Cg  =  p  T.|/p1  T 
displacement  thickness  of  boundary  layer 
thickness  parameter  (equ.10) 
wing  semispan  parameter  (equ.11) 

correction  to  Newtonian  pressure  coefficient  (equ.6) 
reduced  normal  force  coefficient,  c^  =  (cu“(cu^ewton^ 

(cN^New tori' * 


free  stream 

stagnation  state 

behind  an  oblique  shock  wave 

effective 

design  condition 

leading  edges 

viscous 

inviscid 

compression 

expansion 

lower  surface 

upper  surface 

Newtonian  theory 


max 


maximum 
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EXPERIMENTAL  INVESTIGATIONS  OP  WAVE  RIDERS 
IN  THE  MACH  NUMBER  RANGE  PROM  8  TO  15 

K.  Kipke 


1 .  INTRODUCTION 

Wave  riders  represent  the  connecting  link  between  supersonic  aircraft  and  space¬ 
craft.  As  a  result  of  the  high  Mach  numbers  the  disturbances  of  the  flow  fields 
due  to  the  body  do  not  remain  small  and  shock  waves  of  finite  strength  become 
effective.  A  wave  rider  produces  a  shock  system  on  which  it  seems  to  ride. 

T.  NONWEITjER  (Ref.1)  has  made  proposals  for  lifting  bodies  which  produce  plane 
shock  waves.  The  simplest  of  these  bodies  is  a  surface  of  triangular  planform, 
comprising  two  flat  panels  which  meet  with  an  a.nhedral  angle.  Such  a  body  having 
undersurfaces  of  inverted-V  section  is  called  a  caret  wing.  At  its  design  con¬ 
dition  a  plane  shock  wave  is  lying  in  the  plane  of  the  leading  edges  and  hence 
leads  to  a  uniform  pressure  over  its  lower  surface  equal  to  the  pressure  behind 
the  shock  in  the  two-dimensional  wedge  flow.  The  essential  parameters  for  de¬ 
signing  a  caret  wing  are  as  follows: 


1 . 

Design 

Mach  number 

Mades 

2. 

Aspect 

ratio  A  = 

4  T 

3. 

Volume 

parameter 

T  V 

T  =  ~rrr 

3P 


shows  the  notation  of  a 
The  design  condition  is  given 
Mach  number  Ma^j  and  a  wedge 
of  the  leading  edge  plane  can 


caret  wir.g  at  an  arbitrary  free-stream  condition, 
by  Ma^  =  Ma^  and  a  =  0°  .For  a  given  design 
angle  o  the  angle  6^  which  determines  the  position 
be  calculated  by  the  oblique  shock  relation: 


cot  A 


ton  6 


des 


[  L, 

L2<«»La  -  ’> 


(D 


The  third  free  geometric  parameter  can  be  either  the  aspect  ratio  A  or  the 
volume  parameter  "t  which  are  connected  by 

t  Yk  =  ^  tan  6  (2) 

The  overall  forces  of  caret  wings  in  inviscid  flow  can  be  calculated  from  the 
pressure  coefficients  as  follows: 


ch  ~  % 

(3) 

*  -  C  tan  6 

1  VL 

(4) 

At  design  condition  the  exact  formula  for  the  pressure  coefficients  can  be 
given  by 


c 


sin  <5.  sin  6 
0  _ des _ 

cos(  ffdes  "  L) 


with  ®^eg  from  equ.(1) 


(5) 


e.  =  0  (6) 

VU 

At  off-design  conditions  the  following  approximations  have  be  n  used  lo  calcu¬ 
late  the  pressure  coefficients. 
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(a)  Wedge  Theory 

It  le  assumed  that  the  caret  wing  has  the  same  aerodynamic  characteristics  as 
a  two-dimensional  wedge-typed  wing  with  the  same  planform  area  and  a  wedge  angle 6. 
Therefore  the  pressure  coefficients  can  be  calculated  by  oblique  shock  relations 
and  by  Prandtl-Meyer-expansion  relations.  The  formulas  for  the  pressure  co¬ 
efficients  throughout  the  incidence  range  on  the  lower  and  upper  surface  can  be 
taken  from  Table  la. 

(b)  Hypersonic  Slender  Body  Theory 

Under  the  assumption  that  the  caret  wings  considered  here  are  slender,  i.e. 

6  «  1 ;  A<<  1 ;  a<  <  1  ;  Mt^0>>  1  ;  the  general  dependence 

cp  *  f (Madea*  A*  T’  a’  **^00  ^ 
can  be  reduced  to 


where  K  *  ^aoo  ^  hypersonic  similarity  parameter. 

(c)  Simple  Newtonian  Theory 

By  assuming  that  at  all  off-design  conditions  the  shock  wave  is  lying  in  the 
plane  of  the  leading  edges  in  the  case  a  >  -  and  on  the  upper  surface  in  the 
case  a  <  0  the  pressure  coefficients  on  the  upper  and  lower  surface  car.  be  cal¬ 
culated  by  simple  Newtonian  theory.  The  equations  can  be  taken  from  Table  1b. 

(d)  Extended  Newtonian  Theory 


In  recent  papers,  A.F.  MESSITER  (Ref. 2)  and  K.  HIDA  (Ref. 3)  have  proposed  a  first 
order  correction  of  simple  Newtonian  theory  for  the  pressure  distributions  on 
lifting  conical  bodies  with  detached  shocks.  L.C.  SQUIRE  (Ref. 4)  has  extended 
this  method  to  caret  wings  at  off-design  when  the  shock  wave  is  detached  from  tt.e 
leading  edges.  Hence  the  pressure  coefficient  on  the  lower  surface  of  a  caret 
wing  can  be  written  as  follows: 

c^  -  2  ain2(a+  «deiJ)  [l  +  t  p'(fi  ,  C,  rj )]  (8) 

The  first  term  represents  simple  Newtonian  flow  and  the  second  the  correction 
term.  The  density  ratio  t  and  the  parameters  C  and  £  are  defined  as 


( If ♦Dltaco  sin  («♦  «-deg  ) 


c 


4  tan(  Cdes  -  6) 
K  008  *des  * 


(10) 


The  essential  advantage  of  this  extended  Newtonian  flow  theory  is  that  the 
correction  function  p#  for  a  fixed  value  of  rj  depends  only  on  these  parameters  C 
and  £  ,  that  means  O'  and  £  are  hypersonic  similarity  parameters  with  regard  to 
the  difference  between  the  Newtonian  and  the  real  flow  field.  The  C-£  -diagram 
of  caret  wings  at  all  conditions  is  devided  into  two  different  parts  which 
correspond  to  different  types  of  off-design  conditions  as  shown  in  Fig. 2.  The 
deviding  line  corresponding  to  the  design  condition  is  determined  by  / C  ft  J  =  1. 

In  the  region  1C  SI  >  1,  the  wave  pattern  includes  two  plane  attached  shock  waves 
which  have  moved  inwards  and  closer  to  the  surface,  as  compared  with  the  iesign 
pattern.  These  two  plane  waves  are  Joinei  by  a  nearly  plane  wave  in  the  middle. 

As  the  pressure  in  the  conically  subsonic  region  is  appreciably  higher  than  the 
value  obtained  for  a  two-dimensional  flow  deflection  through  the  same  angle,  a 
simple  conjecture  has  been  drawn  in  Fig. 2  including  two  further  iircrete  s! neks 
and  two  singular  points  where  three  waves  intersect.  For  the  case  I  c£l<  1  the 
shock  wave  Is  detachei  from  the  leading  eiges.  Due  to  shock  wove  curvature  the 
pressure  distribution  on  the  lower  surface  will  show  an  increase  towards  the 
leading  edges,  as  car.  he  seen  from  Fig. 2. 


t 
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Detailed  surveys  on  wave  rider  aerodynamics  are  given  by  D.  KUECHEMANN  (Ref.5), 
L.F.  CRABTREE  (Ref. 6)  and  D.H.  PECK HAM  (Ref. 7).  Hence  it  follows  that  experimen¬ 
tal  investigation.;  have  been  carried  out  mainly  in  the  supersonic  range.  The 
tents  [resented  in  thin  payer  have  letn  undertaken  to  obtain  experimental  data 
on  wave  riders  at  hypersonic  Mach  number.-. 

?.  TEST  ARRANGEMENT 

The  '•  v>  re  made  in  the  hypersonic  gun  tunnel  of  Deutsche  Forschungsar.s  talt 
ftir  I, uft-  ur.d  Raumf.ahrt  (DFL),  Braunscr.weig,  in  the  Mach  number  range  from 
Waco  -  7.9  to  19.5.  The  stagnation  pressure  was  150  at  and  the  stagnation 
terrpera'ures  ranged  froir.  approximately  700°K  to  1500°K.  The  corresponding  Rey¬ 
nolds  numbers  in  the  teat  section  based  on  model  length  varied  between 
Re  =  2.7-10®  at  Ma^ =  7.9  and  Re  =  1.4-105  at  Ma^n -  15.5.  A  conical  axisym- 
metric  nozzle  with  an  exit  diameter  of  160  mm  (6.3''  )  was  used  in  these  teats. 

The  average  total  testing  time  amur.ts  to  35  mi  lliseconus.  The  models  investi¬ 
gated  are  shown  in  Table  2.  It  was  necessary  to  restrict  the  model  lergth  to 
l  =  90  mm  ( 3 . 5 4  1  •  )  for  keeping  the  models  ir.  the  central  cere  of  uniform  flow  in 
the  working  section.  The  design  Mach  number  varied  between  =  6  and  10,  the 

aspect  ratio  between  A  =  0.8  and  1.6  and  the  volume  parameter  between  i  -  0.0675 
and  0.1.  Model  1  was  made  out  of  steel, whereas  models  2-6  were  made  out  of 
duralumin.  Three-component  force  data  wire  obtained  by  ust  of  two  strain-gage 
balances  in  an  ar(  le-of-  ttack  range  of  about  -20°  to  -*20°.  Treasures  were 
measured  by  four  strain-gage  pressure  transducers.  The  measurements  were  carried 
out  in  a  plane  of  the  wings  in  a  distance  cf  about  xM/l  =  0.834  from  the  apex 
along  the  semispan  on  the  lower  surface  in  the  incidence  range  from  C°  to  17.5°  . 
The  pressure  holes  on  the  surface  had  1.5  mm  (C.059*')  diameter.  Differential- 
interferometer  photographs  were  used  to  estimatt  the  shock  wave  angle  6  (see 
Fig.1)  in  the  plane  of  symmetry  of  the  models. 

3.  PRESENTATION  AND  DISCUSSION  OF  RESULTS 

3.1  Force  Mear-i  its 

The  experimental  [  resented  ir.  this  pa;  er  are  only  some  typical  results 

taken  from  a  more  comprehensive  rep  rt  >>n  the  experimental  data,  Ref. 8. 

Flg.jp  shows  the  aerodynamic  coefficients  cL  ,  c D  ,  and  cm  of  all  six  models  at 
Mach  number  #<8—,=  10.9  plotted  against  the  "two-d iner.sional"  deflection  angle  6j  = 
x  ♦  6.  The  solid  curves  represent  inviscid  two- i  imensior.al  wedge  theory.  As  can 
be  seen. there  is  good  agreement  between  the  measured  lift  coefficients  and  theory 
nearly  throughout  the  positive  deflection  angle  range,  except  at  high  values  of 
67  .  However,  in  the  negative  region  of  the  angle  of  attack,  tb.it  io,  at  values 
of  67  -  6  <.  0  simple  ’."edge  theory  cmiletely  fails  to  predict  the  lifting  forces. 
The  main  reason  for  this  is  tha*  iri  this  case  the  upper  surface  of  the  caret 
wing  becomes  a  compression  surface  ar.d  tn>-  la.ic  assumption  of  a  plane  shock 
wave  is  no  longer  valid  because  if  the  convex  shape  of  the  upper  surface.  Thus, 
model  1  which  has  the  lowest  value  of  the  anhedral  angle  V  (see  Fig.1  and  Table  1) 
shows  the  best  agreement  between  experiment  ar.d  theory  at  negative  angles  of 
attack,  whereas  model  2,  having  the  largest  ar.hedral  angle  Y  of  all  models, 
shows  the  largest  difference.  It  is  worth  noting  that  the  lifting  force  characte¬ 
ristic  is  nearly  independent  of  wing  pe  retry  in  the  positive  range  of  ieflection 
angles . 

The  comparison  between  the  experimental  drag  coefficients  and  simple  wedge  theory 
indicates  that  throughout  the  positive  range  of  the  deflection  angle  theory 
predicts  drag  coefficients  generally  :•  -miwhat  lower  than  the  exj  erirer.t .  These 
differences  re  obviously  due  to  visco.-s  effects  rot  included  in  the  simple  wedge 
theory.  A  single  a;  [  roximation  of  the  skin-f rio t  i  ir.  drag,  which  has  to  be  added 
to  the  inviscid  trig,  could  be  ottair.ed  by  using  the  skin- f ri ct ion  coefficients 
cf  cf  a  flat  plate.  Assuring  =  0.0018  the  skin-friction  drag  coefficient  is 
lb  iut  c =  0.0041  considering  ar.  average  wetted  surface-to-projected  plan  area 
ratio  01  2.3  for  all  models.  Thus,  by  including  viscous  effects  there  v.  1 l '  be  a 
better  apre-rent  between  experiment  ;.rd  r„  ;t  least  for  small  values  of 

positive  angles  of  attack.  Targe  durations  let.veen  experiment  ar. 1  theory  are  to 
be  setn  in  Fig. 3  in  the  r.egativt  re, -on  of  the  angles  of  attack  due  to  the  strong 
curv.a'ure  of  the  sh  >ek  wives  on  tha  u;;er  surface.  These  large  d  ise  rep  ancles  also 
occur  with  respect  to  the  pitching  moment  osrfficier.tr  a.  car,  also  be  seen  from 
Fig. 7.  I*  rh  ''il  1  ,_>e  noted  tint  in  tr.e  total  positive  incidence  range  the  experi¬ 
mental  pitot  ir.g  '  •• .  nt  coefficients  are  somewhat  smaller  than  preiicted  by  simple 
wedge  theory,  except  at  lower  va'ues  of  the  l.-flectirn  angle.  Fr  am  this  it  may  be 
conclude  1  that  the  center  f  ;  rer: u.ru  '  '  it  '  t  ly  moved  forward,  because  the 

c^  -values  v  ve  shown  go^d  agreer.tf  t  -it-  thecru. 

To  r.'ndy  the  influence  of  Mach  number  aid  Rtyr.olds  number  Fig. ^  presents  aero¬ 
dynamic  coefficients  obtainei  froir.  z  iel  1  in  the  Macr.  nunber  range  froir.  7.9  to 
15.5  [lotted  a-ainst  the  angle  of  at  tick.  It  is  rh'Ar.  ti.at  throughout  the  Mach 


13/4 


number  range  simple  wedge  theory,  drawn  as  a  solid  curve,  fails  completely  at 

negative  angles  of  attack,  however,  in  the  positive  angle-of-attack  range 

agrees  quite  welt  with  the  experimental  lift  force  coefficients.  At  small 

angles  of  attack  the  experimental  data  are  somewhat  higher  than  predicted  by 

theory  whereas  at  high  i-vulues  wedge  theory  overpredict  the  lifting  forces 

especially  by  an  increase  of  Mach  number  and  a  decrease  of  Reynolds  number.  A 

similar  trend  is  noted  with  respect  to  the  pitching  moment.  Apparently  viscous 

effects  are  the  reason  for  the  large  discrepancies  between  experimental  and 

calculated  drag  forces  particularly  observed  at  high  Mach  numbers  and  low  Reynolds 

numbers.  In  order  to  include  viscous  effects  the  simple  assumption  of  a  constant 

skin-friction  drag  coefficient  throughout  the  incidence  range  has  been  made.  The 

total  drag  coefficients,  calculated  for  c^  -values  of  0.0006  at  MaQQ*  7.9  and 

0.0018  in  the  Mach  number  range  from  1C. 9  to  15.5,  are  shown  in  Fig. 4  as  the 

dotted  lines.  As  can  be  seen  good  agreement  is  obtained  at  small  angles  of  attack 

up  to  Mach  numbers  of  Msqqs  13.6  whereas  for  the  case  Ma^ =  15.5  the  experimental  i 

data  are  cor.si  1  arable  higher  than  predicted.  a 

Iigi5_ presents  the  center  of  pressure  of  models  1,  3,  4  and  5  plotted  against  the  1 

angle  of  attack  at  various  Mach  numbers.  It  is  to  be  seen  that  in  all  casea  the  I 

theoretical  value  of  x_  /l  «  2/3  predicted  from  inviscid  conical  flow  theory  is  1 

not  verified  by  the  experimental  data.  The  values  of  xcp  vary  between  0.6  and 
0.63,  thus,  it  may  be  inferred  that  there  will  be  a  non-conical  flow  due  to 
viscous  effects  which  induce  a  pres'-ure  gradient  in  chordwise  direction.  It  can 
bs  taken  from  the  measurements  that  in  spite  of  some  scatter  the  center  of 
pressure  is  nearly  independent  of  Mach  number,  angle  of  attack, and  wing  geometry. 

An  essential  aepect  for  suggesting  wave  riders  as  hypersonic  vehicles  has  been 
the  expectation  to  achieve  high  lift-to-drag  ratios  at  hypersonic  speeds.  Experi¬ 
mental  lift-to-drag  ratios  obtained  from  wing  2  in  the  Mach  number  range  from 
7.9  to  15.5  are  presented  in  p’ otted  against  the  lift  coefficients.  As  can 

be  seen  the  experimental  data  consid  * • bly  scatter  at  low  c,  -values,  that  is,  in 
a  region  where  the  maximum  L/D-values  are  expected.  Although  viscous  wedge  theory 
predicts  a  nearly  independence  of  hypersonic  Mach  numbers  for  the  case  cf  *  const 
the  experimental  L/D-values  show  large  differences  at  various  Mach  numbers.  From 
this  it  may  be  inferred  that  this  is  an  effect  due  to  Reynolds  number.  The  solid 
curves  shown  in  Pig. 6  represent  viscous  wedge  theory  calculated  with  cy -values 
empirically  found  from  measurements.  As  can  be  seen  the  cf -values  considerably 
increase  with  decreasing  Reynolds  number.  These  empirical  skin-friction  coeffi¬ 
cients  are  higher  than  those  of  a  flat  plate,  probably  because  of  three-dimensional 
effe  eta  occuring  in  the  b'undary  layer  on  the  upper  and  lower  aurface  of  the 
wave  riders. 

Maximum  lift-to-drag  ratios  are  obtained  at  c,  -values  raAglng  from  about  0.05  to 
0.1,  l.e.  at  angles  of  attack  from  about  a  «  V  to  2.5°.  In  spite  of  the  large 
scatters  of  the  experimental  data  In  the  region  of  maximum  lift-to-drag  ratios 
the  values  of  (L/'DJma,of  all  six  models  are  plotted  in  Fig. 7  againBt  the  Mach 
number  and  the  corresponding  Reynolds  numbers.  A  comparison^ tween  model  4  and 
5  which  differs  only  by  the  volume  parameter  (t  *  0.08  and  t  *  0.1)  shows  that 
the  (L/D),„_,  -values  for  the  thicker  wing  (model  5)  are  slightly  smaller  than 
those  obtained  from  model  4.  The  effect  of  aspect  ratio  on  (L/D)moj  can  be  taken 
from  Fig. 7  by  comparing  the  data  of  model  4  (A  =  1.2)  and  model  6  (A  *  1.6).  It 
may  be  seen  that  the  (L/'1))/7W- values  of  model  1  are  higher  than  those  obtained 
from  model  6  which  has  the  larger  aspect  ratio.  Furthermore, it  may  be  seen  that 
(L/D )mm,  of  all  models  tends  to  decrease  with  decreasing  Reynolds  numbers  as  already 
seen  ir.  Fig. 6. 

3.2  Shock  Wave  Angle  Measurements 

It  has  been  pointed  out  in  the  previous  chapter  that  viscous  effects  have  a 
significant  influence  on  drag  force  characteristics  and  particularly  on  lift-to- 
drag  ratios.  It  may  be  expected  that  there  is  aleo  ar.  essential  effect  of  the 
boundary  layer  on  the  shock  wave  pattern.  At  hypersonic  speeds  the  influence  of 
boundary  layer  is  connected  with  special  displacement  effects.  In  fact,  it  caj) 
be  shown  that  the  boundary  layer  thickness  is  proportional  to  0.5(y-1)  Ma?/)/Re  » 
where  suffix  1  represents  the  state  behind  the  shock  wave.  Thus  interactions 
between  the  boundary  layer  and  the  external  flow  become  more  and  more  important 
as  the  Mach  number  Increases.  With  respect  to  the  displacement  effect  of  the 
boundary  layer,  two  regions  can  be  distinguished,  a  zone  of  strong  interaction 
near  the  leading  edges  and  a  roije  of  weak  interaction  further  downstream.  The 
Interaction  parameter  * Me’/Re  determines  which  type  of  interaction  will 
occur.  In  case  of  /f>>l  there  will  >-e  a  strong  interaction  and  in  case  of  X 
a  weak  interaction,  respectively.  In  the  present  teste  at  small  angles  of  incidence 
the  values  of  X  range  1  from  about  X  =  0.2  at  MSqq  =  7.9  to  the  value  of  X  -  2.5 
et  Ma-Q  =  15.5.  Thus,  it  may  be  inferred  that  due  to  the  high  values  of  X  in  the 
upperHach  number  range  there  is  a  large  Influence  of  viscous  effects  on  the  shock 
wave  pattern. 


The  geometry  of  model  3  and  5  was  chosen  such  that  at  test  Mach  numbers  of  Maoc“ 
7.9  and  10.9,  respectively,  a  nearly  plane  ehock  wave  lying  in  the  plane  of  the 
leading  edges  should  be  obtained  at  a  -  0°.  But,  differential  interferometer 
photographs  show,  that  the  plane  shock  wave  condition  is  not  achieved  at  a  *  0°. 

In  Fig. 8  the  experimental  data  of  shock  wave  angles  taken  from  differential 
interferometer  photographs  of  model  1  are  plotted  against  the  angle  of  attack  at 
various  Mach  numbers  and  Reynolds  numbers,  respectively.  The  solid  curve  repre¬ 
sents  the  theoretical  shock  wave  angle  C  after  inviscid  wedge  flow  theory.  It 
is  clearly  to  be  seen  that  there  are  great  differences  between  theory  and 
experiment  especially  for  low  angles  of  attack  and  at  low  Reync Ids  numbers.  The 
maximum  difference  of  about  4°  is  obtained  at  MSqq  =»  15.5  and  a  =•  0°  ,  whereas  at 
very  high  angles  of  attack  the  experimental  data  tend  to  be  smaller  than  predicted 
by  theory.  The  dash-and-dot  line  represents  the  position  of  the  leading  edge  plane 
0Lf  m  a  +  eaes  .  Having  in  mind  Pig. 2  in  which  the  various  shock  wave  pattern  at 
off-design  conditions  have  been  shown  it  can  be  seen  from  Fig. 8  that  for  the  case 
of  MSqq  =  10.9,  i.e.  nearly  design  condition,  the  shock  wave  is  lying  almost  in 
the  leading  edge  plane  over  a  rather  wide  range  of  angles  of  attack.  In  the  case 
of  Ma^  >  Ma^,,  the  shock  wave  has  moved  inwards  at  low  angles  of  attack.  If, 
however,  the  angle  of  attack  increases  the  shock  wave  tends  to  mov s  outwards 
until  a  definite  angle  of  attack  is  reached  where  the  shock  is  lying  in  the 
leading  edge  plane  and  thus,  design  condition  is  obtained.  In  the  negative 
incidence  range  there  is  another  definite  angle  of  attack  at  which  design  con¬ 
dition  occurs.  Thus,  in  the  case  Maa0>  MadPS  there  will  be  always  two  different 
angles  of  attack  at  which  design  condition  is  obtained.  If  the  Mach  number  Ma^j 
is  decreased  both  angles  begin  to  approach  until  they  meet  at  a  =  0°in  the  case 
Maoo  =  Mad*5  •  For  Ma^  no  design  condition  occurs  in  the  total  incidence 

range.  These  predictions  by  inviscid  wedge  theory  are  not  fullfilled  as  can  be 
taken  from  Pig. 8.  In  no  case  the  shook  wave  has  moved  inwards. 

In  order  to  Improve  the  theory  viscous  effects  have  been  included  by  a  simple 
two-dimensional  boundary  layer  calculation  based  on  the  equation  for  the  dis¬ 
placement  thickness  on  a  flat  plate  given  in  hef.8: 


For  a  blunted  wedge  or  fo»"  the  compression  surface  of  an  inclined  flat  plate  6' 
can  be  calculated  from  this  simple  flat  plate  result  provided  free  stream  con¬ 
ditions  are  taken  to  be  those  behind  the  oblique  shock.  The  effective  body  slope 
due  to  the  displacement  effects  of  tne  boundary  layer  results  iron: 
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An  average  angular  slope  was  taken  as  that  at  the  auarterchord  point  of  the  wedge 
to  represent  the  conditions  over  the  entire  plate  (Ref. 9).  With  an  iteration 
procedure  the  "viscous"  shock  angle  can  be  estimated  fromft,#) and  .  Near 

the  leading  edges  the  slope  of  the  boundary  layer  displacement  surface  becomes 
large  and  this  viscous  theory  is  therefore  not  valid,  at  least  at  very  small 
deflection  angles,  where  3trong  interactions  take  place.  Nevertheless  it  can 
be  taken  from  Pig. 8  that  even  at  small  angles  of  attack  rather  good  agreement 
between  experiment  and  theory  has  been  obtained.  The  theoretical  curve  is  drawn 
as  the  dotted  line,  which  haB  been  calculated  with  the  assumption  of  a  wall  tem¬ 
perature  of  T^  =  293°K.  At  higher  angles  of  attack  there  are  slight  disagreements 
due  to  failing  of  the  assumption,  that  the  shock  has  no  transverse  curvature.  An 
essential  result  is  the  decrease  of  viscous  effects  with  increasing  angles  of 
attack . 


Fig._9  presents  experimental  sh  ck  wave  angles  of 
against  the  deflection  angle  6;  at  various  Mach 
wedge  theory  and  viscous  wedge  theory,  -espective 
measurement  and  viscous  theory  is  obtained  up  to 
=  20°.  At  higher  values  the  experimental  lata 
predicted  by  theory  due  to  the  strong  shock  curva 
in  spite  of  different  wing  configurations  the  exp 
on  one  single  curve.  Only  model  2,  which  has  the 
(Mad„  =  6)  of  all  models,  shows  slight  differenc 
corner  effects  as  this  wing  has  the  lowest  value 
effects  of  a  corner  are  such  as  to  displace  the  f 
compared  to  the  displacement  effect  of  the  flat  p 


model  1,  ?,  4  and  5  plotted 
numbers  compared  with  Inviscid 
ly .  Good  agreement  between 
deflection  angles  of  about 
are  somewhat  smaller  than 
ture.  It  is  remarkable  that 
enmental  shock  angles  are  lying 
lowest  design  Mach  number 
es.  This  might  oe  a  result  of 
of  >  (see  Fig.1).  The  interference 
low  near  the  corner  additionally 
late  boundary  layer. 


3.3  Pressure  Distribution  Measurements 


From  the  previous  chapters  it  could  have  been  assumed  tnat  simple  wedge  theory 
including  viscous  effects  is  sufficient  to  describe  the  flow  field  of  a  caret 
wing  over  a  relative  wide  range  of  angles  of  attack  and  Mach  numbers.  But, 
although  this  method  gives  surprisingly  good  estimates  of  the  overall  lifting 
forces,  pitching  moments,  shock  wave  angles  in  the  symmetry  plane  and  under 
certain  circumstances  also  drag  forces,  it  often  fails  completely  to  predict 
pressure  distributions. 

£i«  JO.  presents  some  typical  pressure  distributions  at  various  angles  of  attack 
obtained  from  model  5  in  the  Mach  number  range  from  7.9  to  15.5  plotted  against 
the  non-dimensional  senlspan  coordinate  .  The  dotted  lines  represent  inviscid 
wedge  theory,  and  as  can  be  taken  from  Fig. 10  there  is  a  complete  disagreement 
between  theory  and  measurement  particularly  at  high  angles  of  attack.  The 
different  regions  1C  SI  %  1  are  shown  as  hatched  boundaries.  It  is  clearly  to  be 
seen  that  in  the  region  JCC)>1,  where  a  pressure  rise  near  the  plane  of  symmetry 
(17*  0)  should  be  expecteJ  (see  Fig. 2)  an  increase  of  pressure  near  the  leading 
edges  occurs,  particularly  noted  at  low  Reynolds  numbers.  Re  *  2.1  •  105  (Ma^  13.6 
and  Re  *  1.4  ■  10^  (MaQj  »  15.5)  After  the  inviscid  flow  theory  the  shock  wave  on 
the  lower  surface  should  have  been  displaced  inwards  and  hence  the  distance 
between  the  shock  ar.d  the  lower  surface  would  be  much  smaller  than  in  cases 
IC 81  <  1 .  Therefore  much  larger  viscous  interaction  effects  might  be  expected  for 
ICS  I  >  1  rather  than  for  IC9I*  1.  Including  viscous  effects  the  ratio  of  dis¬ 
placement  thickness  of  the  boundary  layer  and  the  shock  distance  from  the  lower 
surface  will  increase  towards  the  leading  edges  which  means  that  strong  inter¬ 
action  and  hence  shock  detachment  will  occur. 

In  the  case  of  ICfll^i  inviscid  extended  Newtonian  theory  predicts  already  shock 
detachment  and  it  it  tssumed  that  viscoua  effects  will  not  have  such  a  strong 
Influence  ee  in  the  case  because  of  the  larger  distance  of  the  shock 

wave  from  the  lo»»r  surface.  A  1  first  approximation  it  is  assumed  that  the 
flow  paet  the  *.vi  rider  inducing  viscous  effects  is  the  same  as  the  inviscid 
flow  pact  a  wave  rider  having  a  larger  wedge  angle  6.  The  increase  of  6,  shown 
in  Fig. 1 1  as  bns  ,  is  equivalent  to  the  displacement  of  the  boundary  layer. 

Under  this  assumption  the  similarity  parameter  C  car.  be  written  as  follows: 
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The  other  parameter  2  is  independent  of  viscous  effects.  Assuming  that 
(  Od -  6)«1  and  6c<1,  equation  (14)  can  be  rewritten  bb 

Cvis  -  Civ  +  con8t  6vls 


(c  S>)vl8  *  (CS)lT  ♦  const  6yia  Q  (16) 

Thus,  the  position  of  the  design  curve,  (0  P  )vla  =  -1 ,  in  the  inviscid  C-  £  - 
diagram  is  given  by  the  expression: 

( C  fi ) iv  =  -1  -  const  2  6yle  (17) 

This  result  is  shown  schematicly  in  Fig. 11  and  as  can  be  seen  the  design  curve 
including  viscous  effects  Is  shifted  towards  higher  values  of  S  for  a  constant 
C  with  Increasing  6  -values . 

That  means,  if  measured  pressure  distributions  are  reduced  to  the  correction 
function  p'  for  a  fixed  value  of  C  and  S  the  reduced  experimental  data  will  lie 

on  a  single  curve  only  in  the  case  of  6„s  ■  const  of  all  reduced  data.  If  the 

experimental  data  obtained  under  the  condition  C,C»  const  show  different  viscous 
effects  the  reduction  to  p'  will  show  large  scatter.  A  reduction  has  been 

carried  out  for  the  case  C  =  -0.75  and  9  *  1.23  result  of  which  is  presented  in 

Fig. 1 2.  The  pressure  distribution  cpi  tj  )  obtained  from  wing  3  at  Magp*  10.9 
and  an  incidence  of  a  «  15°  is  in  good  agreement  with  the  corrected  Newtonian 
theory  drawn  as  the  BOlid  curve  and  even  after  naving  reduced  to  p#  the  good 
agreement  remains  considering  that  alight  errors  in  measurement  are  Increased 
by  the  roughening  character  of  this  procedure.  However,  reducing  model  i  with 
the  condition  Ma^*  9.55  and  a  *  7.5  ,  which  prscents  the  same  C- C  -combination 
Q  ■  1.23  and  C  *  -0.75  shows  clearly  that  there  ere  large  discrepancies  beween 
theory  and  experiment  particular’y  to  be  notei  in  the  p'-  t)  -diagram.  In  the  case 
of  C  *  -0.56  and  9  -  1.79,  that  .e  design  condition,  the  same  effect  is  to  be 
seen.  Model  4  at  Ms^  *  12.2  and  1  *  7.5°,  that  is  at  a  relative  high  Mach  number 
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with  a  corresponding  low  Reynolds  number,  shows  large  descrepancies  from  the 
theoretical  value  p*(  rj  )  =  -1  especially  towards  the  leading  edges.  A  further 
viscous  effect  which  is  representative  for  all  models  investigated  at  Ma  =  7.9 
(Re  =  2.7-10®)  can  be  seen  from  a  pressure  rise  near  the  lower  ride  line ,  A3 
the  correspond ing  Reynolds  number  presents  the  highest  value  of  all  test  Reynolds 
numbers  it  has  been  assumed  that  there  might  be  a  transition  of  boundary  layer 
supported  by  corner  interferences.  Due  to  the  considerably  greater  displacement 
effect  of  a  turbulent  boundary  layer  compression  waves  might  be  produced  which 
are  -esponsible  for  the  increase  oi  pressure  near  the  lower  ridge  line,  which 
is  impossible  due  to  inviscid  theory  in  the  caselCff'*  1.  Integration  of  equ.8 
shows,  that,  as  in  the  case  of  pressure  nea -urerent,  a  reduction  of  the  experi¬ 
mental  normal  force  coefficients  car.  be  carried  out  in  the  same  way.  T';e  result 
is  shown  in  Fig._1_2  for  the  case  C  *=  -C.6  ar.d  it  is  clearly  to  be  3een  that  as 
in  the  c  ise  of  pressure  reduction  some  scatter  occursdue  tr  different  viscous 
effects . 

4.  CONCLUSIONS 

Analysis  of  experimental  data  obtained  from  six  caret  wings  in  a  Mach  number 
range  from  7.9  to  15.5  and  e  rresponding  Reynolds  numbers  from  2.7-10*  to  1.4- 1 
leads  to  the  following  conclusions: 

la)  Good  predictions  of  overall  'iftirg  forces  ar.d  pitching  moments  by  inviscid 
wedge  theory  in  the  positive  range  of  incidence  are  found. 

(b)  By  assuming  a  constant  value  of  skir.-friction  drag  throughout  the  incidence 
range  using  flat  plate  results,  the  drag-force  coefficients  can  be  predicted  by 
wedge-type  analysis  for  snail  angles  of  attack  in  good  agreement  with  the 
experiment  s . 

(c)  Large  deviations  of  the  aerodynamic  coefficients  cL  ,  c^and  from  too- 
dimensional  wedge  theory  occur  in  the  negative  incidence  range  due  to  strung 
transverse  curvature  of  the  shock  wave. 

(d)  A  severe  decay  of  maxitium  lift-drag  ratio  occurs  with  decreasing  Reynolds 
numbers  due  to  increasing  viscous  effects. 

(e)  Pressure  distribution  measurements  ar.d  shock  wave  angle  tr  inations  3how 

tnat  due  to  considervhle  viscous  effects  tne  shock  wave  is  displuced  outwards 
from  the  leadi  .g  t  .  g-:- ,  particularly  in  the  case  ICC  /  >  1.  Obviously  the  :;i  '~k 
wave  i3  detaoLi-  ;‘r  r  the  leading  edges  due  to  strong  interact  ii  r.  effect,., 

(f)  Good  agreer-  ,'.,a  obtained  with  regard  *r  experimental  shock  wave  .incite  bv 
a  simple  two-d ; r.sional  boundary  layer  calculation  ire1  ;1.r  •  lisp  laue-r..  -.t 

effects. 
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SUMMARY 


Hyp;rsonic  viscous-inviscid  interactions  are  tree.ted  by  the  finite-difference  solution  of  a 
single  set  of  equations  valid  throughout  the  boundary  layer  and  shock  wave  structure,  as  well  as 
inviscid  regions.  Primary  interest  is  concerned  with  the  flow  structure  and  surface  properties 
in  the  continuum  merged  layer,  near  a  sharp  leading  edge,  and  the  strong-interaction  domain 
further  downstream. 

Several  oeom e*r ie s  are  considered  Among  these  are  (1)  axisymmetnc  P~w  over  sharp 
cones,  (2)  two-dimensional  channel  flow  with  interior  oblique  shock  wave  interaction,  ar.d  for  a 
finite  length  channel,  the  exhaust  interaction  with  the  hypersonic  flow  outside  the  channel,  and 
(3)  the  three-dimensional  geometry  of  a  finite  width  flat  plate  having  a  sharp  leading  edge. 

Results  are  presented  for  flow  structure,  wall  pressure  and  heat  transfer.  For  the  three- 
dimensional  geometry,  shock  wave  patterns  are  described  and  comparisons  with  two-dimensional 
flat  plate  results  are  shown. 
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S.  G.  Rubin,  S.  Rudman  ,  T.  C.  Lin  ,  and  M.  Pierucci 

Polytechnic  Institute  of  Brooklyn 


I.  INTRODUCTION 


The  hypersonic  flow  over  slender  bodies  having  sharp  leading  edge*  involves  a  complex 
interaction  between  the  vorticity  created  at  the  surface,  and  diffused  in  the  foim  of  a  boundary 
layer,  and  the  outer  compressive  region  or  "shock-wave"  that  bounds  the  disturbed  flow  domain. 

Due  to  the  complexity  of  the  coupling,  theoretical  investigations  have  been  concerned 
almost  exclusively  with  the  interaction  that  occurs  in  the  hypersonic  flow  over  a  sharp  flat  plate 
or  sharp  nose  cone.  In  particular,  the  following  model  for  these  flows  has  evolved  :»*'  a  small 
kinetic  region  occurs  at  the  leading  edge  and  precedes  a  continuum  merged  layer  throughout 
which  viscous  effects  are  significant.  The  length  of  this  region  increases  appreciably  for  in¬ 
creasing  Mach  number  and  inverse  unit  Reynolds  number,  i.  e,  ,  increasing  Knudsen  number. 

The  merged  layer  asymptotes  into  the  strong  interaction  flow.  It  is  here  that  a  distinct  outer 
Rankine -Hugoniot  shock  wave  has  formed  and  is  separated  from  an  inner  low  density  boundary 
layer  by  an  inviscid  core.  The  solutions  for  the  different  layers  remain  closely  coupled  until 
further  downstream  the  shock  wave  becomes  sufficiently  weak  so  that  iterative  techniques  become 
possible  in  the  so-called  weak  interaction  flow.  From  a  practical  point  of  view,  this  division  of 
the  flow  reflects  the  significant  differences  in  both  the  magnitudes  and  functional  variations  of 
surface  pressure,  skin  friction  and  heat  transfer  at  different  locations  along  the  surface.  Fig.  la 
depicts  the  various  flow  regimes  for  typical  flow  conditions  on  a  sharp  flat  plate. 

The  different  flow  regimes  are  generally  treated  separately.  Typical  models  for  the 
strong  interaction  flow  include  the  use  of  Ideal  similarity  '^or  integral  methods  for  the  inner 
boundary  layer  and  tangent  wedge  theory  or  similarity  solutions  for  the  outer  inviscid  flow. 
For  the  fully  viscous  merged  layer  a  two  layer  description  has  also  been  employed  '  •  '.  An 

inner  boundary  layer  is  assumed  to  merge  into  a  compressive,  thick  shock  layer  that  forms  the 
outer  portion  of  the  disturbed  region.  A  local  similarity  or  integral  boundary  layer  solution 
is  matched,  along  some  dividing  line,  to  a  shock  structure  solution  for  the  outer  compressive  flow. 

The  purpose  of  this  paper  is  to  utilize  a  new  single  layer  model,  that  does  not  presuppose 
the  existence  of  shock  waves  or  boundary  layers,  in  order  to  study  the  flow  in  the  merged  and 
strong  interaction  regimes.  Previous  results  have  been  reported  for  the  flow  over  flat  plates  and 
wedges(^)  and  are  in  good  agreement  with  the  available  experimental  data'*'  The  simplicity 
of  obtaining  numerical  solutions  to  a  single  set  of  equations  valid  throughout  the  entire  continuum 
flow  domain  allows  for  the  treatment  of  more  complex  body  shapes,  in  particular,  of  three- 
dimensional  geometries. 

The  flow  over  sharp  cones,  the  viscous-inviecid  interactions  in  a  two-dimensional 
internal  channel  flow,  as  well  as  the  wake  region  for  a  finite  length  channel,  and  the  flow  over  a 
sharp  flat  plate  of  finite  width  will  be  discussed  in  the  sections  to  follow.  Results  for  wall  pres¬ 
sure,  heat  transfer  and  skin  friction,  as  well  as  the  entire  flow  structure,  including  the  shock- 
layer  for  the  three-dimensional  geometry,  shall  be  discussed.  Comparisons  with  experimental 
data  shall  be  described  whenever  possible. 


*  This  research  was  supported  by  the  Air  Force  Office  of  Scientific  Research  under  Contract 
No.  AF  49  (638)  -  1623,  Project  No.  9781-01. 

I  Associate  Professor  of  Aerospace  Engineering 

*  Currently,  Propulsion  Technology  Engineer,  Propulsion  Dept.,  Grumman  Aircraft  Engineering 
Corporation,  Bethpage,  New  York. 

*♦  Research  Fellow 
♦♦♦Research  Associate 
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II.  ANALYSIS 

Slender  bodies  at  small  angles  of  attack,  moving  with  hypersonic  velocities,  create 
disturbances  that  are  confined  to  a  thin  layer  adjacent  to  the  surface.  Outside  of  this  region 
the  fluid  is  unaffected  by  the  body  and  the  free  stream  conditions  are  applicable.  Therefore  the 
various  viscous  and  inviscid  layers  within  the  disturbed  region,  shock  waves,  boundary  layers, 
etc.  ,  are  all  relatively  thin  so  that  normal  gradients  are  everywhere  much  greater  than  gradients 
along  the  surfac  action.  From  the  familiar  boundary  layer  and  hypersonic  small  disturbance 
theories  it  is  ap,  .  that  the  respective  viscous  and  inviscid  layers  are  thin  when  the  square 
root  of  the  local  Reynolds  number  Re  *1  .  and  the  Mach  number  M  are  large.  With  these  para¬ 
meters  assumed  to  be  large,  a  uniformly  valid  expansion  for  the  entire  continuum  hypersonic 
flow  regime  can  be  formulated.  A  complete  description  of  the  flow  field  under  consideration 
and  derivation  of  the  governing  equations  is  presented  in  Ref.  6.  The  general  technique,  using 
a  two-dimensional  model,  shall  be  outlined  below. 

In  order  to  estimate  the  magnitude  of  the  various  terms  in  the  governing  Navier -Stokes 
equations,  within  the  different  layers  described  above,  all  the  flow  variables  are  non-dimension - 
alized  with  respect  to  local  reference  conditions  at  an  arbitrary  point.  This  expansion  technique 
is  used  here  only  to  determine  the  order  of  the  terms  in  the  different  layers.  Ultimately,  constant 
reference  values  shall  be  prescribed  in  a  final  expansion.  Using  an  (x,  y)  coordinate  frame,  where 
x  is  measured  along  the  surface  and  y  normal  to  the  surface,  with  velocity  components  (u,  v),  the 
following  expansion  in  assumed. 

11=17^ (u+fU,  +. . .  ) 

v=TT  6(v+ev,  +. . .  ) 

GO  * 

pipooPref(p+5pl+’-*>  (,) 

'p"=P^oPref(P+tpi+- '  •  > 

T=F  T  ,(T+CT,  +.  ..) 
oo  ref  1 

U=iT00uref(u-te  ui  +. . . ) 

x=xf  y=y  6  6*6/  f 

The  subscript  (  )  ref  is  used  here  to  denote  the  local  magnitude  of  all  the  dimensional 
properties.  In  this  manner  nondtmensional  reference  parameters  can  be  formed  in  order  to 
estimate  the  relative  magnitude  of  the  terms  in  various  regions  of  the  flow  field.  These  para¬ 
meters  are  estimated  on  the  basis  of  boundary  layer  and  hypersonic  flow  requirements.  6  is 
assumed  to  be  a  small  parameter  and  the  order  of  e  is  yet  to  be  determined. 

The  two-dimensional  Navier -Stokes  equations  for  non-reacting  gases  with  expansions 
(l)  become 

puux+(jvUy=-i;>px+(6aReref)  **  (uUy )y+0(Nj )  (2) 


puvx+pvvy=-(A/6)»py+(6*  Rer{fr  [4/3(uvy)y  +(yuy )x-2/3(uux)y] +0(Na  ) 

A»|puTx+pvTy+(v-l)p(uxhvy)-  -1  <6aR«ref>*l(uTy)yj  Reref)-‘  (Y-l) 

Wv  y  ‘  4  MUxVy  I  +<1u>  “y  +  ^y^  y(j  +°(NS  > 


(3) 


(4) 


(pu)h(pv)  =0(Nt)  (5) 

x  y 

where  Reref=(pooOcoi^oo)  prff/uref>  CT  =n  Cp /E  and  A3  =Trgf /yMoo.  It  will  be  assumed  that  c,  ,, 
Cp,  Cv  are  constant,  although  these  conditions  arc  not  essential  for  the  final  calculations. 

The  N.  represent  the  order  of  all  higher  order  terms  and  include  p.  6®  and  small  body  curvature 
effects. 


From  these  equations  the  following  can  be  concluded  :  (1)  a  is  a  small  parameter,  of 

order  M  in  the  outer  portions  of  the  disturbed  layer  and  of  order  (v-1)  (2vA)"l  in  the  inner 
b2undary  layer,  A  =  a  -S  for  adiabatic  wall  conditions  and  Aw  4  for  cold  wall  conditions.  With 
A  small  the  streamwise  pressure  gradient  p  would  not  appear  in  the  zeroth-order  equations. 
This  approximation  is  not  essential  in  this  theory  but  is  useful  in  that  it  leads  to  a  substantial 
reduction  in  the  time  required  for  a  typical  calculation.  This  approximation  will  be  used  through¬ 


out  this  paper. 
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The  effects  of  including  the  streamwise  pressure  gradient  in  the  leading  approximation 
have  been  considered  '  In  order  to  avoid  tl-c  difficulties  associated  with  the  sonic  singularity, 
where  iht  streamwise  veloc  ty  component  equals  the  sonic  velocity,  the  two  layer  model  of  Denison 
and  Be  ini^  was  prescribed,  li.  this  model,  the  normal  pressure  gradient  is  assumed  to  be  zero 
in  the  subsonic  portion  of  the  flow  near  the  wall  (usually  when(-)^^  1.2).  In  the  cases  treated 
here,  where  slip  boundary  conditions  are  required,  this  approximation  is  particularly  good  since 
a  subsonic  flow  layer  near  the  surface  does  not  appear  until  a  point  downstream  where  a  constant 
pressure  boundary  layer  has  already  forced.  For  cold  wall  conditions,  with  Y=1.4,  differences 
of  about  5%  result  when  terms  of  order  a  are  retained  in  the  zeroth-order  equations.  A  complete 
first-order  calculator:  leads  to  corrections  of  from  5%-<*‘%  .  These  calculations  have  been 
carried  down  as  far  as  the  beginning  of  the  strong  intei  i  on  flow. 

(2)  The  normal  pressure  aradient  py  is  not  necessarily  small  throughout  the  inner  portion  of  the 
merged  layer  where  (V 6)  -0(1).  As  6  decreases  in  magnitude  further  downstream  (i/6)^in - 
creases  and  a  typical  boundary  layer  forms  near  the  surface,  i.  e.  ,pyS0.  In  the  outer  portion  of 
the  disturbed  flow  (A/6)  -0(1)  throughout.  This  depicts  the  outer  compressive  or  shock  wave 


^  =  0(6^-^),  the  leading 


region. 

(3)  From  the  energy  equation  (4),  in  the  outer  portion  of  the  flow  where 
approximation  is  u  = 0 , 

or  in  view  of  the  x-^rnomenuun  equation  (2),  u=l.  Terms  of  0(6  )  must  be  included  in  order  to 
describe  the  outer  cojnpressive  flow.  This  leads  to  the  retention  of  the  term  ■ju'y.  For  the 
inner  region  where  A  achieves  its  l|rgest  values  a  typical  boundary  layer  balance  between  the 
left  hand  aide  of  equation  (4)  and  uUy  results.  2 

(4)  In  regions  where  viscous  effects  are  significant  (6  Re  £>*  -0(1).  For  inviscid  regions 
(6^Rerej)  '*-.0  and  the  hypersonic  small  disturbance  equations  result. 


Based  on  the  discussion  just  concluded,  the  following  non-dimensionalized  equations 
should  describe  the  entire  flo^v  field  to  zeroth-order.  Higher  order  approximations  can  be 
obtained  in  a  similar  manner0. 

(pu)x+(pv)y=0 

puux*pvUy  =  (uuy)y 

puvx+pwy=py+j  (uvy)y4  <uux)y+(uuy)x 

P>»VPVTy=-(V'1)P(Ux+Vy)^y)y+V(V-l)Moo2  ^  •’  j  (Y-l)UVy 

P=pT.u-u(T).  k=k(T)  (6) 

pref  Tref  pref  Were  taken  t0  be  unitV ^  Uref=Mao;  /  = ' (m  «, /p co  ^oo ) i  ^(y*1^)"  *. 


The^jutherland  viscosity  law  will  be  used  throughout.  We  note  that^  and  T  are  proportional  to 
Moo  >  oo  and  a,  respectively,  where  loo  the  free  stream  mean  free  path.  The  equations 

are  independent  of  the  unityReynolds  number  but  not  the  Mach  number,  or  interaction  parameter 
Xoo  “  Vc Mqq  /  ■JT(.eao. 


Neglecting  body  curvature  effects,  the  error  in  this  approximation,  and  hence  the  order 
of  e,  will  most  probably  be  determined  by  the  largest  values  of  6^.  For  v  =  1.4,  these  are  4%  for  the 
cold  wall  conditions  treated  here,  and  12%  for  the  adiabatic  flow.  These  values  are  in  agreement 
with  those  obtained  from  first-order  calculations  i°).  The  modifications  of  the  equations  for  axial 
symmetry  and  three-dimensionality  are  described  on  se'  won  IV  and  V. 


The  equations  are  boundary  layer  like  with  o'.ly  the  streamlines  at  real  characteristics. 
Numerical  solutions  were  obtained  on  a  CDC  6600  computer  using  an  explicit  finite  difference 
scheme,  in  view  of  its  simplicity.  Since  exact  initial  data  was  not  available  for  the  calculations, 
the  effects  of  different  initial  conditions  were  examined  in  detail  for  the  flat  plate  flow  '  .  It  was 

found  that  all  solutions  were  essentially  indistinguishable  when  the  rarefaction  parameter 
fC  Mqq/ ^Re  - X oo  /Mqu^  decreased  below  0.  4.  *  Nothing  definitive  can  be  concluded  about  the 
results  prior  to  this  point.  For  M_  =  20  this  corresponds  to  a  distance  60),^  from  the  leading  edge. 
Initial  conditions  for  which  ti  e  surface  heat  transfer  was  prescribed  as  the  free  molecular  value 
are  chosen  in  sections  III  anc  IV.  This  condition  was  prescribed  in  view  of  the  available  experimental 
data  for  the  flat  plate  and  cone  geometries.  These  solutions  were  then  in  good  agreement  with  the 
data  for  Yq0  cl.  0  or  10  from  the  leading  edge.  Uniform  initial  conditions  were  chosen  for  the 
three  dimensional  geometry  in  view  of  the  simplicity  and  a  lack  of  any  experimental  data.  For  the 
flat  plate  solution  the  use  of  uniform  initial  data  led  to  initial  differences  of  about  10-20%.  All 
differences  vanished  when  V^^  0.4. 


It  is  interesting  that  some  recent  experimental  data1  'depicts  significant  initial  deviations  due  to 
extremely  small  leading  edge  blunting,  but  that  these  variations  vanish  when  0.35.  The  strong 

interaction  flow  begins  when  V^wO.  15-0.  25. 


14-4 


The  detail*  of  the  numerical  finite  difference  procedure  are  given  in  Ref.  6.  The 
grid  apacing  in  the  y  direction  we*  preacnbed  to  be  about  one  free  stream  mean  free  path,  while 
the  step  use  in  the  x  direction  wa*  dictated  by  stability  criteria.  A  typical  calculation  with  slip 
boundary  condition*  required  about  50  seconds  to  reach  M  Jc/Re  =0.2.  for  the  two  dimensional 

flat  plate  geometry.  00  00 

in.  CHANNEL  FLOW 


In  thi*  section  the  two -dimensional  hypersonic  flow  over  two  finite  flat  plates  of  equal 
length  i*  considered  (Fig.  lb).  The  flow  is  symmetric  about  the  center  line  between  the  plates; 
however,  asymmetric  geometries  do  not  create  added  complexity  within  the  scope  of  the  theory 
described  herein.  This  class  of  problems,  involving  two  or  more  adjacent  surfaces  was  sug¬ 
gested  by  Prof.  M.  H.  Bloom  who  terms  them  "hypersonic  interference"  problems. 


The  flow  field  can  be  divided  into  three  distinct  region*,  the  flow  outside  of  the  plates, 
equivalent  to  the  flat  plate  considerations  of  Rudman  ana  Rubin  the  interior  channel  flow, 
and  the  interaction  of  these  two  domains  .in  the  wake  region  behind  the  plates.  The  geometry 
and  flow  solutions  are  restricted  in  several  ways  by  the  nature  of  the  governing  equations. 

First,  it  is  clear  that  only  initial  conditions  and  boundary  values  along  the  piates  con  be  prescribed. 
Therefore  channel  flows  with  arbitrary  back  pressure  cannot  be  considered.  The  exit  conditions 
must  be  accepted  as  a  part  of  the  total  solution.  This  restriction  is  a  result  of  the  parabolization 
of  the  elliptic  Navier-Stokes  equations.  Upstream  influence  is  limited  to  a  negligible  domain. 

It  is  apparent  that  if  incompatible  downstream  conditions  are  imposed  the  elliptic  nature  of  the 
equations  must  be  restored.  Therefore,  if  choked  flows,  flows  involving  strong  normal  shock 
waves  or  separated  flow  regions  are  to  be  treated,  suitable  modification  of  the  theory  must  be 
advanced.  Second,  the  error  analysis  in  Section  II  must  be  modified  for  the  interior  channel  flow. 
Free  stream  quantities  should  be  replaced  in  favor  of  centerline  conditions  so  that  the  error 
the  neglec^of  the  streamwise  pressure  gradient  is  now  of  the  order  of  the  maximum  value  of 
and  (yM_,  )‘*.  First-order  solutions  are  determined  throughout  the  interior  flow  in  order 
that  the  SrVor  here  is  comparable  to  that  outside  of  the  plates.  It  is  significant  that  the  first-order 
results  provide  corrections  of  5%-7%  for  M_.  >  5,  20%  for  Mr>  =2,  and  increasingly  larger 
deviations  as  M_,  decreases  further.  Thir'problem  can  be  refblved  completely  by  retaining  p 
in  the  leading  approximation.  Of  course  when  M_.  approaches  unity  a  choking  condition  might 
also  become  a  factor  and  the  elliptic  nature  of  mV  problem  must  be  restored.  The  plate  length 
for  the  ensuing  discussion  is  such  that  achieves  a  minimum  of  somewhat  less  than  five. 
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For  these  calculations,  as  well  as  those  to  be  described  in.  the  next  two  sections,  flow 
conditions  identical  to  those  used  previously  for  the  flat  plate  flow  'b'  were  chosen.  These  are 
M_j=25,  Titag=3600°,  Tyv/TJtJ=0.  15,  a~  0.75,  y  =  1.  4,^t  =  0.  85.  A*  discursed  above,  exact 
initial  values  are  not  available  so  that  initial  conditions  were  chosen  such  that  the  leading  edge 
heat  transfer  coefficient,  on  both  the  upper  and  lower  surfaces,  corresponded  to  the  free  molecular 


value, 
layer  and 


Slip  boundary  conditions  are  used  throughout,  as  slip  effects 
id  even  the  beginning  portioi  of  the  strong  interaction  flow  '  ' 


are  significant  in  the  merged 


Boundary  Data: 


o<  x<  L 

yxh±:  v=n,  u=±\uy.  T=T^i^-j  (X  Ty) 
y-oo.:  v—  o,  u-1,  T- 1,  p- 1 
Symmetry  conditions  at  y=  0 

*5 

Thermal  accomodation  and  scattering  coefficients  are  both  assumed  to  be  unity.  X  =  l.  26^/pT  . 


x  >L 


y-^fcco:  v-.o,  u-»l,  T-  1 

At  x=L,  the  outer  flow  is  prescribed  by  the  flat  plate  solution  for  |y|>h  and  by  the  channel  solution 
for  |yl<h.  The  calculation  was  divided  into  three  parts  :  (1)  the  outside  flat  plate  solution  of  Rudrran 
and  Rubin  (®),  the  interior  channel  interactions  and  the  mixing  or  wake  region.  Upstream  infludence 
due  to  the  trailing  edge  of  the  plates  is  not  included  in  this  "boundary  layer"  theory  so  that  all  three 
regions  can  be  t/eated  independently.  If  separation  does  not  occur,  it  is  expected  that  this  effect 
w  U  be  no  greater  than  that  occurring  at  the  leading -edge.  It  is  possible  that  modifications  of  the 
theory,  similar  to  methods  now  used  for  near  wake  and  corner  point  calculations  (9>  1°),  might 
allow  for  the  inclusion  of  certain  upstream  influences  when  these  become  significant. 
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The  interior  development  is  prohahly  *Vi«  most  interesting  of  the  three  calculations.  The 
flow  i.n  the  upper  and  lower  plates  proceeds  two -dimensionally  until  the  bounding  shock  waves 
interject  at  the  center  line.  For  the  chosen  geometry  the  interaction  begins  when  V®  '  0.  22 
or  near  the  end  of  the  merged  layer.  The  flow  is  still  fully  viscous  but  bounded  by  what  is  now 
almost  a  fully  developed  Rankine -Hugoniot  shock  wave.  Therefore  an  essentially  inviscid  shock 
interaction  takes  place  at  the  center  line,  with  viscous  diffusion  important  thereafter.  The 
reflected  wave  is  imbedded  within  the  viscous  boundary  layer  and  attenuates  as  it  approaches 
the  subeonic  inner  layer.  These  results  are  depicted  in  Figs.  2-6.  The  center-line  pressure  attains 
a  maximum  value  of  320  after  the  initial  shock  intersection.  For  a  calculated  incident  shock  angle 
of  14°  (15°)  with  Mr?5,  a  fully  inviscid  intersection  leads  to  a  final  pressure  of  280  (340).  The 
reflected  wave  travels  inward  until  it  reflects  off  the  inner  subsonic  layer  causing  a  sudden  rise 
in  the  vail  pressure,  skin  friction  and  heat  transfer.  The  wave  pattern  continues  to  the  center¬ 
line  where  a  much  weaker  intersection  takes  place  just  prior  to  the  channel  exit.  It  is  interesting 
that  wl.  :n  ttie  channel  was  continued  beyond  the  length  described  herein,  down  to  Mr .  equal  tc  1.  5, 
the  transverse  pressure  distribution  approached  a  uniform  state  and  it  appeared  as  iia  fully 
developed  compressible  flow  was  being  approached^  Fig.  (7).  In  tne  exhaust  region  behind  the  plates 
typical  vake  profiles  result. 


IV.  FL' >W  OVER  A  SHARP  CONE 

/  xi-symmetric  flow  problems  can  be  treated  in  a  manner  identical  to  that  used  for  the  two- 
dimensi<  nal  geometries.  The  procedure  has  been  outlined  in  Section  II. 

Once  again  an  (x,  y)  coordinate  system  is  employed,  where  x  is  measured  along  the  surface 
and  y  is  locally  normal  to  the  surface.  With  the  expansion  procedure  of  Section  II,  the  effect  of 
transverse  curvature  is  to  modify  the  governing  equations  (6)  by  adding  the  following  terms  to  the 
right  hand  side  of  each  of  the  respective  equations. 

Continuity:  -r  !  (Bu+v) 

x-Momentum:  r*  pUy 

y-Momentum:  2(3r)*  ^(ButvO  +  p(3r ) "  (Buy +4ty  -4  r  "  *  (Bu+v)) 

Temperature:  -(y-  l)r  *^p(Bufv)  +  ( I)(r-2(Bu+v)2-r  ‘  ^Bu+v)  Vy )+.  p(cr)  ‘  ^  Ty 

Where  B=  gc/  6  0c=cone  half  angle,  r  =  y+TcOc/6 

The  Sutherland  viscosity  law,  slip  boundary  conditions  at  the  cone  surface  and  initial  data  as  dis¬ 
cussed  in  Section  II  are  prescribed.  The  outer  Doundary  conditions  must  be  modified  such  that 

v-  -  B  as  y  -  m 

Unless  otherwise  specified  all  of  the  calculations  are  for  free  stream  and  surface  conditions  as 
described  in  Section  III. 

Due  to  the  singular  nature  of  the  governing  equations  as  r-o,  the  starting  point  for  the 
calculations  was  chosen  somewhat  downstream  of  the  leading  edge.  In  order  to  determine  the 
effect  of  different  starting  locations,  several  starting  points  were  selected,  in  particular  xQ  =  0.  005, 

0.  01,  0.  02,  and  0.  04.  These  points  correspond  to  distances  ranging  from  2  ^od  to  201  oo  from  the 
leading  edge:  corresponding  initial  cone  radii  vary  from  <oo/5  to  2  \ao.  All  of  the  solutions  were 
indistinguishable  when  V qd  0.4,  the  point  at  which  initial  conditions  are  no  longer  significant 
for  the  two-dimensional  ancTaxi -symmetric  geometries. 

The  results  to  be  discussed  below  are  for  initial  data  prescribed  at  xo  =  0.  02  or  ?0\oo 
from  the  leading  edge.  The  cone  radius  is  about  oo  at  this  point.  The  error  in  the  zeroth-order 
calculation  is  dependent  on  the  parameters  mentioned  previously  and  in  addition  on  the  magnitude 
of  g3  ,  as  terms  of  this  order  have  been  neglected. 

Some  of  the  results  are  depicted  in  Figs.  8-14.  Flow  profiles  are  given  in  Figs.  8  and  9. 

On  the  same  figures  are  wedge  solutions  for  the  same  half-angle  7c  =  5c.  As  might  have  been 
anticipated,  the  cone  shock  layer  is  much  thinner  than  that  for  the  equivalent  wedge  solution  and 
the  outer  compression  is  considerably  weaker  in  the  axi-symmetric  case.  The  temperature  pro¬ 
files  indicate  that  the  cone  flow  is  also  much  cooler  than  that  for  the  comparable  wedge  geometry. 

The  stagnation  enthalcy  exhibits  an  overshoot  in  the  outer  shock  structure  portion  of  the  profile 
for  both  flows. 

These  solvcions  are  significantly  different  than  those  for  the  two-dimensional  flat  plate 
in  two  respects.  First,  a  second  compression  region  below  the  outer  shock  does  not  occur  for 
either  the  wedge  or  cone.  Such  a  region  was  observed  for  the  flat  plate,  although  no  experiments 
have  indicated  the  existence  of  this  compression.  Refinements  of  the  normal  grid  size  did  not 
eliminate  this  effect  and  altered  it  only  moderately.  As  it  does  not  occur  here,  it  is  still  question¬ 
able  as  to  whether  it  was  due  to  numerical  inaccuracy  or  actually  occurs  as  a  very  weak  compression 
for  the  flat  plate.  Second,  the  pressure  profiles  show  only  a  moderate  decrease  in  magnitude  be¬ 
hind  the  shock  while  a  substantial  expansion  occurs  in  the  flat  plate  solution.  This  result  is  per¬ 
haps  not  unexpected,  as  the  inviscid  surface  pressure  is  considerably  higher  in  the  cone  or  wedge 
flow  than  for  the  flat  plate  case. 
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Fig.  10  compare*  pitot  pressure  and  density  profile!  with  the  experimental  data  of 
Horstman  and  Knssoy  There  is  good  agreement  in  the  lower  70%  of  the  shock  layer,  but 

substantial  differences  in  the  outer  shock  structure.  These  differences  may  be  a  result  of  the 
use  of  a  Navier-Stokes  model  without  bulk  viscosity  in  the  calculations  discussed  here.  A  more 
refined  normal  grid,  about  1  /5  the  size  considered  here,  in  proves  the  shock  structure  solution 
by  about  5%'°',  affecting  surface  conditions  by  less  than  2%  This  improvement  is  insignificant 
since  it  is  within  the  error  of  the  calculation;  it  also  increases  the  time  required  for  a  typical 
calculation  by  a  factor  of  125*.  Finally,  the  smearing  effect,  due  to  probe  size,  in  ihe  high 
gradient  compressive  region  must  be  evaluated  in  order  to  determine  the  experimental  accuracy 
in  measuring  the  shock  structure  profile.  Calculation  time  for  the  axi-symmetric  flow  is  roughly 
equivalent  to  that  for  the  two-dimensional  case. 

Figs.  1!  and  12  compard  s  irface  pressure,  heat  transfer,  and  skin  friction  on  the  cone 
and  weds 
data.  *n 


e,  while  Figs. 


13-14  provide  comparisons  with  the  bulk  ol  the  available  experimental 


V.  FINITE  WIDTH  FLAT  PLATE 

The  simplest  flow  geometry  that  accounts  for  three-dimensional  effects  is  the  finite  width 
flat  plate  having  a  sharp  leading  edge**.  With  x  measured  along  the  surface  in  the  streamwise 
direction,  y  normal  to  the  surface,  and  z  along  the  transverse  surface  direction,  the  governing 
equations  can  be  derived  by  the  order  of  magnitude  analysis  descril  td  in  section  II.  The  z  co¬ 
ordinate  is  non-dimensionalized  with  "5,  and  w  with  Uuo  t.  All  lateral  velocities  (w)  and  gradients 
in  the  s  direction  having  counterparts  in  the  surface  normal  direction  in  equations  (6)  are  retained 
to  zeroth  order.  In  addition  all  cross  products  involving  velocity  components  v  and  w  are  also 
retained. 

The  right  hand  sides  of  the  governing  equations  (6)  must  be  modified  with  the  inclusion 
of  the  following  terms: 

Continuity:  -(pw)z 

x-Momentum:  U>l)l-pwui 

y-Momentum:-pwvi+uvzz+|uwy  z  2 

Energy:  pwT^- (  V  -  Opw^+I  (uTJ^-  (V-IJModiju/  +-j*u(v-1)(wi  ‘l'(wy+Vz> 

The  .-momentum  equation  (pw^-f  (uuj^pu^ 

+  (uw  )  +T  Uv  ~T  LI  v  +U  v 
'*■*  y  y  3  y  z  3  ^  z  y  y  z 

The  above  equations  contain  all  the  terms  necessary  to  account  for  boundary  layer,  merged 
layer,  and  compression  layer  development  in  the  (y,  z)  plane.  The  equations  are  of  the  same  type 
as  in  the  two-dimensional  flow,  with  the  streamlines  as  the  only  real  characteristics.  Once  again 
a  solution  is  obtained  numerically  by  prescribing  appropriate  initial  and  boundary  data.  Uniform 
initial  conditions  are  used  at  all  points  except  at  the  surface  where  slip  boundary  conditions  are 
enforced.  These  conditions  allow  for  a  maximum  of  simplicity,  and  due  to  a  lack  of  any  experimental 
data  no  other  correlations  are  possible. 

Boundary  Data:  .  y 

y=0,  z  on  the  plate;  u  =  lu  ,  w  =  \(w  +  P-T)’  T  )  v=0,  T  =  T  + .  -T 

y  y  z  '  w'+lgy 

y-o,  z  off  the  plate;  v  is  anti-symmetric  ,  and  u,  w,  T,  D  are  symmetric 

(y  tz^  )  -  oo,  v-.o,  w-o,  u-.l,  p-.l. 

The  effect  of  lateral  surface  temperature  creep  (Tz  )  on  the  lateral  slip  velocity  should  be  retained 
to  zeroth  order;  nowever,  solutions  with  and  without  this  term  indicate  that  its  effect  is  less  than 
a  maximum  of  8%.  For  other  geometries,  such  as  a  corner,  where  the  z  gradients  are  larger, 
this  effect  might  become  more  impo.tant.  At  higher  Mach  number  its  magnitude  should  also  be 
increased  in  proportion  with  hfe, .  The  stream  conditions  used  in  this  calculation  are  those  of 
Section  III. 

The  calcula*ion  time  for  the  three-dimensional  geometries  is  appreciably  g reater (approxi - 
mately  n  times)  than  for  the  two  dimensional  flow;  n  is  the  number  of  lateral  mesh  points.  In 
addition,  the  streamwise  step  size  had  to  be  reduced  somewhat,  for  stability  purposes,  due  to  the 
large  lateral  gradients  off  the  side  edge  of  the  plate;  this  further  increased  the  calculation  time.  It 
was  possible  to  procede  downstream  to  a  point  at  which  Vaj  =  0.  25  in  60  minutes. 


*From  stability  considerations  the  <-wise  step  size  is  proportional  to  the  square  of  the  normal 
grid  spacing. 

** 

A  corner  geometry  is  discussed  in  .mother  paper  to  be  presented  at  this  meeting.  Hypersonic  Flow 
in  Rectangular  and  Non-Rectangular  Co.  n«rs. -Cre sci,  R.J.,  Rubin,  S.  G.  ,  and  Nardo,  C.  T. 
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In  order  to  maintain  the  maximum  degree  of  simplicity  the  lateral  and  normal  grid 
spacings  are  chosen  to  be  equivalent  and  approximately  equal  to  ^oo.  The  calculation  is  restricted 
by  the  storage  capacity  of  the  computer  (CDC-6600};  it  is  possible  to  prescribe  a  maximum  of  100 
mesh  pointi  in  both  the  y  and  z  directions.  Even  this  requires  some  rather  ingenious  programming 
devices  in  order  to  reduce  the  storage  of  several  flow  variables  •  nd  their  derivatives.  F or  this 
reason  the  plate  width  is  rather  small,  about  40  i  in  these  calculations.  Ultimately  a  variable 
grid  size  in  the  lateral  d.rection  will  allow  for  solutions  for  larger  geometries.  However,  the 
results  described  herein  should  be  indicative  of  those  to  be  found  for  larger  plates  as  o  ,e  might 
expect  similar  qualitat;ve  trends  to  appear  for  all  of  the  solutions. 

The  results  to  date  are  snown  in  Figs.  IS- 17.  The  point  furthest  downstream  co  'responds 
to  Vq^O.  S  or  a  distance  somewhat  greater  than  one  plate  width.  The  results  indicate  that  the 
flow  remains  two-dimensional  along  the  centerline  for  a  distance  of  about  0.  S  of  a  plate  vidth, 
after  which  the  surface  pressure  and  density  maximum  decrease  below  their  two-dimeni  ional  values 
Surprisingly,  ever  after  the  apparent  loss  of  two -dimer.sionality  near  ti:e  centerline,  th  lateral 
gradients  of  surface  pressure  and  heat  transfer  are  rather  small;  when  Voo=0.  5  there  if  only  a  5% 
deviation  in  these  results  for  one-third  of  the  plate  width  about  the  centerline.  There  a  e  consider¬ 
able  variations  near  the  side  edge. 

Fig.  17  is  a  pressure  contour  diagram  and  depicts  the  highly  compressive  regloi  that 
envelops  the  plate.  The  comprsssion  is  strongest  at  the  centerline,  decreasing  in  strei  gth  around 
the  side  edge.  Further  calculations  art  now  in  progress. 

From  the  results  of  sections  III -V ,  we  conclude  that  the  method  described  hereir  .  whic  h  is 
an  extension  of  that  used  previously  to  determine  the  flow  near  the  leading  edge  of  a  tw<  -dimensional 
sharp  flat  plate,  '  1  can  account  for  certain  shock  interactions,  axial  symmetry  and  thr»e -dimension¬ 
ality.  Studies  concerning  more  complex  geometries  ore  under  consideration. 
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SUJfKRY 


An  experimental  Investigation  of  the  Interaction  of  a  finite-span  Jet  Issuing  normal  to  the 
surface  of  a  7*  semi-vertex  angle  sharp  cone  at  a  free  stream  Mach  Number  •  6  Is  performed. 

The  Jet  slot  Is  contained  within  a  peripheral  angle  of  60*,  and  located  at  a  distance  midway 
along  the  length  of  the  cone  surface.  A  range  of  unit  Reynolds  number  of  2  x  10°  to  4  x  10* 
per  foot  is  covered.  This  permits  the  study  of  the  Interaction  for  laminar,  transitional  and 
fully  turbulent  flows  over  the  conical  surface  of  the  body.  Jet  penetration  heights  are  varied, 
and  the  results  compared  to  two-dimensional  flows  and  to  equivalent  fences  normal  to  the  surface. 
Data  are  also  obtained  for  three-dimensional  separation  and  reattachment  lines  by  Injecting  a 
dye  at  the  surface. 

The  results  of  this  experimental  study  Indicate  that  the  total  normal  force  coefficient 
produced  by  a  finite-span  Jet  Is  not  degraded  by  three-dimensional  effects.  In  fact,  the  normal 
force  coefficient  measured  in  these  tests  equals  or  exceeds  the  normal  force  per  unit  span 
obtained  in  experiments  with  tvo-dlmenslonal  flows  at  the  same  Mach  number  and  Jet  mass  flux 
ratio.  Thlt  behavior  Is  attributed  to  a  favorable  Interaction  between  the  cross-flow  and  the 
mainstream  tl<ac  substantially  Increases  the  effective  span  of  the  Jet.  It  Is  also  noted  that  a 
positive  contribution  to  the  total  normal  force  Is  received  from  the  flow  downstream  of  the  jet 
location,  contrary  to  previous  results  at  lower  Mach  numbers.  However,  experiments  were  also 
performed  with  finite-span  and  full-span  fences  (rings)  In  which  a  negative  contribution  la 
produced  downstream  of  the  fence  location.  In  general,  It  is  emphasised  that  the  results 
obtained  by  examining  only  the  pressure  distribution  along  the  plane  of  synmetry  through  the 
Jet  may  not  be  representative  of  the  actual  normal  force  produced,  and  are  definitely  misleading 
when  cross-flow  occurs. 

A  new  theoretical  model  Is  proposed  to  describe  the  structure  of  the  jet  Interaction  flow  field. 
The  fluid  mechanics  Is  essentially  lnviacld,  but  the  effects  of  viscosity  and  heat  conduction  are 
Implicitly  Introduced  through  the  nonuniformity  of  the  upstream  flow.  The  flow  field  la  calculated 
numerically  by  a  time -dependent  technique.  The  method  Is  clearly  extendable  to  three-dimensional 
flow  fields,  but  only  two-dimensional  flows  are  presently  considered. 


NOTATION 


Surface  area 
Sound  speed 
Slot  span 

Normal  force  coefficient,  2j(p-p^)dA/pMuai^ 

2 

Thrust  coefficient,  2T/p  u 

1  OD  00 

Slot  width 

Normal  force  due  to  interaction  with  a  forward -facing  step  or  transverse  fence 

Step  or  fence  height,  or  height  of  Mach  disc  above  the  surface 
2 

Total  enthalpy,  CpT  + 

Length  of  separated  flow  region 

Surface  length  from  cone  apex  to  slot  or  fence 

Mach  number 

Static  pressure 

Total  pressure 

Velocity  vector 

Gas  constant 

Reynolds  number,  pux/u 

Thrust,  or  static  temperature 

Total  temperature  for  the  sonic  jet  T  ■  (1.27  Po^  -  P^bd 
Time 

Velocity  component  in  the  x^  direction 
Streamwise  component  of  velocity 
Normal  component  of  velocity 
Transverse  component  of  velocity 
Mass  flux 

Streamwise  or  axial  coordinate 

Normal  coordinate 

Transverse  coordinate 

Boundary  layer  thickness 

Ratio  of  specific  heats 

Viscosity  coefficient 

Kinematic  viscosity  coefficient,  \J p 

Density 

Momentum  defect  thickness 
Stream  function 


Azimuthal  angle 


Subscripts 

c  Conical,  cone  surface  value 

a  Boundary  layer  edge 

1  Initial  or  undisturbed  cone  surface  value 

j  Jet 

w  Hall  or  surface  value 

m  Reservoir  condition,  or  evaluated  at  upstream  Infinity 

2D  TVo-dlaenslonal 

3D  Three-dimensional 

bl  Boundary  layer 

sp  Separation  point 

tr  Transition  point 
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AN  INVESTIGATION  OP  THREE-DIMENSIONAL  JET  CONTROL 
INTERACTION  ON  A  CONICAL  BODY 


V.  Zakkay,  J.  Erdos  and  W.  Calarese 


1.  INTRuCl'CTIOw 

Secondary  jets  have  received  attention  as  a  possible  alternative  to  conventional  aerodynamic 
surfaces  (e.g. ,  ailerons,  flaps,  flares,  etc.)  for  supersonic  or  hypersonic  flight  control  systems. 

The  forces  generated  by  an  underexpanded  jet  issuing  normal  to  a  surface  are  known  to  be  amplified 
considerably  over  the  in  vacuo  thrust  of  the  jet,  due  to  a  complex  interaction  with  the  ma-n, 
supersonic  stream.  Also,  the  severe  heating  and  loading  problems  associated  with  the  exposure  of 
a  control  surface  to  a  supersonic  or  hypersonic  stream  may  be  avoided.  These  considerations  have 
motivated  a  number  of  investigations  of  the  "jet  interaction"  phenomenon,  and  have  renewed  (or 
expanded)  the  interest  in  boundary  layer  separation  and  reattachment.  A  bibliography  containing 
several  hundred  entries  can  be  found  in  Refs.  1  to  17, 

The  structure  of  the  two-dimensional  jet-interaction  flow  field  has  been  inferred  by  a  number 
of  investigators,  from  schlieren  photographs  and  surface  pressure  distributions.  There  appears 
to  be  a  general  consensus  of  opinion  about  the  general  features  of  t  ue  f’ov  ri-ild,  although  some 
disagreement  has  arisen  in  regard  to  the  effects  of  various  parameters  i  n  jU  '  structure  and  the 
resultant  forces. 18  It  should  also  be  pointed  out  that  the  structure  ij  usually  depicted  for  a 
jet  that  penetrates  Into  the  stream  to  a  height  irany  times  the  thickness  of  the  upstream  boundary 
layer.  A  somewhat  different  behavior  pertains  to  the  case  where  the  penetration  height  Is  of  the 
same  order  as  the  boundary  layer  thickness.  The  case  where  the  boundary  layer  is  very  thin  is 
shown  schematically  in  Fig.  la.  A  large,  clockwise  rotating  vortex  and  a  small  counter-rotating 
vortex  occur  in  the  separated  region  upstream  of  the  jet  plume,  and  a  single  clockwise  rotating  vortex 
occurs  downstream  of  the  plume.  As  the  boundary  layer  becomes  thicker,  or  the  jet  penetration  height 
is  reduced,  the  plume  and  adjacent  vortices  will  probably  become  more  nearly  r.ynmetric,  and 
eventually  all  three  vortices  should  disappear  as  the  jet  is  submerged  in  the  boundary  layer. 

The  jet  interaction  flow  field  of  a  finite-span  jet,  on  the  other  hand,  in  essentially  three- 
dimensional.  In  fact,  only  an  axlally-ayranetric  body  (at  zero  angle  of  attack)  can  assuredly 
produce  a  two-dimensional  flow;  with  a  planar  geometry  spurious  three-dimensional  effects  can  be 
subtle,  and  difficult  to  eliminate.  Spaid  and  Zukowskl1®  attribute  the  relative  reduction  in 
amplification  of  two-dimensional  jet  interaction  forces  with  increasing  ratio  of  jet  to  main  stream 
total  pressure  to  three-dimensional  effects  rather  than  any  baBlc  dependence  of  the  amplification 
factor  on  this  parameter.  It  is  implied  that  the  three-dimensional  effects  associated  with  finite 
span  jets  can  reduce  the  beneficial  induced  forces^;  indeed,  on  a  conical  body  circumferential 
cross-flow  may  nearly  cancel  the  induced  normal  force.  The  present  investigation  is  primarily 
concerned  with  the  three-dimensional  problem  of  a  finite  span  jet  or  a  forward  facing  step  on  a 
conical  body.  The  results  of  an  experimental  study  are  presented,  and  compared  with  previous  data 
regarded  as  two-dimensional,  A  basis  for  correlation  of  two-dimensional  and  three-dimensional 
data  is  proposed,  based  on  the  penetration  height  of  this  plume. 

The  need  for  a  detailed  analysis  of  the  flow  field,  particularly  in  the  three-dimensional  case, 
is  considered  apparent.  A  new  theoretical  approach  has  been  developed  based  on  an  lnvlscld, 
rotational  flow  model.  Calculations  are  performed  by  lax's  time -dependent  method,  and  results  are 
presented  for  several  examples  of  separated  flows. 


2 .  EXPERIMENTAL  INVESTIGATION 

2.1  Experimental  Apparatus  and  Test  Conditions 

All  the  tests  were  conducted  in  an  axially  symmetric  Mach  5.8  nozzle  having  a  test  section 
diameter  of  1',  with  a  uniform  flow  of  3‘  in  length  and  9"  in  diameter. 

The  model  consisted  of  a  sharp  axially  symmetric  conical  body  with  a  cone  half  angle  of  7°, 
and  a  base  diameter  of  4.6".  This  provided  an  overall  surface  length  of  approximately  20"  and 
therefore  allowed  a  large  variation  of  the  transitional  to  turbulent  flow  or.  the  model  ahead  of  the 
injection  region.  For  the  condition  of  jet  injection,  the  slot  was  0.015"  and  0,030"  wide  and 
extended  over  a  peripheral  angle  of  60®.  The  slot  was  machined  perpendicular  to  the  surface  of  the 
cone,  and  located  at  an  axial  distance  of  14-1/8"  from  the  tip  of  the  model.  For  the  injection  tests 
the  complete  inner  chamber  of  the  model  was  used  as  the  stagnation  chamber.  Experiments  were  also 
performed  with  the  fences  perpendicular  to  the  model.  The  fences  were  placed  at  the  same  location 
as  the  slot,  and  also  extended  within  a  peripheral  region  of  60J .  Various  heights  were  used, 

3/4",  1/2",  3/8"  and  1/4".  In  order  to  compare  the  results  of  the  three-dimensional  flow  field  to 
that  of  a  two-dimensional  flow,  some  tests  were  performed  with  a  complete  ring  around  the  body  at 
the  same  location.  Again  for  this  case  the  heights  of  the  rings  were  0.6”,  0.5",  0.375"  and 
0.25". 


Pressure  tap*  ware  provided  at  60  points  on  the  model,  and  measured  ,'y  means  of  two  Scannlvalve 
transducers.  The  normal  and  axial  force  coefficients  were  calculated  from  the  overall  pressure 
distributions. 

The  test  conditions  were  performed  at  a  stagnation  temperature  of  820*R  and  a  wall  temperature 
of  520*R.  The  stagnation  pressure  of  the  tunnel  was  varied  betveen  1,800  p.s.i.a.  and  60  p.s.l.a. 
These  conditions  provided  a  large  variation  over  a  wide  range  of  Reynolds  numbers  and  on  the 
para  outer  POj/Po^. 

2,2  Experimental  Results)  Finite  Span  Jet 

At  first  It  was  desirable  to  investigate  the  nature  of  the  boundary  layer  over  the  surface  of  the 
com,  with  no  interaction  over  the  full  range  of  stagnation  conditions.  The  transition  point, 
determined  from  heat  transfer  measurement,  Is  presented  In  Fig.  2.  For  the  test  conditions  presented 
In  this  report,  correlation  of  all  the  data  resulted  In  the  following  relationship: 


A  value  of  Re  equal  to  750  was  obtained  for  the  full  range  of  stagnation  conditions.  It  Is  clearly 
seen  from  Fig.  2  that  for  the  highest  stagnation  pressure  Vom  ■  1,800  p.s.i.a.,  transition  occurs 
wlnthln  a  distance  of  less  than  one  inch  from  the  tip  of  the  cone.  Therefore,  the  boundary  layer  Is 
turbulent  well  aht-  '  of  the  slot.  For  the  lowest  stagnation  pressure  (Po  •  60  p.s.i.a.)  transition 
’’oes  not  occur  over  tho  entire  length  of  the  cone,  and  therefore,  a  laminar  boundary  layer  exists  over 
the  entire  surface  of  the  cone,  A  discussion  of  thejet  Interaction  will  be  made  at  first,  and 
comparison  to  two-dimensional  results  obtained  in  Ref.  11  will  be  nude.  For  all  the  test  conditions 
presented  here  M  was  equal  to  1.  The  interaction  and  the  observed  structure  of  the  flow  field  will 
be  explained  wltn  the  aid  of  Schlleren  pictures,  flow  diagrams,  Ink  tracing,  and  pressure  distributions. 
A  typical  set  of  schlleren  photographs  are  presented  In  Fig.  3,  and  the  corresponding  pressure 
distributions  in  Fig.  4,  The  test  conditions  for  the  results  which  are  presented  In  these  figures  are 
•  6.0,  To^  ■  820*R,  Tc  ■  520*R.  The  diagram  of  the  flow  along  the  line  of  symmetry  shown  In  Fig.  1 
was  constructed  from  thls^data.  Fig.  6  present  the  flow  streamlines  along  the  body  surface  which  are 
traced  by  Ink  Injected  through  pressure  taps.  Along  the  symmetric  plane  the  flow  pattern  Is  similar 
to  the  one  obtained  for  the  two-dimensional  jet  Interaction  problem  as  has  been  discussed  in  Ref.  11. 
However,  as  It  may  be  seen  in  Figs.  1,3  and  6,  there  Is  a  large  divergence  of  the  flow  from  the  axis 
of  symmetry  which  Is  analogous  to  the  flow  of  a  cone  at  an  angle  of  attack.  Therefore,  there  Is  a 
large  cross-flow  component  which  tends  to  minimize  the  upstream  extent  of  the  separation  region.  In 
order  to  understand  the  complete  flow  field,  it  Is  deslreable  to  follcw  the  flow  from  the  region 
ahead  of  tho  separation  point.  Fig.  3a  Is  a  schlleren  of  the  jet  without  the  secondary  air  stream, 
and  Figs.  3b  and  3c  are  the  schlleren  pictures  of  the  Interaction  phenomena  between  the  two  streams. 

The  Jet  itself  has  acted  like  a  step  or  protrusion  normal  to  the  surface  of  the  body,  and  has  an 
effective  height  of  0.6  times  the  height  of  the  jet  without  the  Interaction  (Figs.  3a  and  3b).  The 
Jet  without  interaction  may  be  analyzed  from  a  two-dimensional  point  of  view  and  the  Jet  boundaries 
may  be  obtained  by  the  method  of  characteristics,  assuming  no  mixing  along  the  boundaries.  Free 
Jet  studies  were  not  made  here  since  the  phenomenon  is  two-dimensional  and  has  been  discussed  In 
detail  In  Refs.  11,15  and  16.  Analogous  to  the  flow  field  In  Ref.  11,  the  flow  In  the  central  core 
passes  through  a  strong  shock,  which  Is  usually  called  the  "Mach  disc".  Such  a  shock  may  be  observed 
In  Figs.  3a  and  3b,  The  "Mich  disc"  In  this  case  is  three-dimensional,  with  a  maximum  height  "h" 
at  the  symmetry  plane  and  reducing  to  height  zero  at  the  two  edges  of  the  slot.  The  test  results 
presented  In  ngi.  3  and  6  are  summarized  below: 

6*  .  0.04"  (for  L  -  13") 

0^  ^  “  O.1170#/sec  (for  $  ■  360°)  (for  L  *  13") 

V*b.l.‘  °’791 


i  -  1.6" 

L  -  14.5" 
d  -  0.030" 

h  -  0.295" 


A  plot  of  <b,/$.  i  versus  Po./Po^  is  presented  in  Fig.  7,  for  the  slot  width  of  0.030"  and  a  fully 
developed  turbulent *S6undary  layer,  which  Is  assured  at  Po  ■  400  p.s.i.a.  The  boundary  layer  under¬ 
goes  a  sudden  deflection,  as  Indicated  In  Fig,  1  and  Is  contained  within  the  separation  shock  and  the 
separated  region,  and  then  penetrates  through  the  bw  shock  and  mixes  with  the  jet.  The  Jet  Itself 
la  equivalent  to  a  solid  boundary,  which  previously  has  been  correlated  in  terms  of  a  forward  facing 
step  (Ref.  17).  An  analogous  correlation  for  the  three-dimensional  jet  penetration  may  be  done  and  will 
be  described  later  In  the  report.  Two  three-dimensional  separation  bubbles,  labelled  1  and  2  In 
Fig.  1,  are  produced  as  a  result  of  the  separation  upstream  of  the  slot,  as  shewn  clearly  by  Fig,  6, 
and  the  two  plateaus  of  pressure  shown  In  Fig.  4,  The  first  separation  bubble  (1)  has  an  upstream 
flaw  direction  at  the  surface  while  separation  bubble  (2)  has  a  downstream  direction.  In  order  to 
establish  this,  Ink  was  injected  in  the  region  of  separation  bubble  (1)  and  the  ink  traversed  up¬ 
stream.  When  the  Ink  was  Injected  In  the  region  of  bubble  (2)  the  Ink  traversed  downstream.  Some 
of  these  results  may  be  seen  In  Fig,  3d.  The  extent  of  the  separation  region  ahead  of  the  jet  was 
•l/h  equals  to  5.4  which  compares  to  a  value  of  4  for  a  two-dimensional  step.  The  angle  formed 
between  the  wall  the  a  line  drawn  from  the  separation  point  to  the  top  of  the  Mach  disc  was  equal 
to  11*.  This  compares  to  a  value  of  13*  for  a  two-dimensional  jet  with  the  same  conditions. 


In  two-dimensional  separated  flows  the  plateau  pressure  and  separation  shock  are  usually  calculated 
tor  an  equivalent  wadge.  In  the  present  case,  It  is  of  interest  to  consider  such  a  calculation, 
although  the  flow  is  clearly  three-dimensional,  and  to  compare  the  result  with  the  two-dimensional  case. 
With  a  jet  penetration  height  of  0.295"  the  ratio  of  slot  span  to  jet  height  is  6.65  so  the  phenomenon 
nay  ke  locally  two-dimensional  near  the  plane  of  symmetry.  Using  Me  ■  5.35  and  a  wedge  angle  of  11*, 
corresponding  to  the  observed  angle  of  the  separated  boundary  layer,  two-dimensional  oblique  shock 
relations  give  a  shock  angle  of  20°  and  a  plateau  pressure  of  Pc/Pi  ■  3.7.  These  compare  very  well 
with  the  shock  angle  of  19.5®  measured  from  the  schlieren  photograph  and  the  plateau  pressure  ratio  of 
4.0  shown  in  Fig.  4.  Therefore,  it  appears  the  flow  field  is  locally  two-dimensional  and  can  be 


compared  with  two-dimensional  experiments  on  the  basis  of  a  corrected  effective  penetration  coefficient 
Po./Po*.  Or,  in  other  words,  the  penetration  height,  h,  can  be  used  to  relate  the  two-dimensional  and 
three-dimensional  phenomena,  at  least  near  the  axis  of  symmetry,  and  in  this  sense  the  problem  Is 


reduced  to  relating  (Poj)3d  to  ff’°j)2D  ^or  t^le  >jame  penetration  height,  h.  (P<Jj)3d  1®  of  course  amah 
larger  than  (Poj)2n  for  the  same  n  due  to  the  cross-flow.  (The  oncoming  flow  Is  effectively  more 
energetic,  since  the  low  energy  flow  moves  laterally  around  the  jet.)  To  estiuBte  the  ratio  (Poj)3p/ 

(Po i ) 2 D  t*le  results  of  the  present  tests  are  compared  with  the  data  of  Ref.  11,  which  are  also  for 
Moo  “  6,  in  Fig.  8.  For  example,  in  the  present  experiments  at  (Pojd)/(PoaL)  ■  0.465  x  10'J  a  value 
of  h/L  "  0.0204  is  obtained,  and  for  this  same  h/L  Ref.  11  has  (Pojd)/(PoBL)  ■  0,11  x  lO*^  Therefore, 
(P°j)3p/(Po.)2p  f®  approximately  4.  At  these  conditions,  Ref.  11  has  t/L  «  0.13  while  in  the  present 
experiment  t/h  ■  0.12,  confirming  the  premise  that  h/L  is  a  basic  correlation  parameter.  However, 


four  times  the  mass  must  be  injected  in  the  three-dimensional  case  to  obtain  the  same  separated  flow 


pattern,  and  thus  the  same  normal  force  per  unit  span,  along  the  plane  of  synmetry.  The  value  of 

obtained  by  Integrating  the  measured  pressure  distributions  over  the  entire  cone  surface  are  also 
plotted  in  Fig.  8.  It  can  be  seen  that  the  total  normal  force  coefficients  obtained  in  these  experi¬ 
ments  are  nearly  the  same  as  the  centerline  values  of  Ref.  11,  with  thi  same  jet  mass  flux,  which  is 
quite  remarkable.  This  implies  that  the  cross-flow  produces  a  favorable  interaction  with  the  main¬ 


stream  and  thus  forming  a  three-dimensional  separated  region  well  beyond  the  boundaries  of  the  slot. 


An  explanation  of  this  behavior  is  presented  below, 


amplification  factor 


(Vcnr- 


in  connection  with  the  discussion  of  the 


The  surface  pressure  along  the  line  of  symmetry  is  presented  in  Fig.  4a  for  various  test  conditions. 
Care  must  be  exercised  in  interpreting  this  data  since  for  the  conditions  of  Po„  below  200  p.s.l.a. 
transition  occurs  ahead  of  the  slot,  as  may  be  seen  from  Fig.  2,  However,  the  plateau  reached  in 
each  case  is  clearly  shown  in  the  diagram.  Immediately  downstream  of  the  slot,  the  flow  behaves  like 
a  wake  with  an  associated  recirculation  region,  labelled  3  in  Fig.  1,  a  neck,  and  a  reattachment  shock. 
Analogous  to  wake  flow,  the  pressure  imnedLately  downstream  of  the  slot  corresponds  to  the  base  pressure 
and  is  below  the  undisturbed  cone  pressure.  However,  it  subsequently  recompresses  and  reaches  a  value 
of  almost  twice  the  undisturbed  cone  pressure  at  a  distance  of  approximately  four  h.  Although  unfavor¬ 
able  interaction  has  been  observed  in  a  lower  range  of  Mach  numbers  for  the  dexmstream  portion  of 
the  jet,  it  seems  that  a  favorable  interaction  can  be  obtained  with  increasing  Mach  numbers.  Similar 
results  were  obtained  in  Ref.  18  for  two-dimensional  configurations.  The  results  of  Ref.  18  indicate 
that  considerable  unfavorable  interaction  (a  decrease  downstream  of  the  jet)  was  obtained  at  M  »  2.61 
and  3.5.  Results  at  R,  ■  4.54  indicated  a  net  interaction  force  of  zero  for  the  portion  downstream 
of  the  jet.  Ref.  18,  in  addition,  obtained  a  recompression  pressure  of  pc/n^  of  1.5.  Since  this 
recorapressior.  pressure  is  a  function  of  Mach  number,  it  may  be  that  a  considerable  interaction  may  be 
obtained  for  the  downstream  region  for  Mach  numbers  above  5.  Lateral  distributions  of  surface  pressure 
are  shown  in  Figs.  4b  and  c.for  s  =  14.0"  and  14.5".  (The  slot  is  at  s  •  14.3")  Attention  is  called  to 
the  high  pressure  region  downstream  of  the  slot  where  the  cross-flow  passes,  as  opposed  to  the  low 
pressure  trough  that  exists  immediately  behind  the  slot.  Schlieren  photographs  of  the  Jet  Interaction 
for  the  range  of  conditions  discussed  are  presented  in  Figs.  5a-g.  The  boundary  layer  is  laminar  or 
transitional  in  Figs.  5e,f  and  g. 


The  amplification  factor  C(jA/Cp}_  has  been  computed  from  the  integrated  pressure  distribution  on  the 
cone  and  the  calculated  thrust  of  tne  sonic  jet.  The  present  results  are  plotted  in  Fig.  9  and  are 
comparable  to  the  dal  a  presented  in  Ref,  11  for  two-dimensional  flow.  Both  the  value  obtained  by 
considering  the  normal  force  acting  only  up  to  the  slot  location  and  that  obtained  by  integration 
over  the  entire  surface  are  shown.  It  can  be  seen  that  a  positive  net  contribution  is  received  from 
the  region  downstream  of  the  slot*  although  the  pressures  are  locally  below  the  undisturbed  cone 
value  immediately  behind  the  plume.  The  trend  of  decreasing  with  increasing  Pojd/PoJL  is 

obtained  in  these  experiments,  as  previously  observed  by  Sterrett  et  al^>  Spaid  and  Zukowski3® 
correctly  point  out  that  this  trend  is  due  to  three-dimensional  effects  rather  than  a  basic  dependence 
on  the  jet  momentum  (beyond  a  certain  threshhold  value),  however  they  do  not  ofter  an  explanation  of 
the  nature  of  the  three-dimensional  effects.  The  explanation  is  apparent  if  the  surface  streamline 
pattemls  examined.  For  example,  in  Fig.  6  it  can  be  seen  that  the  boundaries  of  the  separation 
region  have  been  extended,  due  to  the  cross-flow,  from  the  end  of  the  slot,  point  A  in  Fig.  6,  to 
the  point  B.  The  span  of  the  separation  region  has  been  increased  from  the  slot  span  of  1.96"  to 
nearly  5".  Thus,  the  cross-flow  has  more  than  doubled  the  effective  span  of  the  jet,  or  reduced 
the  value  of  CfjB  per  unit  span  by  more  than  a  factor  of  two.  This  same  phenomenon  is  evident 
in  Maurer's  oil  streak  data3.  Therefore,  to  obtain  the  true  amplification  factor  Cjja/Cn  either  of 
of  the  following  procedures  are  recormended: 


*The  opposite  result  has  been  reported  at  lower  Mach  numbers,  e.g.  Ref.  11. 


a)  CN  must  be  calculated  by  Integrating  the  pressure  distribution  over  the  entire 
surface  area,  or 

b)  an  effective  C}j_  per  unit  span  must  be  used,  which  Is  ir  the  same  ratio  to  the 
actual  C)^  as  Ac/BC  (in  Fig.  6). 

These  considerations  are  not  intended  to  imply  that  a  constant  value  of  Cn,/Cjj  will  be  obtained 
without  three-dimensional  effects,  however,  the  decreasing  trend  observed  In  tfte  flat-plate 
experiments  will  be  substantially  reduced.  It  is  emphasized  that  in  the  present  study  (which 
Involves  a  cone  rather  than  a  plate)  the  behavior  Is  somewhat  different  due  to  the  axial  symmetry. 

The  normal  force  is  defined  as  the  component  of  the  force  acting  parallel  to  the  plane  of  symmetry 
through  the  jet  (cp  «  0)  as  well  as  normal  to  the  axis  of  symmetry  of  the  cone.  Therefore,  the 
relative  contribution  to  the  normal  force  due  to  the  cross-flow  decreases  as  the  lateral  extent  of 
the  aeparatlon  region  increases.  (For  example,  the  pressure  acting  at  cp  -  90*  makes  no  contribution 
to  the  normal  force.)  Since  the  lateral  extent  of  the  separation  region  increases  with  increasing 
Po./Po*  it  is  understandable  that  the  amplification  factor  Cn^/Cfo.  decreases.  The  included 
peripheral  angle  of  the  jet  is  60*  in  these  experiments;  the  amplification  factor  can  be  expected 
to  depend  on  this  angle  to  some  extent.  Similar  results  for  /Cj^  have  been  presented  in  Ref.  35. 

2.3  Experimental  Results:  Transverse  Fences 

For  this  part  of  the  Investigation  the  interaction  will  be  studied  for  both  axially  synmetric 
transverse  fences  and  for  finite  span  fences  of  the  same  included  peripheral  angle  as  the  slot  (60°). 
Figs.  10a, b,c  and  d  present  the  schlieren  photographs  for  finite  step  heights  of  h  «  3/A",  1/2", 

3/8"  and  1/4".  It  is  of  interest  to  determine  if  the  separation  region  has  a  geometric  similarity 
analogous  to  the  two-dimensional  case.  In  this  case,  the  value  of  t/h  has  been  measured  from 
schlieren  photographs,  for  all  the  various  step  heights.  Values  of  t/h  of  4.2b,  4.3,  4.35 
and  4.2  w';re  obtained  for  the  above  step  height.  This  value  compares  to  a  value  of  4.3 
for  the  two-dimensional  case  (Ref.  19).  In  addition,  the  angle  of  the  ser>aration  shock  as  well  as 
the  plateau  pressure  reached  is  given  by  the  equivalent  wedge  angle  of  13.1*  which  is  in  quite  good 
agreement  with  the  value  obtained  in  the  two-dimensional  case.  The  pressure  distribution  lor  all  the 
above  conditions  are  presented  in  Fig.  11.  The  results  have  been  correlated  in  terms  of  s/h,  and 
it  la  seen  that  there  is  good  agreement  for  all  the  tests.  However,  one  may  also  observe  that, unlike 
the  case  of  the  slot  injection  ,  the  pressure  in  the  wake  region  of  the  fence  has  no  overshoot  and  in 
fact  is  always  below  the  undisturbed  conical  pressure,  thus  resulting  in  an  unfavorable  interaction 
at  the  centerline  of  the  body.  However,  pressure  away  from  the  plane  of  symnetry  of  the  fence  recovered 
and  was  above  the  undisturbed  conical  value.  The  full  pressure  distributions  over  the  entire  surface  of 

the  model  will  be  presented  in  Ref.  14.  The  pressure  along  the  centerline  in  the  wake  of  the  fence 

recovers  completely  at  an  t/h  of  3.  The  normal  force  for  the  interaction  was  calculated  by  integrating 

the  entire  pressure  distribution  over  the  model.  The  results  are  compared  to  the  two-dimensional 

interaction  as  given  in  Ref,  19.  The  values  of  Fi/p^hb  obtained  in  theBe  tests  have  been  calculated 
and  are  shown  in  Fig.  12.  These  values  Include  the  Interaction  upBtrean  and  downstream  of  the  fence. 

An  average  value  of  Fj/pjhb  of  11  was  obtained  for  an  hr  of  5.3.  The  value  corresponding  to  the  same 
conditions  for  the  two-dlmensronal  Interaction  as  calculated  from  the  correlations  of  Ref.  19  (Eq.  2) 
gives  a  value  of  11.2.  It  is  pointed  out  here  that  normal  forces  which  are  obtained  by  integrating 
the  centerline  pressure  distribution  are  misleading;  the  full  span  of  the  separation  region,  beyond 
the  boundary  of  the  fence,  must  be  included. 

It  nay  be  of  Interest  to  compare  the  interaction  obtained  by  the  step  to  the  one  obtained  by  the 
jet  for  the  same  value  of  h.  The  results  of  the  jet  interaction  indicated  that  the  same  penetration 
height  waa  obtained  in  the  present  experiments  as  in  the  two-dimensional  experiments  when  four  times 
the  amount  of  mass  flow  was  injected  through  the  slot.  However,  this  resulted  (approximately)  in 
(Cjj  )2D  “  t*'  I*1  other  words,  the  value  of  Cn^  was  approximately  the  same  as  in  the  two- 

dinfknslonalAca»e  for  the  same  mass  flow.  In  the  case  of  the  fence  there  is  a  favorable  interference 
which  results  in  a  larger  normal  force  due  to  the  fence  than  due  to  the  Jet  with  an  equivalent 
penetration  height,  h.  However,  a  larger  drag  force  is  obtained  with  the  fence  than  with  the  slot, 
therefore  resulting  is  approximately  the  same  Cn/Cd. 

It  has  been  Indicated  in  the  literature  that  a  true  two-dimensional  separation  is  hard  to  achieve, 

and  therefore  the  separation  point  is  sensitive  to  cross  flow  gradients.  For  this  purpose  a  study 

of  tvo-klimenaional  separation  1b  studied  on  an  axially  synmetric  configuration,  by  placing  a  lull- 
span  fence  (or  ring)  over  the  surface  of  the  body.  For  this  type  of  configuration,  a  more  realisn- 

comparison  may  be  made  between  finite  and  Infinite  fences.  The  results  with  the  full  ring  jre 

presented  in  Figs.  lOe,  f  and  g.  Oily  the  main  results  will  be  given  here,  and  the  details  will  be 
Included  In  Ref.  14.  The  tests  were  performed  with  a  full  ring  of  height,  h,  corresponding  to  the 
finite  fences.  For  h  «  3/4",  1/2"  and  3/8",  the  pressure  gradients  produced  were  too  severe,  and 
unfortunately  the  flow  detached  completely  at  the  tip  of  the  cone  (see  for  example  Fig.  6e).  A 
atudy  of  the  separation  region  could  only  be  made  for  step  heiphts  equal  to  or  smaller  than  1/4". 

The  schlieren  photographs  corresponding  to  a  step  height  of  1/4"  are  presented  In  Figs.  lOf  and  g. 

An  increase  in  the  value  of  t/h  was  observed,  over  that  of  the  finite  fence  for  the  same  h.  A 
value  of  t/h  of  4.5  was  measured;  this  compares  to  a  value  of  t/h  of  4.2  for  the  finite  fence. 

The  results  for  tha  conditions  presented  in  Fig.  lOf  are  for  a  fully  turbulent  boundary  layer 
well  ahead  of  the  separation  region,  which  results  presented  in  Fig.  lOg  are  for  a  laminar  boundary 
layer  ahead  of  the  separation  region.  A  more  detailed  discrlption  of  the  full  fence  with  associated 
pressure  distributions  will  be  given  in  Ref.  14. 


3.  THEORETICAL  ANALYSIS  OP  THE  JET  INTERACTION  FLCW  YIELD 

3.1  Background  and  Motivation 

Previous  analyses  of  the  jet  interaction  flow  field  have  been  primarily  concerned  with  determining 
the  parameters  that  directly  affect  the  phenomenon  and  correlate  the  experimental  data.  Certain  parts 
of  the  flow  field  have  been  analyzed  in  some  detail,  for  example  Sterret  et  al^*^  have  constructed 
the  supersonic  portion  of  the  jet  plume  by  the  method  of  characteristics.  Spaid  and  Zukowski^®* 
have  developed  a  correlation  of  the  separated  turbulent  flow  upstream  of  the  plume  by  analogy  with 
the  flow  upstream  of  a  forward-facing  step.  This  approach  has  also  proved  successful  in  the  present 
experimental  study,  which  has  shown  the  jet  penetration  height  to  be  basic  cor.  lation  parameter  for 
both  two-dimensional  and  three-dimensional  flows.  Nevertheless,  a  unified,  theoretical  description 
of  the  entire  flew  field  is  still  lacking.  The  present  investigation  is  addressed  to  this  problem 
as  well  os  to  the  experimental  study  of  the  phenomenon.  Motivation  for  the  theoretical  study  lies 
partly  in  the  need  to  clarify  the  complex  structure  of  the  three-dimensional  flow  field  of  a  finite 
Jet,  and  partly  to  determine  the  extent  to  which  the  phemenology  of  two-dimensional  separated  flows 
is  applicable  to  the  problem.  However,  the  study  has  not  yet  progressed  to  the  point  where  a 
definitive  answer  to  either  question  is  provided.  The  purpose  of  the  following  discussion  is  to 
demonstrate  the  the  proposed  theoretical  model  is  valid  and  a  workable  method  of  solution  has  been 
developed.  Primary  attention  is  directed  toward  the  description  of  the  separated  flow  upstream  of  the 
plume  which  is  considered  to  be  a  crucial  part  of  the  flow  field  and  certainly  the  least  amenable  to 
theoretical  treatment. 

3.2  A  New  Approach  to  Separated  Flow  Problems 

A  qualitative  description  ol  the  mechanism  by  which  separation  occurs,  in  general,  is  well  known: 
the  flew  near  the  wall  lacks  sufficient  energy  to  continue  in  the  same  direction  as  the  flow  in  the 
mainstream,  due  to  the  Imposition  of  an  adverse  pressure  gradient.  If  the  flow  is  constrained  to 
remain  two-dimensional  by  some  physical  consideration  then  the  pressure  gradient  causes  the  low  energy 
flow  near  the  \»11  to  reverse  direction,  and  the  presence  of  the  disturbance  is  propagated  far  upstream. 
On  the  other  hand,  if  cross-flow  is  permitted  (i.e.  ,  the  flow  is  allowed  to  move  laterally)  the  low 
energy  flow  is  easily  diverted  away  from  or  around  the  disturbance,  and  the  extent  of  upstream 
propagation  is  reduced  considerably.  Although  separation  can  occut  in  both  the  two-dimensional  and 
three-dimensional  cases,  the  flow  pattern  is  very  much  differenct,  and  the  location  of  the  separation 
line  in  the  latter  case  cannot  be  identified  by  vanishing  the  wall  shear  stress,  or  by  the  presence 
of  flow  reversal. 

The  point  to  be  noted  in  the  above  qualitative  picture  is  that  the  description  can  be  made 
completely  in  terms  of  opposing  pressure  and  inertial  forces,  that  is,  without  explicit  introduction 
of  viscous  forces.  As  pointed  out  by  Batchelor^  ,23  a  physically  plausible  solution  of  the  Navier- 
Stokes  equations  for  flaws  of  this  type  with  closed  streamlines  is  possible  in  the  limit  of  infinite 
Reynolds  njmber,  i.e.,  invlscld  flow.  The  word  plausible  1b  emphasized  because  such  flows  have 
never  been  observed  due  to  the  occurrence  of  instabilities  and  turbulence  at  large  Reynolds  numbers. 
Nevertheless,  a  mathematical  model  for  such  flows  is  important  in  that  it  "would  allow  the  determina¬ 
tion,  by  some  kind  of  asymptotic  expansion,  of  the  flow  at  the  upper  end  of  the  range  of  Reynolds 
numbers  at  which  the  flow  la  stable,  more  readily  than  by  an  expansion  valid  in  the  neighborhood  of 
zero  Reynolds  number. in  other  words,  it  would  provide  the  invlscld  flow  field  with  which  Prandtl's 
boundary  layer  equations  could  be  used  to  evaluate  the  effects  of  viscosity  in  the  thin  regions  near 
the  wall  and  along  vortex  sheets  in  the  flow.  Within  the  framework  of  Batohelor's  model,  it  is  of 
Interest  to  examine  further  the  role  of  viscosity  in  separation.  Clearly,  viscosity  is  essential  to 
the  phenomenon  in  the  sense  that  separation  is  a  consequence  of  the  momentum  defect  in  the  flow  near 
the  wall  resulting  from  viscous  dissipation.  Viscous  forces  also  act  In  opposition  to  changes  due  to 
inertial  or  pressure  forces.  Thus,  viscosity  can  be  thought  of  as  playing  a  dual  role,  that  it, 
causing  the  required  momentum  defect  but  nevertheless  opposing  the  adverse  pressure  gradient  acting 
on  the  low  energy  flow  near  the  wall.  It  nuBt  be  emphasized,  hcvever,  that  in  the  latter  role,  the 
effects  of  the  viscosity  may  be  crucial  only  In  certain  confined  regions,  outside  of  which  they  can 
be  neglected.  In  particular,  the  shear  stress  at  the  wall  is  essential  in  truncating  the  upstream 
propagation  of  the  pressure  rise  due  to  the  disturbance  (e.g.,  a  control  surface  or  jet)  at  the 
separation  point  in  a  two-dimensional  flow,  while  the  recirculation  and  reattachment  may  be  essential 
invlscld  processes.  (However,  in  a  three-dimensional  separated  flow  the  cross-flow  ney  be  more 
significant  than  the  viscous  stresses  in  limiting  the  extent  of  upstream  propagation.)  Therefore,  in 
the  absence  of  explicit  consideration  of  viscous  stresses,  the  point  of  separation  must  be  fixed 
empirically.  In  the  case  of  base  flow  behind  a  sharp-cornered  body,  such  as  Batchelor*®  considered, 
the  separation  point  is  clearly  fixed  at  the  comer  (i.e.  a  "Kutta-conditlon") .  In  the  flew  upstream 
of  a  Jet  plume,  or  a  forward -facing  step,  the  separation  point  nust  be  determined  a  priori  by 
correlation  of  experimental  data. 

In  the  proposed  model  the  control  surface  or  jet  is  inmersed  in  an  invlscld,  rotational  stream 
thet  Includes  the  nonuniform  velocity  and  total  enthalpy  distributions  of  the  finite  (nonvanishing) 
upetveam  boundary  layer  profile,  especially  the  important  subsonic  flow  near  the  wall.  The  effects 
of  viscous  dissipation  and  (finite)  free  stream  Reynolds  number  are  assumed  to  be  fully  accounted 
for  by  the  upstream  boundary  layer  thickness  and  velocity  distribution.  Thus,  the  flow  field  is 
governed  by  the  Euler  equations. 
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It  should  be  noted  that  this  model  Includes  a  mixed  (subsonic/supersonic)  flow,  separated  by  a 
free  boundary;  but  as  is  well  known,  the  steady  state  form  of  the  Euler  equations  is  elliptic  in  the 
subsonic  domain,  hyperbolic  in  the  supersonic  domain,  and  parabolic  (but  singular)  along  the  M  -  1 
plans.  However,  the  time-dependent  form  of  the  equations  is  hyperbolic  regardless  of  the  Mach 
number.  These  equations  can  be  solved  by  the  application  of  well-kncsm2^*8®  finite-difference 
techniques.  The  particular  scheme  used  here  is  outlined  below. 

3,3  Method  of  Analysis 


A  powerful  numerical  technique  for  solving  fluid  dynamic  problems  was  first  suggested  by 
von  Neumann2^  and  developed  by  von  Neumann  and  Richtmyeir5  in  connection  with  the  calculation  of 
strong  shock  waves.  In  essence,  the  technique  is  simply  an  application  of  the  method  of  finite 
differmces  to  the  unsteady  (time-dependent)  conservation  equations.  The  method  was  put  on  a  formal 
anthaamtlcal  basis  by  lax2®  and  developed  further  by  Lax  and  Wendroff2  .  The  idea  of  obtaining 
stesdy-ctate  solutions  in  this  manner,  i.e.,  as  the  asymptote  in  time,  also  occurred  to  Crocco28, 
who  pointed  out  that  the  intermediate  solution  i.e.  the  time  dependent  results,  need  not  have  any 
physical  meaning,  and,  in  fact,  need  not  even  satisfy  the  unsteady  equations,  as  long  as  the  asymptotic 
solution  satisfies  the  steady-state  equations,  (This  latter  observation  allows  considerable  freedom 
in  forsulatlon  of  the  finite-difference  scheme,  however,  this  latitude  will  not  be  exploited  in  the 
present  analysis)  Comparable  methods  have  also  been  developed  independently  by  Godunov81’82.  The 
calculation  of  separated  flows  by  a  time -dependent  technique  using  the  full  Havier-Stokes  equations 
has  bean  considered  by  Thonaan  and  Magnus88  but  they  do  not  present  any  results. 


The  governing  equations  in  the  present  analysis  are: 


+  (pul> 


0 


^(pUi)  +  3^(pVj  +  fiijp) 


0 


|^(PH  -  p)  +  "g"- (pu^H)  -  0 

where  1  -  1,2,3 

6  -  1  for  i  *  J  and  0  for  i  i  j 

„  1*5. ,  Vi 

H  ’  fa  +  4U  T“ 


The  pressure  is  eliminated  using  the  equation  of  state  p  -  pRT,  yielding  five  equations  and  five 
unknowns;  p,  uj.u^,  u.  and  H.  (y  ”  7/5  is  assumed  in  the  following  calculations.)  lax's  method 
of  casting  the  equations  in  dlffemce  form  is  adopted  here.  The  equations  are  all  of  the  form 
dw/dt  +  d/dx  (f  )  ■  0.  The  time  derivative  is  approximated  by  a  forward  difference  and  the  spatial 
derivatives  By  centered  differences: 


u(*l.*2.*^  +  At)  ■  w(Xj,*j ,Xj,t) 


-ft  to 


+  ax 


l'VV**  -  f(*1  -  J 


i  -  1,2,3 
k  i  J  *  i 

To  obtain  conditional  stability  w^.Xj.x^t)  is  replaced  by  w^.x^.x^.t)  namely 
w(xl,x2,x3,t)  -  ^w(*1  +  to1,xj,xk,t)  +  w(x1  -  to^Xj.x^t)] 

Stability  is  then  achieved  by  observing  the  Courant-Frledrichs-Lewy  (CFL)  criteria: 


At_s  - 

tai  |Ui|+a 

(This  is  related  to  the  requirement  that  disturbances  must  propagate  at  least  as  fast  numerically  as 
they  do  physically.)  The  appearance  of  an  "artificial  viscosity'’  in  the  difference  equation  is  clear 
if  it  is  rewritten  as  the  difference  analog  of  the  differential  equation: 


dw 

It 


+ 


57(V 


The  only  characteristic  length  scales  in  the  problem  are  the  thickness  of  the  upstream  boundary  layer, 
S,  and  the  mexh  size,  Ax.,  A  square  mesh  (Ax  •  Ay  •  Az)  is  needed  to  keep  the  "artificial  viscosity" 
coefficient  isotropic.  The  order, of  the  "artificial  viscosity''  coefficient  is  estlrmted,  using 


the  CFL  stability  criteria: 


v  .it.  ,  t  “  0  [Ax,(u,  +  a) 

artificial  '  i  1  maxJ 

Therefore  the  "artificial  viscosity"  can  be  reduced  to  the  irder  of  the  true  molecular  viscosity 
by  choosing  Ax  =  0(6^),  The  upstream  boundary  layer  thickness,  6,  is  then  the  only  characteristic 
length  scale  in  the  problem.  The  only  characteristic  time  scale  in  the  problem  is  the  "relaxation 
time"  to  reach  the  steady-state  solution  from  a  given  set  of  initial  data.  However,  the  maximum 
permissible  time  step  as  determined  by  the  CFL  criteria  can  be  written  as 

At  “  0  [^artificial  /(ui  +  c)max] 

Thus  the  magnitude  of  the  "artificial  viscosity"  is  reduced  at  the  cost  of  a  proportional  increase 
in  the  number  of  time  steps  to  reach  the  steady-state  asymptote. 

The  boundary  conditions  at  a  solid  surface  are  obtained  by  cor  jidering  the  surface  to  be 
impermeable  membrane  or  contact  surface.  Impermeability  is  obtained  numerically  by  requiring 
the  velocity  normal  to  the  surface  to  be  equal  and  opposite  at  a  mesh  point  above  the  surface 
and  at  a  corresponding  "virtual  point"  Inside  the  surface.  (Lax^*>  termed  this  "reflection".) 

The  same  technique  is  usually  applied  to  all  the  other  variables  as  well,  without  the  sign 
reversal* 9,30,  However,  this  implies  the  first  derivative  of  these  variables  at  the  wall  is 
numerically  zero,  which  is  clearly  inacceptable  in  the  present  application.  Therefore,  the  velocity 
and  mass  flux  tangential  to  the  surface  are  extrapolated  to  a  "virtual  point"  inside  the  surface 
assuming  their  second  derivative  is  zero  at  the  wall,  (This  procedure  effectively  eliminates  the 
Influence  of  the  "artificial  viscosity"  at  the  wall.  It  is  also  equivalent  to  evaluating  the  first 
derivative  at  the  surface  by  a  backward  difference  rather  than  a  centered  difference.)  The  tempera¬ 
ture  at  the  "virtual  point"  is  then  determined  by  requiring  the  pressure  to  be  the  same  at  the 
"virtual  point"  inside  the  surface  as  it  is  one  point  above  the  surface.  The  points  at  the  outer 
boundaries  of  the  domain  are  handled  by  the  usual  "reflection"  technique. 

3. A  tkimerical  Examples 

The  two-dimensional  flow  of  a  supersonic  stream  impinging  on  a  flac-faced  step  is  considered  here 
to  demonstrate  several  salient  features  of  the  method  and  the  natmre  of  the  results.  Two  cases  are 
postulated,  namely:  a  uniform  stream  at  ft,  -  5  and  a  rotational  stream  with  a  maximum  Mach  number  of 
5  and  zero  velocity  at  the  wall.  The  two  velocity  profiles  are  plotted  in  Fig.  13,  The  firBt  cat’, 
is  obviously  equivalent  to  the  supersonic  blunt  body  problem  for  a  semi-infinite  flat  plate  normal 
to  the  stream.  The  particular  ftech  number  is  chosen  because  results  by  the  method  of  integral 
relations  are  available  for  comparison.  ^  A  mesh  size  1/10  the  step  height  was  used  in  the  present 
calculation.  The  stagnation  point  pressure  obtained  is  shown  in  Fig,  14  as  a  function  of  the  number 
of  tintt  cycles  the  calculation  was  performed.  The  steady-state  valve  is  approached  very  closely 
after  about  80  cycles,  and  the  flow  field  may  be  considered  fully  converged  after  about  100  cycles,'* 
Contours  of  constant  Mach  number  are  plotted  in  Fig.  15.  The  bow  shock  is  "smeared"  over  several 
mesh  points,  which  is  a  fairly  large  distance  due  to  the  coarse  mesh  used,  however  it  can  be  seen 
that  the  Mach  1  contour  is  in  very  good  agreement  with  the  shock  1  rtion  predicted  by  the  integral 
method.  The  calculated  pressure  distribution  on  the  face  of  the  Lep  is  shewn  in  Fig,  16  and 
compared  with  the  integral  method  results.  The  fact  that  the  sonic  line  Joes  not  terminate  at  the 
corner,  and  the  discrepency  in  pressures  near  there,  is  attributed  to  the  fact  that  the  boundary 
conditions  are  not  imposed  precisely  at  the  point  of  the  Conner  but  only  at  the  nearest  mesh  points. 

The  impreciseness  is  presumably  present  in  other  calculations  oi  flews  around  sharp-cornered  bodies-*  , 
and  will  be  manifested  in  the  case  with  rotational  flow  also.  (This  point:  has  not  been  pursued  further 
as  the  sharp  cornered  step  is  only  considered  here  to  demonstrate  the  method,  and  will  not  be 
encountered  in  the  applications  for  which  the  method  is  intended.) 

In  the  rotational  flow  the  temperature  profile  for  the  initial  conditions  was  calculated  from 
the  Crocco  integral  relation 

H  -  H  +  (H  -  H  )  u/u 

W  ®  W  <J> 

where  H  was  evaluated  assuming  the  wall  was  at  the  free  stream  static  temperature  (i.e.,  a  "cold" 
wall).  The  convergence  of  stagnation  point  pressures  for  this  case  is  shown  in  Fig.  17.  The  constant 
Mach  number  contours  (after  200  cycles)**  are  plotted  in  Fig.  18.  The  shock  location  has  been 
estimated  by  considering  the  location  of  the  ftoch  contour  and  by  examining  the  entropy  v  riation  along 
streamlines.  The  computed  streamline  pattern  is  plotted  in  Fig.  19.  The  presence  of  the  closed 
streamline  «=  0)  and  the  "bubble"  or  recirculating  fluid  is  of  particular  interest.  Profiles  of 

the  u-  and  v-components  of  velocity  at  the  station  x/h  =  are  plotted  in  Fig.  20.  The  wall  pressure 
distribution  arid  the  distribution  on  the  face  of  the  step  are  given  in  Fig.  21.  The  reattachment 
pressure  rise  is  essentially  merged  with  the  separation  point  rise,  so  the  pressure  plateau  typical 
of  extensively  separated  flows  is  not  evident  here. 


*Less  than  five  minutes  was  required  to  compute  120  cycles  on  an  IBM  360/75,  including  printing  of 
all  variables  at  each  mesh  point  every  lO1’1  cycle.  The  value  of  At /Ax  used  was  0,58. 

**The  maximum  permissible  At/Ax  was  computed  before  each  cycle  and  3/4  of  this  value  was  then  used. 
The  initial  value  was  0.625,  and  after  75  cycles  a  constant  value  of  0.514  was  obtained. 
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The  above  results  are  preaented  primarily  to  demonstrate  that  the  theoretical  model  embodies  the 
essential  physical  mechanism  needed  to  deacribe  separated  flows,  except  for  the  previonaly  discussed 
inability  to  predict  the  location  of  the  separation  point.  Calculations  that  can  be  compared  with 
experimental  data  are  bding  carried  out,  but  results  are  not  presently  available.  Calculations  of 
the  Jat  plume  are  also  planned;  as  a  purely  inviscld  phenomenon  with  an  imbedded  strong  shock  (the 
"Mich  disc"),  it  is  ideally  suited  to  calculation  by  this  technique.  A  unified,  theoretical 
description  of  the  coc^ilete  Jet  interaction  flow  field  can  then  be  undertaken.  The  extension  to 
three-dimensional  flow  fields  requires  only  the  Inclusion  of  another  difference  equation  and  dependent 
variable,  the  transverse  velocity  component.  These  calculations  will  provide  not  only  detailed 
Information  regarding  the  structure  of  the  flow  field,  but  also  quantitative  predictions  of  normal 
forces  and  moments  for  finite  span  Jets. 

4.  CONCLUSIONS 

The  interaction  of  a  finite-span,  transverse  jet  on  a  7*  cone  in  an  H,  ■  6  stream  has  been  studied 
experimentally.  Pressure  distribution  have  been  measured  over  the  surface  of  the  cone,  separation 
lines  have  been  determined  by  injecting  ink  on  the  surface,  and  the  structure  of  the  flow  field  has 
bean  recorded  on  schlieren  photographs.  Based  on  these  observations  it  has  been  concluded  that  along 
the  plane  of  symnetry  the  separated  region  upstream  of  the  jet  correlates  very  well  with  two-dimensional 
experiment*  in  terms  of  the  jet  penetration  height  as  the  basic  scale  length.  (The  aspeat  ratio  of  the 
Jst  plume,  b/h,  Is  of  order  6  or  larger.  The  quasl-tvo-dlmenslonal  behavior  will  probably  diminish 
as  the  aspect  ratio  is  decreased.)  However,  four  times  the  jet  mass  flux  Is  required  in  the  case  of 
the  finite-span  Jet  to  obtain  the  same  Jet  penetration  height  as  an  infinite  span  (two-dimensional)  jet. 
But  the  remarkable  feature  of  the  three-dimensional  phenomenon  Is  that  integration  of  the  pressure 
distribution  over  the  cone  surface  shows  that  the  normal  force  coefficient  obtained  Is  the  same 
as  the  normal  force  coefficient  per  unit  span  ofa  two-dimensional  jet  with  the  same  jet  mass  flux. 

This  behavior  Is  attributed  to  a  favorable  Interaction  between  the  cross-flcw  and  the  main  stream 
that  Increases  the  effective  span  of  the  jet.  It  la  clearly  misleading  to  consider  only  the  pressure 
distribution  along  the  centerline  when  cross-flow  may  be  present  (although  Bmall)  due  o  end  effects. 

If  correlated  In  terms  of  the  J_t  penetration  height,  rather  than  mass  flux,  the  toti  >  normal  force 
coefficient  of  a  finite-span  Jet  exceeds  the  normal  force  per  unit  span  coefficient  of  a  two- 
dimensional  Jet,  implying  that  a  finite-span  solid  control  surface,  e.g, ,  a  transverse  fence  or 
forward-facing  step,  of  a  given  height  will  produce  a  larger  normal  force  than  predicted  by  two- 
dimensional  considerations.  When  the  Jet  is  replaced  by  a  transverse  fence,  the  two-dimensional 
and  three-dimensional  normal  forces  are  comparable.  It  is  also  noted,  however,  that  a  larger  low 
preaaure  region  occurs  behind  the  fence  than  behind  the  jet  plume,  so  the  net  Interaction  force  due 
to  the  Jet  la  relatively  larger  than  due  to  the  fence.  On  the  basis  of  theBe  experiments,  it  is 
suggested  that  a  combination  of  a  secondary  jet  and  transverse  fence  may  prove  to  be  a  more  efficient 
control  system  than  either  Individually. 

The  proposed  theoretical  model,  baaed  on  an  imriecld,  rotational  flow  has  been  shown  to  embody  the 
nacaaaary  physical  mechanism  to  determine  the  structure  of  the  jet  Interaction  flow  field,  except  at 
tha  point  of  separation,  where  vlacoua  stresses  are  crucial.  Several  numerical  examples,  based  on  a 
flnits-dlfference  solution  of  time -dependent  equations  demonstrate  the  importance  of  the  subsonic, 
rotational  portion  of  the  upstream  boundary  layer  In  formation  of  the  separation  bubble  and  the  bow 
shock  ahead  of  the  Jet  or  transverse  fence.  The  structure  of  the  plume,  Mch  disc,  and  reattachment 
region,  and  their  mutual  interaction  are  currently  being  studied. 
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Klg.  4b  Transverse  Distribution  of  Surface  Pressure  at  s  *  14.0  Inches 
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Fig.  4c  Transverse  Distribution  of  Surface  Pressure  at  s  -  14. 5  inches 
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SWWARY 


'Hie  interaction  between  a  two-dimensional  underexpanded  Jet  and  the  hypersonic  flow  over  a 
cone  at  a  freestream  Mach  number  of  thirteen  is  reported.  Hie  Jet  emanates  radially  from  a  slot 
which  is  normal  to  the  axis  of  symmetry  of  the  right  circular  cone  which  has  a  semi-angle  of  five 
degrees.  Hie  influence  of  variations  in  freestream  Reynolds  number,  Jet  pressure  ratio,  secondary 
mass  flux  and  yaw  angle  are  investigated,  for  a  regular  and  blunted  cone  configuration. 

Measurements  of  the  surface  heat  transfer  and  pressure  distributions  far  upstr  'am  of  the  Jet 
are  consistent  with  accepted  boundary  layer  separation  predictions  in  the  free  interaction  region. 

In  the  Immediate  vicinity  of  the  efflux,  on  both  the  upstream  and  downstream  side,  the  measurements 
indicate  the  existence  of  reattachment  regions.  Hiese  are  associated  wi*h  the  substantial  increases 
observed  in  both  the  local  pressure  and  heat  transfer  distribution.  Throughout  the  length  of  the 
cone  behind  the  Jet,  the  heat  transfer  is  found  to  be  less  than  the  undisturbed  cone  value.  This 
is  attributed  to  a  film  cooling  effect. 

When  the  Jet  pressure  ratio  is  maintained  at  a  constant  value,  the  separation  length  ahead 
of  the  efflux  is  found  fran  schlieren  photographs  to  be  independent  of  the  freestream  Reynolds 
number.  Hiis  implies  that  the  geometrical  features  of  the  separated  flowfield  are  similar  and  that 
the  free  shear  layer  is  thin  enough  for  the  viscous  parameters  to  be  unimportant.  Further  obser¬ 
vations  indicate  that  when  the  secondary  mass  flux  is  constant,  the  separation  length  decreases 
with  increasing  freestream  Reynolds  number. 


HOMJJtCIAHIRE 


C  -  constant  of  proportionality  In  linear  viscosity-temperature  .relationship 

C„  -  Stanton  number  =  q/  0  u  (H  -  H  ) 

H  f  o  co  '  od  v' 

D  -  cone  base  diameter 

h  -  Jet  penetration  height 

H  -  total  specific  enthalpy 

•<  -  separation  length 

M  -  Mach  number 

Pr  -  Prandtl  number 

p  -  pressure 

q  -  heat  transfer  rate 

R  -  radius 

Rq  -  nose  radius 

Re  -  Reynolds  number 

S  -  distance  measured  from  forward  stagnation  point 
T  -  temperature 
u  -  velocity 

tL  -  angle  of  attack 
-  cone  half  angle 
y  -  ratio  of  specific  heats 
5  -  shear  layer  separation  angle 

Q  -  separation  shock  angle 
D  -  density 


SUBSCRIPTS 


a  -  ambient  conditions 
e  -  conditions  at  boundary  layer  edge 
J  -  Jet  reservoir  conditions 
J  -  conditions  at  the  exit  plane  ot'  the  Jet 
0  -  atmospheric  conditions 

R  -  conditions  upstream  of  Jet  Riemann  wave 
s  -  incident  shock  conditions 
t  -  stagnation  conditions 
w  -  surface  conditions 

5  -  reservoir  conditions  In  the  reflected  region  o'-  the  shock  tunnel 

a?  -  freestream  conditions 
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HYPERSONIC  INTERACTIONS  ABOUT  A  SLENDER  CONE 
INDUCED  BY  RADIAL  MASS  INJECTION 

P.  G.  Simpkins 


1 .  INTRODUCTION 

Tie  Interaction  between  a  two-dimensional  Jet  of  air  emanating  from  a  long  narrow  slit  set  at 
right  angles  to  the  flow  was  first  studied  by  Taylor  (I05U).  In  that  analysis,  Taylor  considered 
an  inviscid  incompressible  flowfield,  and  proposed  using  an  equivalent  body  approach  to  evaluate 
the  conditions  downstream  of  the  Jet.  Since  that  time  the  number  of  putlications  dealing  with 
secondary  flowfield  interactions  has  grown  steadily  as  various  applications  of  the  technique  have 
been  proposed.  Extensive  data  is  now  available,  for  example,  dealing  with  the  control  of  the 
thrust  vector  of  rocket  exhausts.  With  this  application  in  mind,  emphasis  has  been  placed  on  flow- 
fields  in  which  the  primary  stream  is  supersonic  and  the  interaction  three-dimensional;  for 
example,  a  typical  flowfield  considered  is  a  circular  Jet  penetrating  a  nozzle  flow.  The  investi¬ 
gations  by  Broadwell  (1963),  Charwat  4  Allegre  ( 19^5 )  and  Hsia,  Seifert  4  Karamcheti  (1965),  to 
name  a  few,  are  representative  of  the  approaches  used  to  determine  the  salient  features  of  such  a 
Jet-nozzle  interaction  process.  Because  of  the  obvious  complexity  of  this  three-dimensional 
Interaction  a  number  of  investigators  have  restricted  themselves  to  flows  over  fist  plates  in 
order  to  simplify  the  flowfield.  The  studies  of  Zukovski  A.  Gpaid  (19b1*)  havp  illustrated  that 
when  the  Jet  is  underexpanded  and  has  a  circular  cross  section,  the  interaction  regime  is  highly 
three-dimensional  even  though  the  primary  flow  is  two-dimensional.  By  extending  their  earlier 
studies  to  include  the  case  where  the  Jet  issues  from  a  transverse  slot  Spald  4  Zukowski  (1968) 
have  more  closely  approximated  a  two-dimensional  interaction,  but  even  then  found  evidence  of 
three-dimensional  effects.  Similar  results  have  been  reported  by  Maurer  (1966)  who  has  noted  that 
at  large  Jet  pressure  ratios  and  high  aspect  ratios,  the  centerline  flowfield  ahead  of  the  Jet  ex¬ 
hibits  three-dimensional  effects.  Studies  of  the  planar  free  Jet  structure  by  Gregorek  &  Luce 
(196b)  may  well  shed  some  light  on  the  reasons  for  some  of  the  three-dimensional  effects  noted 
above.  The  appearance  of  strong  wave  systems  originating  at  the  ends  of  the  slots  have  been 
observed  in  planar  Jets  at  high  pressure  ratios.  Gregorek  &  Luce  round  that  under  these  conditions 
the  wave  systems  often  intersect  each  other  and  eliminate  the  normal  shock  that  is  characteristic 
of  underexpanded  axi-symmetrlc  Jets. 

Two  points  of  Interest  are  apparen'  from  the  above  discussion.  Firstly,  while  extensive 
studies  have  been  undertaken  with  regard  to  the  technique  of  thrust  vectoring,  very  little 
attention  has  been  paid  to  the  hypersonic  interaction  which  is  of  interest  as  a  means  of  attitude 
control.  A  number  of  studies  of  the  finite  span  two-dimensional  Interaction  process  have  been 
reported  by  Sterrett  and  his  co-workers;  who  initially  examined  the  transitional  and  turbulent 
boundary  layer  Interaction  ahead  of  an  underexpanded  Jet,  see  Romeo  4  Sterrett  (1961).  More 
recently,  Sterrett  4  Barber  (1966)  and  Sterrett,  Barber  4  Alston  (196?)  have  concentrated  on  the 
turbulent  boundary  layer  Interaction,  and  included  detailed  examination  of  the  Jet  structure. 

These  authors  suggest  that  before  the  interaction  process  can  be  fully  understood,  the  parameters 
that  determine  the  Jet  structure  must  be  defined.  Other  aspects  of  the  same  problem  have  been 
described  by  Poisson-Quinton  4  Ceresuela  (19t>6)  and  Kaufman  (l-»67).  The  former  work  examined  the 
three-dimensional  interaction  between  a  circular  Jet  and  the  flow  over  a  flat  plate  at  M^  =  10, 
and  compared  the  results  with  similar  conditions  created  by  forward  facing  steps.  Kaufman  (l'*6?) 
used  a  two-dimensional  situation  of  finite  aspect  ratio  to  study  the  interaction  at  freestream 
Mach  numbers  from  14  to  21.  The  latter  studies  revealed  that  the  interactions  with  hypersonic 
streams  can  produce  considerable  overpressures  downstream  of  the  efflux.  The  limited  number  of 
Investigations  of  the  hypersonic  Interaction  problem,  have  been  only  partially  succerr.f  1  in 
describing  the  mechanics  of  the  process.  Hence,  sane  disparity  exists  between  the  predictions, 
which  are  somewhat  restrictive,  and  the  observations.  Indeed,  at  the  present  time,  comparison  be¬ 
tween  various  sets  of  experimental  results  show  that  the  data  are  generally  inconsistent. 

The  second  point  mentioned  earlier,  is  that  the  presence  of  three-dimensional  effects  has 
been  noted  in  all  of  the  cited  references.  Many  of  the  investigators  using  finite  span  slots  note 
that  siie  plates  modify  their  results;  an  observation  which  is  not  entirely  unexpected,  but  one 
which  could  be  a  contributing  factor  in  explaining  the  lack  of  agreement  in  currently  available 
data.  These  inconsistencies  coili  also  be  due  to  a  number  of  other  factors,  such  as  the  onset  of 
transition  in  the  free  shear  layer  and  the  variation  in  well  to  free  stream  temperature  ratio 
during  different  studies.  Because  of  the  uncertainties  due  to  three-dimensional  effects,  the 
model  in  the  present  series  of  tests  was  fabri  rated  as  «  cone  with  an  injection  slot  of  infinite 
aspect  ratio.  The  absence  of  three-dimensional  effects  associa'ei  with  ’his  configure’  ion  a*  zero 
yaw  angle,  simplifies  the  study  of  'he  hypersonic  interaction  flowl’ieid  by  elimina'ing  one  of  'he 
undesirable  features  cf  finite  span  flat  plate  models. 
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2.  E3CPERIMIJITAL  METHODS 

The  interaction  study  was  undertaken  at  a  nominal  freestream  Mach  number  of  thirteen  in  a 
hypersonic  shock  tunnel  which  has  a  7j  degree  conical  nozzle  and  a  test  section  diameter  of  51  cm. 
The  shock  tunnel  operates  in  a  tailored  interface  mode  (Mg  =  3-8)  using  helium  as  the  driver  gas 
and  air  as  the  test  gas.  The  performance  of  the  tunnel  from  total  and  static  pressure  surveys 
compares  favorably  with  real  gas  nozzle  predictions  based  on  the  conditions  in  the  reflected  region. 
Variation  of  the  test  section  parameters  with  the  pressure  in  the  reflected  region,  pc  ,  are  shown 
in  figure  (l).  In  the  present  tests  the  driver  pressure  p^  has  been  varied  between  28  x  1C>6  and 
110  x  1C)6  Nm" 2  which  yields  a  corresponding  variation  in  freestream  unit  Reynolds  number  from 
1.5  -  101*  to  6.5  x  10^  cm'1. 

A  doucle-pass  or  coincident  schlieren  system  similar  to  the  type  described  by  Holder  &  North 
(1956)  is  used  for  flow  visualization.  The  method  employs  a  non- parallel  light  beam  which  passes 
through  the  test  section  twice.  Since  the  source  and  its  image  are  not  truly  coincident  in  this 

method,  even  in  the  absence  of  any  density  gradients,  the  image  quality  is  affected  by  the  pro¬ 

duction  of  two  slightly  offset  Images.  The  greater  sensitivity  produced  by  the  beam's  double 
passage  through  the  test  section  is,  however,  advantageous  when  operating  at  low  density  levels. 

2.1  Mass  Injection  Technique 

Because  of  the  limited  volume  of  the  shock  tunnel  test  section,  substantial  changes  in  ambient 
density  occur  when  mass  injection  is  Initiated  prior  to  firing;  figure  (2)  shows  the  variation  of 
test  section  density  as  a  function  of  time  for  various  injection  rates.  This  figure  illustrates 
the  necessity  of  obtaining  accurate  timing  in  the  experiment  in  order  to  avoid  blockage  of  the 
shock  tunnel  nozzle  in  the  starting  process.  The  threshold  levels  shown  represent  the  maximum 
allowable  density  in  the  test  section  to  achieve  starting  the  tunnel  at  driver  pressures  between 
14  x  10“  and  110  x  10“  Ifcr^.  It  is  clear  from  figure  (2)  that  3  milliseconds  prior  to  firing  the 
shock  tunnel  is  the  maximum  lead  time  available  to  initiate  the  secondary  mass  injection  process. 

This  is  insufficient  to  consider  a  repeatable  sequence  in  which  masB  injection  conmenees  prior  to 

starting  the  shock  tunnel.  Thus  the  necessity  arises  of  undertaking  the  more  repeatable  sequence 
of  using  a  fast  acting  valve  which  is  actuated  after  the  diaphragms  of  the  shock  tunnel  have  burst. 

The  technique  selected  for  the  program  utilizes  an  exploding  valve  which  is  triggered  from  a 
speed  station  on  the  driven  section  of  the  shock  tunnel.  Tests  on  the  valve  characteristics  showed 
that  the  operating  time  1s  1.2  milliseconds  and  is  repeatable  within  +  10$.  A  sequential  timing 
operation  in  the  shock  tunnel  can  thus  be  achieved  with  this  valve  without  difficulty,  The 
electronic  switching  of  the  exploding  valve  consists  of  a  two  stage  transistor  network  shown  in 
figure  (3).  The  bias  on  the  transistor  Tp  is  set  so  that  a  pulse  of  greater  than  3  volts  saturates 
Tg,  and  the  valve  primer  which  is  part  of  the  collector  circuit  for  Tp  then  experiences  a  potential 
similar  to  the  D.C.  supply.  The  nominal  resistance  of  the  primer  is  0.9  ohms  so  that  it  draws  a 
current  in  excess  of  13  amps  until  ignition  occurs. 

2.2  Model  Description 

The  model  used  throughout  the  experiments  is  a  right  circular  cone  with  a  five  degree  semi- 
angle  and  a  base  diameter  of  10  cms  .  The  model  is  constructed  such  that  the  injection  can  occur 
around  the  entire  periphery  from  a  slot  situated  at  the  half  chord  point.  The  slot  width  can  be 
adjusted  by  using  spacing  washers,  however,  in  these  tests  it  had  a  fixed  value  of  0.25  mm.  The 
configuration  of  the  model  eliminates  all  three-dimensional  effects  from  the  Interaction  when  it 
has  zero  yaw  angle,  a  photograph  of  the  components  parts  is  shown  in  figure  (4).  The  efflux  of  the 
lnjectant  Issues  from  the  slot  which  has  its  minimum  area  at  the  cone  surface.  Ely  operating  tne 
slot  in  an  underexpanded  condition  so  that  the  flow  is  choked,  the  mass  flux  may  be  computed  from 
the  Jet  reservoir  pressure,  which  is  recorded  by  two  piezo-electric  pressure  transducers. 

Thin  film  thermometers  and  surface  pressure  gauges  are  mounted  along  three  meridians  as  shown 
in  figure  (4),  together  with  an  auxiliary  set  of  Instruments  on  the  opposite  side  of  the  model. 

This  ensures  that  in  the  lmnedlate  vicinity  of  the  Jet  the  outputs  of  the  instrumentation  are  simi¬ 
lar  so  that  the  repeatability  of  the  data  can  be  examined  within  each  test.  The  model  is  sting 
mounted  from  its  base,  and  a  high  pressure  supply  line  is  connected  to  the  nozzle  reservoir. 
Coomercial  grade  compressed  air  is  used  throughout  the  tests,  the  reservoir  being'  a  standard  high 
pressure  bottle  the  pipeline  from  which  is  regulated  to  a  selected  lower  pressure,  and  terminates 
at  the  normally  closed  explosive  valve. 

3.  RELEVANT  THEORETICAL  RESULTS  AND  PHYSICAL  FLOWFIELD  M0DEIS 
3.1  Transverse  Curvature  Effects  on  a  Cone 

Transverse  curvature  effects  for  compressible  axlsymmetric  1'minar  boundary  layers  on  slender 
cones  have  been  studied  by  Probsteln  &  EILliot  (19  Their  results  show  that  when  transverse 
curvature  is  taken  into  account,  the  heat  transfer  to  the  surface  may  be  expressed  as 

(V<J  ■  1  + 
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for  Pr  1.  The  value  of  Is  the  heat  transfer  rate  obtained  from  the  Prandtl  boundary  layer 
equa"  ion.  using  the  Mangier  transformation  as, 

( 

Q  -  0.332  y?  pcue  (Hf- Hj  (c«/rO* 

T  i*i 

In  ’he  slender  cone  case,  the  effects  of  transverse  curvature  on  the  surface  pressure  are  negligible. 
The  at  eve  results  arc  applicable  when  the  boundary  layer  thickness  is  less  than  the  local  radius  of 

curvature  of  'he  cone. 

'.d  Blontnec  Effects  on  the  Flow  over  Cones 

Tic-  changes  in  surface  pressure  iistritmt ion  on  a  conical  body  due  to  nose  bluntness  are  well 
nown.  Recently,  the  case  of  spherical  t  luntness  - -n  -onical  bodies  has  been  extensively  tabulated 
for  Ideal  gas  flows  by  Roberts,  Lewis  and  Reed  (L«-(  ).  The  results  that  are  appropriate  to  the 
present  tests  being  leseribed  arc  reproduced  in  figur-  (5),  which  illustrates  the  extent  of  the 
downstream  region  of  influence  of  the  nose  hluntness.  From  this  figure  we  see  that  for  the  model 
used  In  the  present  test  program,  the  effect  of  nose  1  luntness  is  felt  over  the  entire  body  length. 
The  surface  pressure  dis’rlbution  Is  reduced  by  the  overexpansion  at  the  shoulder  to  about  60  per 
cen’  of  the  invlscid  sharp  cone  values.  It  Is  therefore,  to  be  expected  that  for  the  same  free- 
stronm  conditions  the  Jet  pressure  ratio  will  be  greater  on  the  blunt  cone  than  on  the  sharp  cone 
configuration.  The  penetration  of  the  Jet  Into  the  primary  flow  will  therefore  be  greater  in  the 
former  case,  an  I  consequently  the  Induced  separated  region  Is  expected  to  be  larger. 

3.  J  separated  and  Reattaching  Flows 

Considerable  theoretical  analysis  of  separated  compressible  laminar  boundary  layer  flows  are 
avallat le  in  the  literature.  The  models  which  give  the  qualitative  features  of  the  separation 
interaction  are  those  of  Chapman,  Kuehn  Se  Larson  (1>5@)  and  Lees  &  Reeves  (196U).  When  the  boundary 
layer  is  separated  the  flowfleld  near  the  separation  point  is  controlled  by  the  interaction  between 
the  resultant  free  shear  layer  and  the  external  stream.  This  is  generally  known  as  the  "free- 
intcraction"  region,  and  is  insensitive  to  the  disturbance,  or  obstacle,  which  creates  the  sepa¬ 
ration.  The  location  of  the  separation  point,  however,  is  a  function  of  the  disturbing  mechanism, 

which  in  the-  present  case  is  the  Jet  efflux.  In  the  forward  region  of  the  separated  flowfleld,  the 
pressure  distribution,  and  the  local  surface  heating,  are  controlled  by  the  free- interaction  pro¬ 
cess  and  arc  comparable  with  those  due  to  steps  and  wedges,  etc.  Tie  distributions  in  the  neighbor¬ 
hood  of  'he  disturbance,  are  however  dependent  on  the  phenomena  creating  the  separation  and  are 
therefore  closely  related  *o  the  details  of  the  Jet  characteristics. 

The  in’ erar’ ion  between  a  secondary  Jet  and  a  hypersonic  flowfleld  creates  a  more  complex 
from  pattern  than  ’he  classical  step  or  shock  induced  separated  flows.  The  gross  aerodynamic 
features  of  such  an  interaction  are  given  in  figure  ('  )  for  the  ~ase  where  the  Jet  Is  highly  under- 
exponted.  The  boundary  layer  separates  from  the  surface  at  S  a’  an  angl  -  S  .  Par’  of  ’he  Jet 

efflux  turns  upstream  and  stagnates  the  free  shear  layer  at  the  point  P.  Fluid  contained  between 

*  h-  Jo*  boundary  and  trie  streamline  which  terminates  a*  F  is  thus  turned  towards  the  surface  form¬ 
ing  a  region  with  vor*. deity  opposed  to  that  associated  wi’h  ’lie  free  shear  layer,  a  dividing 

r’reamline  therefore  exists  between  I  and  the  r--a' t achmen’  poin’  R  a’  ’he  surfac--.  Another  divid¬ 
ing  streamline  passes  through  F  and  separates  the  freest  ream  i  lull  from  the  effluent  .  Thus  the 
free  stagnat  ion  point  F  las  the  characteristics  of  a  classical  a  d  i  !<•  point.  l>own  s  t  r-on  of  ’he  jet 
the  flow  may  reattach  to  the  surface  at,  Q  ,t.hus  creating  a  rea’  ’  achmen’  shock  as  illus’ra’ei.  Tills 
situation  is  similar  to  the  flow  over  a  rearward  facing  step  ,  an  I  in  a  -onse pnen -e  of  the  frees tream 
flow  ro-rming  over-expanded  as  it  passes  across  ’he  p  lume  f  the  Je- .  I-  is  coneeivai  le  that  the 
[line  could  become  sufficiently  iir.torted  by  the  free:  ’r-ara  t-iv  very  li’tle  expan.  i  -n  occurs; 
in-kr  ’hese  conditions  th-  reafachment  shook  will  le  weak  or  puss  illy  n.-n-exinfen*  . 

'Hit-  surface  pressure  an  I  heat  transfer  Jis’  rit  uti  n  l  -  t  ween  ’he  p-  in’s  b  and  R  ei.n  le  expect.- 

ei  t.o  be  in  pualitative  agreement  with  either  the  sin;  11  fie  1  'l.apman  1 -S'  )  model  or  ’  ne  more  re¬ 

fined  Lees-Reeves  theory.  Prom  the  former  the  heat  ’ransfer  in  a  separa'el  laminar  mixing  layer  is 
.  h-  if  that  for  the  corresponding  a' 'ached  laminar  !<  .n  lary  layer.  m  '!.*•  -  'her  band  one  can  ex¬ 
pect  !i  rather  substantial  change  to  occur  I  etween  the  rea'  *  a -hmen'  [in'  F  and  'lie  J-'  exit  E. 

-b-  i  :n  lerex;  an  i-  d  Free  Jet.  Analysis 

Exp  crimen'  al  invts  *  ipations  by  Vick  ••’  aJ  ( 1  " )  have  -  wn  ’ha'  •  effevs  •  .-iscous  iissi- 
j  a*  i.-n  alii  nea'  con  1  ic*  ion  ar-  confine!  to  a  'sin  layer  along  •  Jc  :•  uniary  whi  is  small  com¬ 
pare  1  a  characteristic  Je*  linens  ion.  The  essen*  ial  '--at  .ns  f  'he  wfieLi  -an  thus  le 

f.  ji  I  :  ror.  inviscii  ry  ty  assuming  tn-  V  i  -vjn  lary  *  -  :  a  r'  ex  ■  -  •  a  -r-  .  wni  the 
pi--  sire  is  c-ui'  inuous  tut  t  he  tern;  era  t  ire.  i-nsi'y  an  1  velW-y  ar-  li-sun'in.-  .s  .  The  me* hod  of 
•narac '  eristic.  i.as  been  ,  :ed  ty  Vi  ■k  et  al  ( 1  -  • ),  an  I  Love  al  p  1 -s  -  , '  -al  •  .la'  >■  • :  >  inviscii 
i  o  oi  taries  and  'he  results  have  compared  fa  era:  ly  wit:,  ex; --rimer.' al  ii.u-r'.a'l  n-.  For  a  lixel 
n.vr.le  geomeiry,  exii  Mach  number  and  ra’lc  o:  -;e~i:i-  ti-a'r,  *h.  -a -err  <  -'  tin  ■  -uiu-u  K-n  nir 

l-t-ni-nt  ,  nly  n  the  Je'  p  res  sure  ratio.  A  nurrer  r. :  inves '  iga'  ers  nave  .  -vr.  : .  w  •  •  .•  in’-r.-.-'ing 
-s-irac  eris' i -s  of  '  same  family-  coalesce  to  form  nock  wav-s  insil--  •  -.-  --•  ojiiary,  w-.i  are 

•  ejT.tna- -■  i  ly  a  norr.al  r.ho-K  or  Riemann  wav-.  By  as  :  sting  •  :r--  .  .r-  i  .n  'rear  :  v  is 


17-4 


equal  to  the  ambient  pressure  pa,  Lord  (l>59)  derived  an  expression  for  the  location  of  the  Riemann 
wave  In  ‘erms  of  the  Jet  pressure  ratio.  'Hie  Mach  number  Mp  ahead  of  the  shock  can  be  written  In 
terms  of  the  static  pressure  ratio  across  It  as 


(d/O  ■  «*')■'  [2 imWi-')] 


Since  pp  Is  related  to  the 

(  p./pP  -  [ 


Jet  exit  pressure  p,  by  the  lsentropic  equations,  we  have 


and  hence 


TMs  equation  relates  the  pressure  ratio  to  the  Mach  number  ahead  of  the  Riemann  wave  and  the  Jet 
exit  Mach  number  M,  .  If  we  expand  for  Mp  »  1  we  find 


Now  for  distances  that  are  large  compared  to  the  nozzle  dimension,  the  streamlines  have  a  source 
like  character  and  Lord  (1959)  has  shown,  that  to  the  first-order, 

t-l 

M*  *  K  (x„/d)  where  K  * 


Combining  these  two  results  we  find  that 

-  t  (MjiUMRj/pJ*  +  ... 


Thus  the  location  of  the  strong  shock  wave  is  proportional  to  the  square  root  of  the  Jet 
pressure  ratio.  For  a  perfect  gas  with  Mi  =  1  the  value  of  L(M<;  1  )  -  1.45.  A  comparison  of  this 
result  with  the  experimental  data  due  to  Vick  et  al  (1964)  is  Bnown  In  figure  (7),  where  it  can  be 
seen  that  Lord's  approximation  overestimates  the  shock  location  by  approximately  50  per  cent.  A 
recent  analysis  by  Slbulkin  and  Gallaher  (1963)  has  yielded  a  modified  value  for  K(M.,  1  )  which 
for  the  case  under  consideration  gives  a  value  of  L  =  0.95-  This  curve  is  also  plotted  on  figure 
(7)  and  Is  In  excellent  agreement  with  the  experimental  measurements.  The  agreement  between  the 
analysis  and  the  experimental  data  quoted  above  Is  for  axl-symmetrlc  Jets,  and  It  is  not  clear  at 
this  time  whether  two-dimensional  Jets  exhibit  a  similar  dependence  of  the  pressure  ratio. 

4.  DISCUSSION  OF  RESULTS 

Typical  schlleren  photographs  taken  of  the  flowfield  interaction  are  shown  in  figure  (8)  for 
both  sharp  and  blunt  cone  configurat  ions .  In  order  to  ail  Identification  In  th  -e  pictures  the 
shock  waves,  etc.  on  one  half  of  each  plate  have  teen  traced  witt:  dashed  lines,  .he  otner  half  of 
the  photographs  have  been  directly  reprodu’ed.  Roth  plates  show  similar  features  to  those  described 
earlier,  namelv  a  highly  underexpanded  Jet,  terminated  by  a  strong  shock,  which  separates  the 
boundary  layer  ahead  of  It.  Hie  presence  of  the  Interaction  shock  wave  ahead  of  the  efflux  will  un¬ 
doubtedly  cause  a  modification  of  the  surface  (eating  rale  in  the  Jet  vicinity,  from  that  predicted 
by  the  classical  separation  analyses. 

4.1  Heat  Transfer  Measurements 

Hie  normalized  heat  transfer  results  for  the  sharp  cone  flowfield  with  and  without  the  second¬ 
ary  mass  Injection  are  shown  In  figure  (3).  Hie  results  are  compared  with  the  analytical  pre¬ 
dictions  for  the  attached  and  separated  flows  iue  lu  Frobsteln  &  Elliot  (1)5'  ),  and  Chapman  (1956), 
respectively.  Hie  comparison  shows  that  the  agreement  Is  very  good  in  the  case  of  the  undisturbed 
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coni  ;al  flow.  For  t  he  In*  era  ■’  Ion  flowfiel  1 ,  •  ain;  arir.on  nf  the  experlmen*  with  the  Chapman 
(l‘jy  )  theory  Is  qualitatively  n-«:  nat  In  •  t.  •  r> >•  I nn  ahead  ol'  the  Injection  point.  Nott  that,  a 
region  of  high  heat  transfer  exis’r,  vhl  •>,  !  a*'rlt  .•■■■l  'i  the  ree’tachmenl  ahead  of  the  Jet  11s- 
cussed  earlier.  Tills  phenomena  has  teen  ;  r<  :l  .sly  observed  for  the  three-dimensional  flowfieid 
interaction  hy  Polsson-Quinton  &  feres.. e  la  1  <  ■  ) .  Duns' ream  if  the  Injection  annulus  the  heat 
transfer  rate  to  the  surface  Is  romewha'  les.  aim  one  half  the  undisturbed  cone  value  throughout 
the  remaining  length  of  tne  model  .  The  maxima  tea*  transfer  occurring  Just  downstream  of  'he 
efflux  is  indicative  of  a  reattactimen'  region  In  t.ha'  vicinity.  The  effects  on  the  Interaction  of 
varying  the  freestream  Revnol  Is  numl  or  wf  II*  maintaining  a  constant  secondary  mass  flux  are  .shown 
In  figure  (10).  The  heating  In  the  free  In'era  tlon  regime  Is  seen  to  decrease  substantially  with 
increasing  Reynolds  number;  when  the  region  in  close  proximity  to  the  injection  Is  reached,  the 
heat  transfer  rate  Increase;  rapidly.  Wi'h  exception  of  this  somewhat  confined  reat'schmen'  zone 
the  Stanton  number  remains  substantially  less  'han  the  undisturbed  conical  value.  I*  should  be 
emphasized  that  maintaining  a  constant  uecon  iary  mass  flux  and  changing  Re^  resul's  In  *he  Jet 
pressure  ratio  being  altered.  The  ramifi  a'ions  of  this  effect  will  be  discussed  further  telow. 

The  effect  of  nose  bluntness  on  the  surface  hea*  transfer  rate  Is  given  in  figure  ( 1 1 )  for 
the  same  freestream  conditions  as  those  in  figurt  (l').  It  is  of  interest  to  note  'ha*  'tie  efflux 
occurs  In  a  region  where  the  effect  of  nose  tluntness  is  most  [renounced.  Througneut  ’tie  regime 
shown  by  Roberts,  Lewis  &  Reed  (l»>t  )  to  experience  the  greatest  effect  of  the  pressure  undershoot, 
the  local  heat  transfer  rate  Is  seen  to  be  consideratly  less  than  predicted  by  the  F’robstein- Elliot 
analysis.  This  prediction  is  included  to  illustrate  that  the  Hunt  cone  data  asympto'  ieally 
approach  the  sharp  cone  values  far  from  the  nose,  when  there  is  no  efflux.  Hie  results  obtained 
with  mass  Injection  show  that  in  the  upstream  separated  region  the  heat  transfer  rates  are  similar 
to  those  given  in  figure  (10)  for  the  sharp  cone,  although  tie  Reynolds  number  dependence  appears 
to  be  more  significant.  Downstream  of  the  injection  the  local  Stanton  number  Is  le;  s  than  the  un¬ 
disturbed  value  but  greater  than  the  results  shown  in  figure  (l  ).  He  appearance  of  a  crest  In 
the  heat  transfer  distribution  suggests  the  presence  of  a  reattachment  region,  however,  there  is  no 
evidence  of  this  on  any  of  the  sehlleren  phot,  graphs . 

U.D  Surface  Pressure  Measurements 


TVj  lea,  results  of  the  surface  pressure  distribution  on  the  sh»r;  -one  configuration  are  shown 
In  figure  ID )  for  constant  freestream  Reynolds  number  and  varying  ,'<■*  preps  ire  ra'lo.  Increasing 
lh'  '  ""ngth  causes  a  growth  in  'he  separation  region  ahead  of  'he  [lume.  Downstream  of  the 

inji  1  nulus  an  overpressure  which  extends  for  some  six  hunim  1  slot  widths,  (lf>  ems),  is 
obser  dear  the  base  of  the  model  the  surface  pressure  ir  found  to  be  consistently  lower  than 

the  undisturbed  cone  values,  which  are  Included  In  fig  ire  (ID),  and  illustrate  'he  repeatability 
of  the  data.  He  modifies*  ion  of  the  downstream,  surface  pressure  'lstrltu'lon  with  secondary  mass 
flux  is  interesting  In  tha*  i*  conflicts  wi'h  measurements  'axen  with  supersonic  frees'reams,  where 
a  signl''iean'  pressure  drop  has  l  een  observed;  see  for  exam;  le  .;aid  &  D.ukoski  (1><U).  He  present 
results  confirm  Kaufman's  ( 19t 7 )  observations  of  a  downstream  overpressure  at  hypersonic  freestream 
Mach  numbers.  Similar  trends  in  [ressure  distribution  have  been  found  for  the  case  where  the  Jet 
efflux  has  teen  retained  constant  and  the  freestream  Reynolds  number  syr. tenia'  ieally  varied.  In 
this  case  the  appearance  of  peaks  and  troughs  in  the  pressure  Jls'ritu'lon  similar  to  those  report¬ 
ed  by  Sterrett  and  Barber  1  «•>  )  are  observed. 


b.3  Sehlleren  Observations 

Measurements  of  the  se;ara’ion  length  £  I 


•he  mas:  injection  have  teen  made  from  the 


where  the  free  shear  layer  intersect;,  tne  tody  s  .rfeoe  '  ’hr  f  rward  [lane  o: 
annulus;  viz.  the  iis'ance  SE  in  fig  .re  (t  ).  I*  mi.:;'  be  not  el  *t.a'  ty  varying 
in  t  tie  shock  tunnel,  tne  ‘’roes*  ream  condi' ions  an  1  hence  'he  surface  ;res.  ,rt 
’one  are  proportionately  al'erei,  a.  shown  in  ir*'  ,1).  It.  .s  al’aoyt.  •:.*■  r 
ed  a*,  a  conotan’  value  i  .ring  'ey'  ,  ;lm  ;  r- :  s  .re  re'  i  -hanger  5  rc 

Reynolds  num.ter.  'Die  variation  of  siqara'i.m  Ten,"!.  wi • free.- •  rear.  Reyno)  is 
configurat ions  is  shown  in  figure  (l-l. 

Mien  'tie  secondary  mass  flux  is  •  in.  'an*  •  h  re,  in  '  is  .r*  1  ■  '  .  w 

leng't.  llmlnlst.es  wi'h  ii  Teasing  Reyn,  i  is.  n  .r it  •  r.a.  : T  •>  i.  in  •r*>a 
Reynol  Is.  rnetber,  'tie  s.e;  a:  'ion  lungt;,  ;  ...  ;.  ■  ;r.  Tea.  •  :  r  : .  r'  i.  nn'  "ly  ,  ’ 

:'**.•  ively  increases  Me  Je*  .  'rengM.  ty  po  .  htii  ■  'at  ,y  so  ;  re.-s,  .:*•  . 

mass  flux  the  s.ejara'ion  leng't.  Is.  grea'ey  :  r  ■  i  i  !  .  i .  *  •  ■ :  a>nf;g.ra‘i  ti  •  an 

Ot  s.crva' loti;  Mu  :e;ara'iiR  Ii-ng".  . .  r  r.  i :  •  ;  r.  •••  •  ; 

cons  ton'  vnl.n  st.ow  Mia'  Me  :  •■;  ara‘  i  n  ;  r.  !•■:  *■:.  c  •  •  r-a 

Tile  im;  lit  a'  ion  :  Mils,  in  let  *r.  ier:  1.  •  •  .•  r:  a', 

similar  and  M.a'  Me  free  shear  layer  is  ’:.ln  n,  •  cr 
Uee  Itian.  ( 1  »  •  )  u'ng  •!.*•  free  in'  era  ’ion  >-eia’i  n  ci. 

Mu  Reynold.,  num.ter  in  le;  ei.  ii-n -e  -m  fla-  •  .  ;  i-.iiar:  ••.<  n.y  a 

separation  angl*  change.  ,  im;  i i  •  i •  ly  re  p, ire.  a  r-  ;  .  "  i.  n  ir.  1  ai  Reyn-  '  ; 
significance  of  t.tu  •  -ar  layer  •  l.i  -itnes  :  •  in.-  -.a  i  I  •  no  r  '  •  ;  ■ 

unimport  an*  iia.  teen  lem.,  n.  Ta-ct  : ’hapR-a!.,  t  n  v  her  n  i  •'  ,  w,  ....  , 

lng  edge  laminar  e;  ar1'’  i  ns  wh-T'  '  .,  t ,  . r ,  Ug, .  r  ■  :  ■  -au  i  ■  r  .  ■ 

no*  Reyrv  ids  n  .m! er  Lqer.ierr.  •  ,  are.-  :  n  .■ :  in  ■  *.•  • 
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ness  at  separation  is  negllgil  ly  -.malL  compared  to  the  rep  are' ion  length.  The  'aria*  ion  of  sepa- 
ratlon  length  with  the  jet  strength  is  given  In  :  tg  ir"  (  !■• )  w! . i  ■  n  inli'a'es  a  linear  iependenee 
throughout  the  range  of  the  tests.  Hie  freest  ream  Reynolis  number  leienlen-e  is  also  shown  to 
Illustrate  the  coupling  which  exists  between  fig  . re  1-)  an  i  (le). 

**.**  Yaw  Effects 

Hie  effect  of  yew  angle  may  te  expected  •  radically  al'er  the  Interaction  process.  Tills  is 
because  the  Jet  penetration  will  no  longer  be  sytnme’  rlc  atoi'  •  he  -one  axis,  since  'he  jidist  irtel 
surface  pressure  distribution  Is  subs  tan' dally  modlflel.  On  'he  windward  side  of  the  cone,  there¬ 
fore,  the  Jet  penetration  is  reduced  while  on  the  leeward  side  >  he  penetration  ami  hence  the  sepa¬ 
ration  length  Is  increased.  Preliminary  lata  obtained  for  yaw  angle  effects  Is  given  in  figure 
(15)  for  a  constant  Jet  mass  flux.  Hie  lata  shows  tha‘  on  the  windward  side  of  'he  cone  separation 
length  diminishes  rapidly  with  Increasing  yaw  angle,  while  on  the  leeward  side  *  he  ton verse  is  trie. 
On  the  le  "ard  side  of  both  cone  conf  igurations ,  the  separation  extends  to  practically  the  *ip  f 
the  model  when  the  cone  half  angle  Is  equal  to  the  yaw  angle.  Huis,  a  large  separated  region  is 
created  which  exhibits  very  strong  three-dimensional  Interactions.  Evidence  is  found  on  the 
schlieren  pictures  of  the  existence  of  a  reattachment  shook  downstream  of  'he  Jet  on  the  win  Iward 
side  of  the  cone. 

5.  COMHJMTS  ON  A  FLOVFIELD  MODEL 

A  representative  flowfield  model  can  be  constructed  for  the  .inder expanded  seconlary  Jet 
Issuing  Into  a  primary  stream  from  examination  of  the  schlieren  photographs.  The  primary  diffi¬ 
culty  Is  to  realistically  represent  the  coupling  that  exists  between  the  'wo  individual  flovfields. 

In  particular,  It.  Is  necessary  to  establish  the  effective  p.  ■  ssure  ratio  that,  the  Jet  experiences 
In  this  type  of  interaction  process.  Hiis  essentially  reduces  to  achieving  a  pressure  town  ’ream 
of  the  Jet  shock  which  Is  compatible  with  that  obtained  from  the  separated  flowfiel  i  down  t ream  of 
the  interaction  shock.  This  compatibility  requirement  can  tie  achieved  by  an  Iterative  f  rocedure 
between  the  two  individual  flowfiel Is. 

To  Illustrate  this  approach,  consider  the  sketch  given  In  figure  (t  ).  When  the  t oundary 
layer  separates  from  the  surface,  the  angle  6  may  be  determined  from  the  separa’ ion  shock  angle  S 
and  the  freestream  Mach  number.  Thus  the  pressure  distribution  between  the  points  S  and  R,  which 
Is  similar  to  that  along  SP  Is  given  to  a  first  approximation  by  the  wedge  or  cone  angle  formula. 

Hie  Mach  number  along  the  dividing  streamline  SP  has  been  shown  by  Chapman.  Kuehn  &  Larson  (175$) 
to  be  approximately  60  per  cent  of  inviscid  value  downstream  of  the  separation  shock,  and  can  be 
computed  In  terms  of  0  and  the  freestream  conditions.  Hie  pressure  rise  across  ttie  Interaction 

shock  Is  estimated  by  assuming  the  shock  to  be  normal  to  free  shear  layer  SP.  An  effect  ive  Je' 

pressure  Is  thus  estimated  and  will  yield  a  value  for  the  Jet  shock  height  h,  from  figure  (7). 

His  technique  has  been  applied  to  thv  present  results  and  those  of  Sterrett  and  Barber  (1->m  )  to 
compare  the  estimated  Jet  shock  heigh'  with  the  observed  values.  In  all  cases  the  comparison  show¬ 
ed  that  the  observed  Jet  height  exceeded  the  estimated  value  by  a  factor  of  approximately  two.  These 
calculations  have  assumed  tha'  the  c  efficient  of  proportionality  between  the  jet  shock  height  and 
the  pressure  ratio  is  Identical  for  the  two-dlmenslcnal  and  axl-symmetrlc  Je's.  Such  an  assumption 
appears  to  be  Intuitively  questionable  however  until  evidence  is  feund  to  the  contra  -y  it  is  the 
most  iogl -al  to  use.  He  agreement  between  the  procedure  described  and  'he  experimental  observations 
■ah  be  Improved  by  relaxing  the  assumption  that  the  interaction  shock  13  normal  to  the  free  shear 
]  lyer.  When  this  Is  done,  one  seeks  the  oblique  shock  angle  which  allows  the  pressure  downstream 
of  the  Interaction  shock  to  be  compatible  witn  the  observed  Jet  shock  height. 

f  .  CONCLUSIONS 

He  following  -onclusions  are  tased  primarily  on  the  experimental  observations. 

1.  In  the  free  in'erac’lon  region  ahead  of  the  Je' ,  'he  hea'  'ransfer  distribution  has  !  een  shown 
to  be  qualitatively  in  agreement  with  the  simple  separa' Ion  analysis  proposed  by  Chapman  (1  <•'  ). 

It  is  to  be  expected  that,  the  more  refined  analysis  due  to  Lees  i  Reeves  (lk.L)  would  show  a  more 
quantitative  agreement,  throughout  the  free  in'eraction  regime. 

2.  In  the  vicinity  Immediately  upstream  of  the  Je'  a  reattachment  region  exit’s  which  is  charac’er- 
l?ed  by  a  slgnlfican*  increase  In  the  heat  transfer  rate.  His  region  corresponds  to  the  high 
pressure  regime  observed  downstream  of  the  plateau  pressure  associated  wltn  the  free  shear  layer. 

3.  Downstream  of  the  Jet  a  substantial  region  is  observed  in  which  pressure  is  fount  to  be  grea'ep 
than  the  undisturbed  Inviscid  cone  value.  His  Is  believed  to  be  ca  tsed  by  a  reattachnen'  of  the 
primary  flow  which  overexp>ands  as  It  traverses  the  plume  of  the  Je'.  Within  this  region  'he  local 
heat  transfer  rate  Is  observed  to  be  greater  than  elsewhere  on  the  cone  downstream  of  the  Je’. 

I*.  T*'e  surface  heal  transfer  rate  d  iwnstream  of  the  Jet  lias  been  found  to  be  less  than  the  jidls- 
turbed  flow  values.  His  is  attributed  to  a  cooling  effec’  lnt’-o-'ocei  iy  the  secondary  flvii  w-.t  ■, 
has  a  recovery  temperature  significantly  Less  than  the  primary  flow. 

b.  Mess  .recent s  of  the  upstream  separation  leng'h  have  shown  'ha'  i*  ie-reases  w'th  increasing 
Reynolis  number,  when  the  secondary  ma.  s  flux  is  maintained  a'  a  '  ins tan'  level.  H.e  ef:>  •  „f  n  1 
tlunTess  is  to  In-i  *ase  the  separation  length  by  abou*  •  ;-r-en'.  His  1  attributed  • 

creased  Je’  presrur>  ratio  caused  by  '.he  local  prescur"  drop  res  .I’.lng  from,  tre-  nose  tl.n'.n 


an  in- 


b.  When  the  Jet  pressure  ratio  is  held  con.  tan*  ’he  erara’ion  length  1  ot  :,'-r  •  *  <  inie;  ani¬ 

ent  of  freestream  Reynolds  number.  This  observe’ inn  lmjlie.  'via’  the  fre.  shear  iayr  .b  uns’ ream 
of  separation  is  thin  enough  for  viscous  t  arane’ •  e.  •,  \ ,,  unim.)  or’  an'  . 

7.  Estimates  of  the  Jet  shock  neigh’  baaed  on  a  n  mi  •  :  :  imj  llfying  aasumj  ’  ions  have  teen  ,ni 

to  agree  with  the  rbserved  value;;  tc  ul’sin  a  :'a”or  >'.  ’wo.  Relaxing  '  !ie  arts  .r.i  t  ion  that  the 
Interaction  shock  s  normal  to  be  t  ree  shear  layer  allows  this  agreement  to  te  consl ieral  ly  improved 
and  forms  the  basis  for  an  iterative  prove), r*  •<,  .  p  It  'he  two  indiviiial  flovfiells. 
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SUMMARY 


An  investigation  of  the  behavior  of  the  three-dimensional  hypersonic  flow  along  inter¬ 
secting  planes  has  been  conducted,  considering  both  the  viscous  and  inviscid  flows  and  their 
mutual  interaction. 

The  experimental  program  involves  measurements  of  surface  pressures  and  heat  trans¬ 
fer  rates  in  the  vicinity  of  corners  with  various  included  angles.  The  local  forces  and  shear 
stresses  can  be  obtained  thereby,  yielding  some  information  on  the  nature  of  the  three-dimensional 
boundary  layer  behavior  in  this  region.  Pitot  pressure  profiles  are  also  obtained  and  utilized  in 
the  determination  of  the  complex  intersecting  shock  structure  in  the  corner.  The  test  data  were 
obtained  at  a  nominal  free  stream  Mach  number  of  and  a  Reynolds  number  producing  values  of 
^  as  high  as  15. 

A  theoretical  analysis  of  the  corner  flow  is  obtained  by  using  the  finite  difference  solution 
technique  previously  proposed  by  Rubin  and  extended  here  to  the  three-dimensional  corner  config¬ 
uration.  Tne  results  are  compared  to  the  experiments  where  applicable. 
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I.  INTRODUCTION 

An  investigation  of  the  detailed  behavior  of  three -dimensional  hypersonic  flow  along 
intersecting  planes  has  been  conducted  for  free  stream  conditions  corresponding  to  the 
strong  interaction  regime.  This  problem,  in  addition  to  its  basic  scientific  interest  is  direct¬ 
ly  applicable  to  lifting  configurations  traveling  at  high  velocities  and  high  altitudes.  Although 
the  general  problem  of  flow  along  a  corner  has  been  studied  quite  extensively  in  the  pastas 
is  evidenced  by  the  comprehensive  review  of  ref.  { 1 ) ,  there  is  not  a  great  deal  of  information 
available  in  the  regime  of  viscous  -  invise  d  interaction.  Theoretical  treatments  of  the  bound¬ 
ary  layer  flow  have  been  restricted  to  uniform  external  How  conditions  while  even  for  low 
supersonic  velocities  it  has  been  shown  both  theoretically'  (and  experimentally  That  the  outer 
inviscid  flow  is  highly  non-uniform  in  the  corner  region. 

As  a  result,  most  of  the  information  that  has  been  obtained  concerning  corner  flows 
has  relied  heavily  on  experimental  data  due  to  the  difficulties  connected  with  a  theoretical 
treatment  of  the  problem  by  standard  techniques,  i.  e.  ,  by  matching  a  three-dimensional 
boundary  layer  flow  with  a  highly  non-uniform  inviscid  flow  in  which  strong  shock  waves  may 
be  present. 

Recently,  a  new  technique  has  evolved  for  analyzing  high  Mach  number,  low  density 
flows  Clover  a  sharp,  flat  plate.  Therein  it  was  shown  that  streamwise  pressure  gradients 
and  streamwise  velocity  gradients  appearing  in  the  viscous  terms  are  negligible  in  the  stream- 
wise  momentum  equation,  thus  allowing  the  governing  equations  to  be  formulated  in  such  a 
manner  that  a  forward  integration  scheme  is  possible.  The  boundary  conditions  applicable  to 
the  problem  are  specified  at  the  body  surface  and  in  the  undisturbed  stream  such  that  "match¬ 
ing1'  of  boundary  lf.yer,  inviscid  layer,  and  shock  layer  is  unnecessary.  The  location  of  the 
shock  and  the  flow  conditions  in  the  inviscid  layer,  therefore,  need  not  be  known  a  prion 
since  the  same  system  of  equations  apply  throughout  the  entire  region  between  the  body  and 
the  undisturbi ''  free  stream.  As  a  result,  the  shock  formation  and  configuration  will  be 
generated  in  the  solution  of  the  equations.  Although  this  is  a  distinct  advantage  even  for  two- 
dimensional  or  axisymmetric  flows,  it  is  quite  essential  for  analysis  of  the  complex  three- 
dimensional  flows  of  interest  here. 

The  present  paper,  therefore,  presents  the  results  of  a  combined  experimental  and 
theoretical  program  concerning  the  hypersonic,  strong  interaction  flow  in  a  corner  formed  by 
two  sharp,  flat  plates.  The  experimental  |tudy  was  conducted  at  a  free  stream  Mach  number 
of  1  1.  L  and  a  Reynolds  number  of  1.  8  x  10  /in.  The  configuration  tested  consists  of  two 
sharp,  flat  plates  intersecting  to  form  a  corner  of  various  included  angles.  Data  taken  con¬ 
sist  of  surface  pressures  and  heat  transfer  rates  and  als_o  pitot  pressure  and  total  tempera¬ 
ture  surveys  in  a  cross  plane  corresponding  to  a  value  of  X  =  8.  Shock  shapes  and  some 
indication  of  the  boundary  layer  behavior  can  be  inferred  from  these  measurements.  The 
theoretical  analysis  corresponding  to  these  free  stream  conditions  was  performed  using  the 
three-dimensional  counterpart  of  the  Rubin-Rudman^analysis  which  is  described  briefly 
in  Section  IV. 

The  authors  are  pleased  to  acknowledge  the  assistance  of  the  staff  of  the  Gas  Dynamics 
Laboratory  in  conducting  the  experiments  and  analyzing  the  data  and  in  particular  to  Prof,  M. 
H.  Bloom  for  his  interest  and  suggestions  throughout  the  program.  The  authors  would  also 
like  to  thank  Mr.  Tony  C.  Lin  for  ms  help  with  the  computations. 
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II.  EXPERIMENTAL  APPARATUS 

The  wind  tunnel  used  for  the  present  test  program  is  a  Mach  Id  (nominal)  variable 
Reynolds  number  blowdown  tunnel,  a  detailed  description  of  the  c  mplete  facility  including  the 
tunnel  design,  heater,  air  supply,  etc.  is  given  in  ref.  (9).  P'g  (I)  shows  a  schematic  of  the 
test  model  which  is  the  same  as  that  used  in  ref.  (10),  with  an  additional  modification  which 
allows  the  corner  angle  to  be  varied.  Further  details  of  the  model  and  grube^design  can  be 
found  in  ref.  (II).  The  present  tests  were  run  for  interior  angles  of  60  ,  90  ,  and  120  ,  at  a 
free  stream  Mach  number  of  11.  i  which  corresponds  to  the  particular  test  Reynolds  number 
of  the  present  program  (Re^^l.  9  x  lO’/tn.  ).  Each  test  duration  is  on  the  order  of  3-4  second* 
thus  providing  an  essentially  constant  model  surface  temperature  during  the  test.  For  the 
range  in  stagnation  temperatures  achieved  ( 1680°R  -  1 800°R),  the  wall  to  stagnation  temperature 
ratio  was  between  0.  30  and  0.  33. 

Surface  heat  transfer  rates  were  obtained  using  ihm  plates  with  thermocouples  spot- 
welded  to  the  unexposed  surface,  cf.  Fig.  (1).  For  the  plate  thickness  and  range  of  heat  rates 
obtained,  the  uniform  temperature  distribution  across  the  plate  permitted  the  heat  transfer 
rate  to  be  computed  from  the  back-side  temperature  history. 

Stagnation  temperature  profiles  are  obtained  using  open  tip  thermocouples.  The 
response  of  the  thermocouple  wire  (0.  001  inch  diameter)  is  sufficiently  rapid  to  achieve  the 
adiabatic  wall  temperature  well  within  the  run  duration.  No  corrections  are  made  n  'he  raw 
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da'a  to  convert  trom  adiabatic  wall  to  stagnation  temperature  since  (i)  the  scatter  in  the 
measured  data  is  greater  than  the  error  incurred  in  neglecting  the  correction  and(ii)  all  the 
data  is  normalized  with  respect  to  the  free  stream  stagnation  temperature  which  is  obtained 
from  the  same  type  -f  probe.  This  normalization  will  tend  to  eliminate  (or  at  least  decrease) 
the  overall  error.  On  the  basis  of  repeatability  and  the  method  of  data  reduciiou,  the  u«c»all 
accuracy  of  the  temperatui  e  data  is  believed  to  be  within  *5%. 

Pitot  pressure  profiles  are  obtained  with  standard  type,  blunt  probes  mounted  on  a 
movable  rake,  In  order  to  determine  the  shock  location  within  the  desired  degree  of  accuracy, 
the  probes  used  have  an  OD  of  0.  060"  and  an  ID  of  0.  045".  Tbi;  was  lound  to  be  the  smallest 
tabes  ize  that  could  be  used  with  good  response  in  the  test  times  available.  Since  *j.«,  measured 
pressure  level  extended  over  a  range  of  three  orders  of  magnitude  between  the  surface  and  the 
free  stream,  several  different  types  of  pressure  sensing  instruments  were  necessary.  In  the 
vicinity  of  the  surface,  where  the  pressure  io  on  the  order  of  the  free  stream  pressure, 
Hastings  type,  heated  thermopile,  high  vacuum  gauges  are  used,  for  pressures  between  5  and 
40mm  of  mercury,  variable  relu.la:  <<unhrasm  transducers  are  uaed,  while  in  regions 

adjacent  Jo  intersecting  shock  waves,  the  pitot  pressures  are  sulficiently  high  to  require  the 
use  of  Statham  strain  gauge  transducers.  Whenever  the  transducer  type  was  changed,  several 
points  in  the  profile  v-  ere  overlapped  io  assure  continuity  between  the  different  instruments. 

The  overall  accuracy  of  the  pressure  i  'easurements  is  *5%. 

Alignment  of  the  model  in  the  tut  lei  is  quite  critical  since  even  a  small  angular  change 
can  produce  a  change  in  the  shock  locat  n.  The  horizontal  plate  was  aligned  to  within  ±10' 
of ^ngular  deflection;  the  fin,  however,  presented  more  of  a  problem,  particularly  for  the 
60  and  120  configurations.  As  will  be  icted  in  the  pitot  profile  data  obtained  for  the  60  in¬ 
cluded  angle,  there  is  sufficient  misaligr.  ent  u  alter  the  two-dimensional  shock  location  by 
approximately  10%.  Even  though  this  does  create  some  asymmetiy  about  the  bisecting  plane, 
it  ^s  not  considered  sufficient  to  alter  the  g-neral  flow  behavior  in  the  corner  region.  For  the 
90  corner,  the  asymmetry  is  considerably  'esa. 

Ill  PRESENTATION  OF  EXPERIMENTAL  D.-T4 

The  surface  heat  rates  are  presented  in  figures  (2a)  through  (2d),  as  a  function  of  dis¬ 
tance  from  the  corner,  for  various  values  of7.Qand  included  angles  of  60  to  120  .  Similar 
data  were  obtained  in  reference  (K)  for  the  90  configuration.  The  typica'  behavior  can  be 
observed  in  figure  (2a);  the  heat  transfer  increases  from  zero  at  the  corner  to  a  peak  value 
above  that  of  an  infinite  flat  plate  and  then  decreases  to  the  flat  plate  value  away  from  the 
corner.  For  the  smaller  included  angle,  higher  peak  heating_rates  result  and,  in  addition, 
the  location  of  the  peak  occurs  fur*her  from  the  corner.  As  X  decreases  (as  one  proceeds 
downetream)  the  peak  decreases  and  also  moves  away  from  the  corner.  As  the  included  angle 
increases,  the  overall  heat  transfer  approaches  that  of  a  two-dimensional  plate  with  only  an 
extremely  small  region  of  low  heat  transfer  in  the  immediate  corner  region.  _The  peak  heating 
rates  in  termi  of  the  Stanton  number  are  shown  in  figure  (3)  as  a  function  of  X  including  the 
data  of  reference  (10)  and  the  lower  Mach  number  (Mco  =  8.  0)  data  of  reference  (1).  The 
theoretical  analysis  of  reference  (12)  is  also  shown  for  comparison.  It  can  be  observed  that 
two  different  theoretical  curves  result  for  the  two  sets  of  data  obtained  at  different  tree  stream 
Mach  numbers.  This  results  ^ince  the  heat  transfer  parameter  that  correlates  with  the  viscous 
interaction  parameter  (x)  is  M0  St  rather  than  the  Stanton  number  alone.  In  either  case,  the 
two-dimensional  data  ^jrees  qqite  well  with  the  boundary  layer  theory  for  low  y\  The  experi¬ 
mental  rata  for  the  60  and  90  corner  angles,  however,  appear  to  correlate  directly  in  terms 
of  'it  for  the  two  sets  of  data,  indicating  that  the  peak  heating  is  dominated  more  by  the  three- 
dimensional,  strong  interaction  effects  in  the  corner  than  by  usual  boundary  layer  behavior 
even  at  lower  values  of  X.  The  location  of  the  peak  value  of  Stanton  number  with  respect  to  the 
local  two-dimensional  boundary  layer  thickness  is  noted  ifl  Fig.  (2)  where  the  boundary  layer 
thickness  on  an  infinite  plate  is  included  for  each  value  ofX  .  As  observed  in  ref.  (10),  where 
*’-90  ,  the  peak  seemed  to  occur  approximately  at  a  distance  equal  io  the  two-dimensional 
boundary  layer  £hickness  from  the  corner.  In  the  present  case,  t|ie  peak  is  farther  from  the 
corner  for  cp=60  and  slightly  closer  than  the  local  6^j-j  for  ^P=120  .  In  fact,  the  location  of 
maximum  heating  appears  to  correspond  to  the  position  of  intersection  of  the  undisturbed  two- 
dimensional  boundary  layer  edges  on  each  surface. 

In  addition  to  the  surface  heat  transfer  data,  profiles  of  pitot_pressure  and  total  tem¬ 
perature  were  obtained  in  a  cross  plane  corresponding  to  a  value  of  X  =  5.  0  for  cp-90  and 
-♦*=60  .  In  order  to  compute  the  local  velocities  and  velocity  gradients,  the  surface  static 
pressures  were  also  obtained.  These  are  shown  in  Fig.  (4)  for  the  two  corner  angles.  The 
pressure  was  not  measured  exactly  in  the  corner;  however,  from  the  data  close  to  the  line  of 
intersection,  it  is  observed  that  the  surface  pressure  increases  slightly  at  first  before  de¬ 
creasing  to  the  local  two-dimensioncl  value  away  from  the  corner.  Comparison  of  the  data 
at  interior  angles  of  60  and  90  indicates  a  much  higher  overpressure  for  the  smaller  angle 
and  also  a  slower  dacay  to  the  local  two-dimensional  value.  This  is  consistent  with  the  sur¬ 
face  heat  transfer  data  where  the  corner  region  of  disturbance  is  also  more  extensive  for  the 
smaller  included  angle. 
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Typic  al  pitot  pressure  profiles  are  shown  in  Figs.  (8a)  thr  >ugh  (5e)  lor  both  the 
60  and  90  corners  at  y  =  5.  0.  The  value  indicated  lor  the  "y’1  coordinate  is  measured 
Irom  the  lin  surlace;  therelore.  lor  the  60  corner,  constant  values  ol  "z"  do  not  cor¬ 
respond  to  a  prolile  perpendic  ilar  to  the  plve  but  to  one  inclined  at  60  to  the  surlace. 

Fig.  (5e)  shows  the  complete  two-dimensional  pilot  profile  at  T=5.  0  taken  at  a  value  of 
"y"  sufficiently  far  from  the  corner  to  cor.espond  to  a  completely  two-dimensional  flow. 

Since  the  data  for  3-60  ,  along  a  line  of  constant  "y‘,‘  dues  not  correspond  to  a  profile  nor¬ 
mal  to  the  fir.  surface,  the  data  was  p'otted  as  a  function  of  the  actual  normal  coordinate 
(zsinCC)  to  facilitate  comparison  between  the  two  sets  of  data.  It  is  observed  that  the  shock 
location  on  the  fin  for  the  60  corner  is  slightly  less  than  in  the  90  corner;  this  is  due  to 
some  misalignment  of  the  fin  during  the  model  assembly. 

From  the  surface  static  pressure  distribution  of  Fig.  (4)  and  the  pitot  pressures 
close  to  the  wall,  the  local  skin  friction  coefficient  can  be  obtained.  These  data  are  shown 
in  Fig.  (6)  for  3  =  60  and  #  =  90  ,  with  the  skin  friction  normalized  with  respect  to  the  local 
two-dimensional  value  ana  the  surface  coordinate  normalized  with  respect  Ic  the  tw  >- 
dimensional  boundary  layer  thickness.  It  is  observed  that  the  peak  does  not  change,  sig¬ 
nificantly;  however,  the  distribution  does.  For  the  smaller  corner  angle,  the  peak  skin 
friction  moves  outward  and  exhibits  a  slower  decay  to  the  local  two-dimensional  value. 

This  effect  was  also  observed  in  the  surface  pressure  and  heat  transfer  rates. 

The  location  of  the  imbedded  shocks  can  be  determined  quite  closely  from  the  pitot 
pressure  pWs  as  the  gegion  where  a  discontinuity  in  pitot  pressure  results.  In  Fig.  (5c), 
for  example,  the  ■?  =  90  configuration  indicates  a  shock  wave  at  z~l.  15  inches  and  a  weaker 
shock  at  ze-1.  05  inches.  Comparison  of  the  data  for  tlje  two  different  corner  angles  shows 
a  distinct  difference  in  the  flow  behavior.  For  the  60  angle,  the  shock  waves  are  sig¬ 
nificantly  stronger  as  characterized  by  the  greater  jump  in  pitot  pressure  across  them. 

Due  to  the  complicated  nature  of  the  flow  in  the  corner,  it  is  difficult  to  establish  the  over¬ 
all  shock  pattern  and  general  flow  behavior  from  these  plots.  One  can  get  a  better  picture 
of  the  entire  flow  pattern  if  one  examines,  for  example,  a  physical  cross  section  of  the 
corner  region  with  contours  of  constant  pitot  pressure.  This  is  shown  in  Fig.  (7)  for  both 
corner  angles  at  X  =5.  The  differences  in  the  (jhock  pattern  for  the  two  corner  angles  is 
made  more  obvious  in  these  plots.  For  the  90  corner,  the  bifurcated  shock  in  the  corner 
intersects  the  two-dimensional  shock  and  appears  to  generate  two  additional  shock  waves 
at  each  end,  one  approaches  the  plane  of  symmetry  and  is  rapidly  attenuated  while  the  other 
approaches  the  plate  surface  and  extends  into  the  boundary  layer.  In  the  60  configuration, 
however,  the  extent  of  the  bifurcated  shock  is  decreased  considerably  and  generates  only 
one  additional  shock  at  its  point  of  intersection  with  the  two-dimensional  shock  wave.  oThis 
shock  also  extends  into  the  boundary  layer  and  is  considerably  stronger  than  in  the  90  case. 

The  two  pitot  pressure  pgaks  existing  in  the  90  corner  have  also  degenerated  into  one  peak 
(of  larger  size)  in  the  60  corner  region. 

Stagnation  temperature  profiles  were  also  obtained  and  are  shown  in  Figs.  (8a) 
through  (8d)  'or  #  =  60  ,  and^  =5.  The  region  of  influence  on  the  stagnation  temperatures  is 
considerably  smaller  than  either  the  pitot  pressures  or  the  heat  transfer  since  here  the 
variation  is  confined  to  the  boundary  layer  in  the  corner.  The  behavior  in  this  case  is  quite 
similar  to  that  obtained  in  the  90  corner,  cf.  ,  ref.  (10),  where  a  high  temperature  core 
occurred  in  the  immediate  vicinity  of  the  corner.  This  is  believed  to  be  caused  by  the  stream- 
wise  vortices  existing  on  either  side  of  the  corner  plane  of  symmetry. 

IV  THEORETICAL  ANALYSIS 

The  theoretical  analysis  used  in  the  corner  flow  problem  is  analogous  to  that  presented 
in  ref.  (7),  where  a  detailed  description  il  the  method  as  it  applied  to  two-dimensional  flow 
appears.  An  outline  of  the  technique,  as  well  as  the  complete  three -dimensiona  1  equations, 
is  given  in  ref.  (8)  where  a  finite  width  flat  plate  is  considered.  The  calculation  digeussed 
herein  was  performed  on  the  CDC  660J  computer  and  required  40  minutes  to  reach  V=0.  34. 

For  the  present  problem,  rather  than  consider  the  entire  corner  region  and  specify  the  bound¬ 
ary  conditions  at  oo  and  at  the  surface,  the  plane  of  symmetry  was  choser.  as  a  boundary  sur¬ 
face  uiorder  to  reduce  the  calculation  time  and  required  storage  capacity  by  one-half.  Across 
this  surface  (a  plane  inclined  at  48°with  respect  to  the  horizontal  surface),  the  components  of 
velocity  in  the  "y"  and  "z"  directions  are  symmetric  with  respect  to  one  another.  This  per¬ 
mits  the  computation  to  be  initiated  in  the  corner  (for  a  given  value  of  the  streamwise  co¬ 
ordinate  "x"  )  and  extended  outward  for  increasing  "y"  and  "z".  Once  the  free  stream  conditions 
are  realized  in  the  y  direction,  or  the  plane  of  symmetry,  is  reached,  the  analysis  continues 
outward  (in  the  "z"  direction)  until  the  two-dimensional  profii^  is  obtained,  i.  e.  ,  flow  prop¬ 
erties  change  with  z  by  less  than  a  specified  amount,  say  10 


The  nor  -dimensional  governing  equation*  are: 


Continuity:  (pu)  +(pv)  +  (pw)  =0 


x-Momentum:  puux  +  (jvu  ,pwuj  =  (yu  )  +  (yuz) 

4  2  2 

y-Momentum:  puvx+^vy  +  pwvz= -Py  +  y  (uvy)y-H^z+(uuy)x  y  (Uux>y+  (u^y  >z  j  (uw2)y 
z-Momentum:  puwxtpvwy+cwwj=-pi+^  ^wz>z+kwy>y  +  ^uz>x" j  (uvy)z -  j buJz+<*yz)y 


y  z 


Energy: 


State: 


puT  +pvT  +pwT  =  -(r-l)p(u  +v  +w  (uT  )  +— (aT  ) 
v  x  M  y  u  z  ,r'  x  y  z  a  y  y  a  M  z  z 

2  +U2)  +  TpIV-llfv^w^-v  w  )+(Y-))y(w  +v  )2 


Mv-l)M“ij  (u 


y  * 


p  =  pT 


p,  p,  T  and  u  are  non-dimen* ionalized  with  free  stream  conditions,  u  with  u 
v  and  w  with  u6,  x  with/,  and  y  and  z  with  7>.  Where  6=(yt  M  )' *: 


M 


^  _  ith/.  and  y  and  z  with  7>.  Where  6=(y*5  M^)’  I;  “*  00 

-?3  YM^Uoo/PooU^);  6=6^ 

The  Sutherland  viscosity  law,  and  constant  values  of  *  =  1.4  and  a=uc  /k  =  0.  75,  were  used 
throughout.  Uniform  initial  conditions,  except  at  the  surface  where^alip  conditions  prevailed, 
were  prescribed.  .  . 

Boundary  Data:  y=o,  z>o:  v-o,  T  =  T  + - r  —  T  ,  u=\  u  ,w=^(w  +{8rrT)‘**T  ). 

w  y -I  c  y  y  y  z 

Across  y=z:  u,  p,  T  are  symmetric,  v(y,  z)=w(z,  y) 

The  velocities  v  and  w  are  not  set  equal  along  the  diagonal  but  remain  so  throughout  the  cal¬ 
culation.  The  lateral  temperature  slip  effect  (Tz)  on  the  lateral  slip  velocity  w  was  rather 
small,  less  than  7%,  but  for  higher  stream  Mach  numbers  this  effect  might  prove  more  sig¬ 
nificant. 


The  analysis  was  applied  to  the  current  test  conditions  for  the_  90°corner.  To  date, 
numerical  computations  have  been  carried  downstream  to  a  value  of  V  of  0.  34. ,  which 
corresponds  to  y  =42.  The  analysis  will  be  extended  to  lower  values  of  V  to  attempt  to  reach 
the  strong  interaction  region  of  the  present  wind  tunnel  tests.  Although  the  analysis  at^  =  42 
corresponds  to  a  region  which  is  still  characterized  as  a  "merged"  layer,  the  data  was  com¬ 
pared  to  the  theoretical  results  and  reasonably  good  qualitative  agreement  results.  The 
experimental  data  are  normalized  in  the  same  manner  as  the  analytical,  nondimensional,  co¬ 
efficients  for  surface  pressure  and  akin  friction  coefficient  in  Fig*.  (9)  and  [10),  respectively. 
Fig.  (9)  presents  the  surface  pressure  as  a  function  of  distance  from  the  corner  where  the 
nondimensional  coordinate,  C,  is  the  physical  distance  normalized  with  respect  to  the  local 
two-dimensional  boundary  layer  thickness.  It  should  be  noted  that  since  the  analytical  results 
correspond  to  V=0.  34,  which  is  still  in  the  merged  layer  regime,  there  is  little  difference 
between  the  viscous  layer  and  the  shock  layer.  Notwithstanding  these  differences,  the 
agreement  between  the  surface  pressure  data  for^~5-*9  and  the  analytical  results  for  )/=42  ap¬ 
pears  to  be  quite  good  both  qualitatively  and  qu mtitatively.  Even  the  initial  increase  in  pres¬ 
sure  going  away  from  the  corner,  which  was  noted  in  the  experiments,  is  indicated  in  the 
theoretical  curve  only  to  a  much  lesser  degree. 


The  comparison  of  measured  and  computed  skin  friction,  as  seen  in  Fig.  (10),  is 
qualitatively  consistent  but  somewhat  disparate  in  the  magnitude  of  the  predicted  peak  level. 
It  may  also  be  noted  that  the  theoretical  skin  friction  coefficient  is  not  equal  to  zero  at  the 
corner  intersection  since  there  is  still  some  surface  slip  at  these  values  of  the  rarefaction 
parameter.  The  theoretical  surface  heat  transfer  distribution  exhibits  the  same  type  of  be¬ 
havior  as  the  skin  friction  except  that  the  peak  is  considerably  higher  than  the  local  two- 
dimensional  value,  this  was  also  observed  in  the  experimental  data. 


Some  indication  of  the  nature  of  the  corner  flow  field  predicted  by  the  analysis  can  be 
observed  by  constructing  a  contour  map  of  isobars.  This  is  shown  in  Fig.  (11)  where  an  im¬ 
mediate,  if  not  exact,  correspondence  can  be  seen  in  comparison  with  the  experimental  pitot 
pressure  contours  of  Fig.  (7).  The  two-dimensional  shock  wave  is  displaced  as  it  approaches 
the  corner  and  forms  a  bifurcated  shock  with  branches  extending  toward  the  plane  surfaces 
through  the  boundary  layer.  A  more  complete  comparison  in  terms  of  total  temperatures  and 
pitot  pressures  will  be  performed  when  the  analytical  results  have  been  extended  downstream 
into  the  strong  interaction  regime. 
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V.  CONCLUDING  REMARKS 

A  combined  theoretical  and  experimental  program  has  been  carried  out  in  connection 
with  the  vis'-ous -inviscid  interaction  of  corner  flows.  Surveys  of  surface  data  raid  flow  field 
data  have  been  obtained  experimentally  in  the  PIB  hypersonic  tunnel  in  an  attempt  to  provide 
a  better  understanding  of  the  corner  flow  phenomena  and  also  to  compare  with  analytical  re¬ 
sults.  The  three-dimensional  analysis  initially  proposed  in  two-dimensional  form  in  ref.  (7) 
has  been  applied  to  the  corner  problem  with  the  corresponding  free  stream  conditions.  Des¬ 
pite  the  fact  that  the  analysis  was  not  extended  sufficiently  far  downstream  to  correspond  to 
the  physical  location  on  the  model  at  which  data  were  obtained,  the  agreement  between  the 
’  oalytical  and  experimental  results  is  remarkable.  Surface  pressure  distributions  are  pre¬ 
dicted  quite  accurately  while  the  skin  friction  and  heat  transfer  are  qualitatively  similar  in 
behavior.  The  overall  flow  field  is  also  seen  to  agree  quite  well  with  the  experiments,  both 
in  the  prediction  of  the  type  of  shock  intersection  and  the  imbedded  shock  locations  within 
the  viscous -interaction  layer.  Clearly,  it  is  desirable  to  extend  the  analytical  computations 
further  downstream  to  obtain  a  more  quantitative  comparison  and  also  to  run  some  additional 
experiments  in  the  "merged  layer"  regime  which  can  be  compared  to  the  present  theoretical 
predictions. 
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THE  EXTERNAL  FLOW  FIELD  ABOUT  YAWED  CIRCULAR  CONES 

W.  J  Rambird 

National  Aeronautical  E at abl  1  ihme nt 
National  Rescan  h  Council 
Ottawa,  Canada 


Summa  ry 

Experimentally  determined  pressure  distributions,  surface  shear  stresses  and  de¬ 
tailed  external  How  field  measuren  ents  on  a  yawed,  54  -  inc  h  -  long,  5°  semiangle  cone,  are  pre¬ 
sented  The  cone  was  tested  in  the  NAE  5-ft  intermittent  blowdown  wind  tunnel  under  high 
Reynolds  number  conditions  (Rl_ou  "  ^  4  -  h  8  x  1CU)  at  Mach  numbers  of  1  80  and  4  25  and  up 
large  relative  incidence.  Some  additional  results  from  a  40  b-inch-long,  12i°  semiangle  cone, 
tested  under  similar  conditions,  are  also  included. 

The  development  of  the  viscous  flow  and  separation  about  circular  cones,  with  in¬ 
creasing  relative  ini  idem  e,  and  at  high  Reynolds  number,  is  shown  to  be  a  gradual  process  in¬ 
volving  the  formation  of  symmetrically  disposed  lobes  of  vortical  fluid  which  develop  into  vortices 
and  which  remain  compa rat ive ly  c  lose  to  the  cone  surface  on  either  side  of,  and  near,  the  leeward 
generator.  Numerical  methods  for  the  solution  of  the  inviscid  supersonic  flow  about  yawed  circu¬ 
lar  cones  give  excellent  predictions  up  to  moderate  relative  incidence  (about  1.  2),  provided  mixed 
flow  conditions  with  internal  shock  waves  do  not  occur  An  inviscid  flow  model  with  free  vortex 
sheets  is  needed  to  approximate  the  real  flow  with  separation  at  larger  relative  incidence 

(« /ec  >i.5) 


Head,  High  Speed  Aerodynamics  Section:  On  leave  at  the  Department  of  the  Aerospace  and 
Mechanical  Engineering  Sciences,  University  of  California,  San  Diego,  La  Jolla,  California. 


f,(T  ) 
2'  w 


Fn,F,  ...F 
0  1  m 


h  =  h/F 


P2-P3'P4P5 


UJ’UB 


(<*  /ec)a 


Lut  of  Symbols 

(See  Figure  23  (or  definition  of  some  of  the  symbols  used.  ) 

local  skin  friction  coefficient,  r  /0.  7  p  M  ^ 

w  re  e 

local  normal  force  coefficient  from  integrated  surface  pressures 

overall  normal  force  coefficient  from  balance  measurements 

local  surface  pressure  coefficient,  (p  -  p  1/0.  7  p  M_^ 
r  're  roo  co  oo 

local  surface  pitot  pressure  coefficient 

surface  pressure  coefficient  at  zero  incidence 

outside  and  inside  diameters  of  Preston  surface  pitot  tubes 

viscosity  density  function  used  in  compressibility  correlation  of  Preston  tube 
calibrations,  Ref.  20. 

coefficients  of  Fourier  cosine  series  describing  shock  uave  shape,  tan  8S 
height  of  flow  field  probe  above  cone  surface 

iiondimensional  height  of  flow  field  probe  above  cone  surface  measured 
in  local  cone  radii 

cone  axial  length 

local  Mach  number  outside  boundary  layer 
radial  component  of  Mach  number,  cylindrical  coordinates 
circumferential  component  ol  Mach  number 
Mach  number  of  undisturbed  stream 

inviscid  surface  pressure  predicted  by  Babenko  numerical  solution 
local  static  pressure  on  cone  surface 

inviscid  surface  pressure  predicted  by  Jones  numerical  solution 

pitot  pressure  of  undisturbed  flow 

pitot  pressure  from  flow  field  survey  probe 

pitch  and  yaw  pressure  differences  from  flow  field  survey  probe 
averaged  surface  static  pressure  from  flow  field  survey  probe 
static  pressure  of  undisturbed  flow 
local  radius  of  cone 

Reynolds  number  based  on  Preston  tube  diameter  and  local  external  flow  conditions 
Reynolds  number  based  on  cone  length  and  undisturbed  conditions 
Reynolds  number  based  on  local  axial  distance  and  undisturbed  conditions 
stagnation  temperature  of  undisturbed  flow  (»  530°R) 
cone  wall  temperature  Ipa  T  ) 

velocity  components  parallel  to  spherical  polar  coordinate  directions  r,  0,  ip 

velocity  components  along  rays  (i.  e.  ,  in  r-direction)  according  to  Jones  and 
Babenko,  respectively,  normalized  with  respect  to  the  critical  speed  of  sound 

cone  axial  length  from  the  apex 

angle  of  incidence  of  cone,  or  flow  pitch  angle  measured  by  probes 
relative  angle  of  incidence 

minimum  relative  angle  of  incidence  for  separation 

(Mm2  -  »>* 

circumfi  rential  angle  of  resultant  velocity  vector  relative  to  flow  field  probe 

resultant  angle  of  attack  of  probe 

boundary  layer  displacement  thickness 

grid  spacing  in  £  direction 

grid  spacing  in  <P  direction 

cone  semiangle 
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shock  wave  angle,  measured  from  cone  axis 
vortex  angle 

=  1  +  h  ,  nondimensional  vuiicv  height 

coordinate  measured  between  cone  surface  and  shock  wave, 

£  =  (tan  8  -  tan  8  )/(tan  8  -  tan  6  ) 

’  c  s  c 

wall  shear  stress 
circumferential  angle 

primary  and  secondary  separation  angles 

direction  uf  external  streamlines  relative  to  a  cone  generator 
direction  of  limiting  streamlines,  surface  shear  stress 

1 .  Introduction 

One  promising  approach  to  the  design  of  hypersonic  aircraft  is  to  consider  lifting 
bodies  whose  shape  can  be  derived  from  parts  of  known  flow  fields  (Ref.  1)  In  particular,  known 
conical  flow  fields  have  been  studied  in  some  detail  and  J.  G  Jones  (Ref  2)  has  given  a  method  for 
deriving  lifting  surfaces  from  the  flow  field  of  a  circular  cone  at  zero  incidence  Since  boundary 
layer  interaction  effects  are  especially  important  at  hypersonic  speeds,  it  is  necessary  to  consider 
lifting  surfaces  with  either  constant  or  slightly  falling  pressure  along  the  streamlines  defining  the 
surface  and  to  avoid  strong  transverse  pressure  gradients  which  might  lead  to  three-dimensional 
separation.  The  Jones  lifting  surfaces  and  also  those  derived  from  reversed  Prandtl- Meye r  flow 
(Townend,  Ref.  3)  do  not  satisfy  this  'equirement.  However,  lifting  surfaces  derived  from  the 
flow  field  of  cones  at  incidence  could  be  chosen  to  avoid  serious  viscous  effects 

Considerable  progress  has  recently  been  made  using  numerii  al  methods  to  solve  the 
nonaxisymmetric  inviscid  supersonic  flow  about  circular  and  elliptical  cones  (Refs  4-8).  Provided 
the  flow  fields  are  "conically  subsonic1'*  it  has  been  possible  to  find  numerical  solutions  up  to  in¬ 
cidences  where  the  vortical  singularity  lifts  off  the  surface  (i.  e  ,  to  a /8C  of  the  order  of  1.  3  for 
circular  cones).  No  computations  have  so  far  been  made  with  mixed  flow  field  conditions  which 
properly  allov  for  "conically  supersonic"  regions. 

Methods  for  calculating  the  compressible  laminar  and  turbulent  boundary  layers  on 
slightly  yawed  circular  cones  were  given  some  time  ago  by  Moore  (Ref.  9)  and  Braun  (Ref.  10),  re¬ 
spectively,  and  Moore  (Ref.  11)  also  considered  the  laminar  boundary  layer  in  the  plane  of  symmetry 
at  large  yaw.  Recently  Cooke  (Ref.  12)  has  published  an  implicit  finite  difference  method  for  the  com¬ 
pressible  laminar  case  which  can  be  used  for  general  conical  surfaces  at  large  yaw  with  heat  transfer 
and  suction,  and  can  predict,  among  other  things,  separation.  In  applying  his  method  to  a  circular 
cone  of  semiangle  at  large  relative  incidence  (a/sin8c  =  1,  2)  Cooke  us  ;d  an  inaccurate  external 
flow  field  based  on  perturbation  methods  (Sims,  Ref.  13),  with  a  modification  to  ensure  lrrotational- 
ity  Measurements  of  the  turbulent  boundary  layer  growth  and  a  description  of  the  gradual  develop¬ 
ment  of  se  pa  ration  on  a  1  2£  semiangle  circular  cone  have  been  given  by  the  pre  sent  author  (Ref.  14) 

While  flow  separation  about  yawed  circular  cones  represents  one  of  the  simplest  cases 
in  the  general  problem  area  of  three-dimensional  separation,  little  progress  has  been  made  in  con¬ 
structing  an  inviscid  flow  model  to  describe  the  flow  field  and  to  predict  the  vortex  positions  and 
nonlinear  lift.  Bryson's  incompressible  flow  model  (Ref  15)  represents,  in  the  simplest  mathe¬ 
matical  form,  the  effects  of  the  separated  flow  by  two  straight  vortex  sheets  emanating  from  ar¬ 
bitrarily  specified  positions  on  the  body,  each  feeding  a  discrete  vortex,  and  imposes  the  condition 
of  zero  net  force  on  the  system  This  gives  unrealistic  pressure  distributions.  A  more  adequate 
treatment,  similar  to  that  used  by  Smith  (Ref.  Id)  fur  the  equivalent  delta-wing  problem,  is  needed 
using,  perhaps,  the  experimentally  determined  separation  positions  at  each  relative  incidence  (see 
Ref.  17  and  Fig  14  of  the  present  report) 

Tracy  (Re!  18)  has  made  very  extensive  measurements  of  the  hypersonic  flow 
(Muu  =  8)  about  a  10°  semiangle  cone  with  laminar  boundary  layers  (Rpu  =0  5  -»  4  2  x  10*)  up  to 
large  relative  incidence  (0/0!  -  2  •*)  By  slowly  rolling  his  model  he  is  able  to  present  continuous 
trace  records  of  surface  static  pressure  and  heat  transfer  ana  measurements  of  the  external  flow 
lield  using  a  single  fixed  direction  pitot  tube  Fur  incidences  above  tboul  12  mixed  How  conditions 
pr<  vail  anil  the  positions  uf  the  internal  shock  waves  are  clearly  indi.  ated  by  his  surveys  It  can 
be  noted  that  the  leeward  part  of  the  nose  shock  wave  anil  the  outer  p.nts  of  the  internal  shuck 
wave-  are  very  weak,  br.uming  tangential  to  a  free  stream  Mich  cone  with  apex  coincident  with 
the  cone  apex.  Also  at  incidences  ul  12°  and  above, boundary  layer  separation  is  present  and  the 
pitot  probe  measurements  indicate  a  single  large  lobe  of  vortical  fluid  above  the  leeward  generator 

The  objective  of  the  present  work  was  to  experimentally  determine,  under  high  Ri-ynolds 
number  conditions,  cone  surface  quantities  (piessure,  and  shear  stress  magnitude  and  direction)  and 
the  flow  fie.  1  above  a  cone,  at  both  moderate  and  large  relative  incidence  From  these  results  the 
range  uf  application  of  the  numerical  methods  fox  calculating  the  inviscid  flow  field  can  be  assessed 
and  a  de.cription  given  of  the  nature  of  the  separated  flow  field  at  large  relative  incidence. 


Conically  subsonic  flows  exist  when  the  component  of  Mach  number  normal  to  rays  is  sub¬ 
sonic,  otherwise  conically  mixed  (transonic)  conditions  are  present 
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2  Experimental  Method 

Measurements  were  made  on  a  54  -  inch- long,  5°  semiangle  cone,  sting  mounted  in 
the  National  Aeronautical  Establishment  (NAE)  5  -  ft  tnsonic  intermittent  blowdown  wind  tunnel  at 
nominal  Mach  numbers  o f  1 .  80  and  4.  25.  Stagnation  pressures  of  25  and  166  psia,  respectively, 
were  used  giving  Reynolds  numbers  based  on  cone  axial  length  and  undisturbed  conditions  of 
34  x  10“  and  68  x  10°.  No  boundary  layer  trip  was  used  but  it  is  expected  that  transition  takes 
place  quite  close  to  the  apex  (certaii  ly  at  x/L  <  0.  1 )  due  to  the  high  stream  turbulence  level  re¬ 
sulting  from  noise  generated  by  the  control  valve  and  working  section  wall  boundary  layers  The 
initial  cone  surface  temperature  before  a  wind  tunnel  run  was  approximately  equal  to  the  stream 
stagnation  temperature  (*>  70°F)  and  so  all  teats  were  made  under  very  small  heat  transfer  con¬ 
ditions.  With  typical  wind  tunnel  run  durations  of  20  to  30  secom’j,  the  change  in  surface  temper 
ature  was  less  than  5  r  for  the  1  /2-inch-thick  aluminum  wall  of  the  cone. 


Decause  of  the  c<  iicity  ana  symmetry  of  the  flow  all  detailed  measurements  were 
confined  to  an  axial  station  0.  85  of  the  tone  length  aft  of  the  apex  and  to  one-half  (0  to  180  )  of 
the  cone.  Circumferential  pressure  distributions  were  measured  using  up  to  eight  unbonded 
strain-gauge  pressure  transducers  closely  coupled  pneumatically  to  0.  020-inch  holes  spaced  45 
apart  at  the  0.  85  station  The  model  was  pitched  to  the  desired  incidence  and  slowly  rolled  during 
a  wind  tunnel  run  while  the  transducer  outputs  were  digitized  at  0.  8- second  intervals  to  give  data 
at  about  2^°  circumferential  intervals  from  to  =  -5  to  about  185°.  Pitot  pressure  outside  the 
boundary  layer  (actually  at  a  height  of  3/8  inch  above  the  cone  surface)  and  in  the  windward  plane 
of  symmetry  to  -  0,  was  also  measured  thus  enabling  the  circumferential  distribution  of  Mach 
number,  Me,  to  be  calculated. 


Surface  shear  stress  direction,  u)g,  was  measured  from  flow  visualization  traces 
taken  with  an  oil-dot  technique  (Ref.  19).  This  method  is  particularly  useful  in  intermittent  wind 
tunnels  and  de  ines,  among  other  things,  flow  separation  and  attachment  lines.  Surface  shear 
stress  magnitude  was  measured  using  small  Preston  surface  pitot  tubes  (dQ-0.  0165  inch)  — see 
Fig.  1.  These  tubes  were  aligned  using  the  flow  visualization  results  and  measurements  wo.e 
made  every  5°  of  circumferential  angle.  The  surface  pitot  pressure  difference  was  converted 
to  the  local  skin  friction  coefficient  using  a  calibration  given  in  Fig.  6  of  Ref.  20,  namely 
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Local  Mach  number,  pitot  pressure  and  flow  direction  in  the  external  flow  above  the 
cone  were  measured  using  a  pair  of  flow  field  probes  mounted  at  various  heights  above  the  sur¬ 
face  with  the  measuring  heads  adjacent  to  the  0.  85- length  station  — see  Fig.  2.  Again  slow  rota¬ 
tion  during  a  wind  tunnel  run,  with  the  cone  at  fixed  incidence,  enabled  the  leeward  flow  field  to 
be  surveyed.  The  flow  field  probe  head  (Fig.  3)  consists  of  a  30°  semiangle  cone  blunted  by  a 
pitot  tube.  Four  pressure  differences  Pj  -  P()'.  Pi  -  Pfc.  P£  -  P3  and  P4  -  P5  are  meas¬ 
ured  from  which  the  local  Mach  number,  stagnation  pressure  and  resultant  flow  direction  can  be 
iteratively  calculated  using  probe  calibration  data.  Typical  calibration  curves  are  shown  in 
Figs.  4  and  5.  The  probes  were  separately  calibrated  at  several  Mach  numbers  between  1.  8  and 
4.  25  and  the  calibration  curves  were  fitted  by  simple  empirical  functions. 

Overall  force  measurements  were  made  with  an  internal  strain-gauge  balance. 

Some  sL’.iace  pressure  distribution  results  for  a  40.  6- inch- long,  12£°  semiangle 
cone  tested  under  similar  conditions  are  also  included  in  this  report. 

3.  The  Inviscid  Flow  Field  for  the  Circular  Cone  at  Incidence 
3 .  1  Perturbation  Methods 


The  original  attempts  to  find  the  inviscid  flow  field  about  a  cone  at  small  incidence 
were  based  on  perturbation  methods  and  used  the  exact  Taylor- Maccoll  flow  for  circular  cones 
at  zero  incidence  (first  tabulated  for  air  by  Kopal,  Ref.  21,  and  more  recently,  in  convenient 
form,  by  Sims,  Ref.  22).  The  perturbation  theory,  for  both  the  first-  and  second-order  effects 
of  incidence,  was  formulated  by  Stone  (Refs.  23,  24)  and  after  extensive  numerical  integrations 
the  results  were  tabulated  by  Kopal  (Refs.  25,  26).  Again  Sims,  using  modern  digital  computers 
rather  than  the  desk  calculators  available  to  Kopal,  has  recalculated  the  first-order  Stone  theory 
and  presented  the  results  for  air,  at  convenient  values  of  cone  semiangle  and  Mach  number,  in 
body-fixed  coordinates  in  Ref.  13.  The  second-order  tabulations  of  Kopal  contain  uncertainties, 
are  of  limited  range,  and  in  practice  are  rather  inconvenient  to  use. 

Ferri  (Ref.  27)  pointed  out  a  fundamental  error  iA  the  Stone  results  and  gave  a  method 
for  correcting  the  surface  velocity  components.  He  observed  that  the  body  surface  must  be  a  sur¬ 
face  of  constant  entropy  wetted  by  streamlines  that  cross  the  nose  shock  wave  in  the  windward  plane 
of  symmetry  (<P  =  C)  and  that  because  of  this  there  must  be  a  region  of  high  vorticity  near  the  cone 
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surface,  "the  vortical  layer  "  All  the  streamlines  which  cro.s  the  nose  shock  wave  terminate  at 
a  singular  point  (<0  =  rr ,  0  -  0C)  at  which  the  entropy  is  multivalued,  "the  vortical  singularity 

Such  singularities  are  present  in  all  nonaxisymmetric  supersonic  flowr  over  conical  bodies  and 
represent  the  final  directions  into  which  particles  moving  along  streamlines  are  deflected 
Munson  tRef.  28)  and  Melnik  (Ref.  29),  ar  .ong  othe  .  s,  have  studied  the  vortical  layer  in  detail 
and,  using  the  technique  of  matched  asymptotic  expansions,  have  obtained  inner  expansion  for  the 
vortical  layer  which  match  Stone's  solution  (outer  expansion).  In  addition,  Melnik  (Ref.  30)  has 
examined  vortical  singularities  in  conical  flow  and  has  given  a  condition  on  the  curvature  of  the 
pressure  distribution  which  marks  the  liftoff  from  the  surface  of  the  vortical  singularity.  This 
critical  condition  has  not  been  related  back  to  relative  incidence,  Mach  number  and  cone  semi¬ 
angle  but  this  could  be  done  by  examining  the  results  of  recent  numerical  flow  field  calculations. 

With  the  advent  of  high-speed  computing  machines  and  the  use  of  sophisticated  tech¬ 
niques  in  numerical  analysis,  perturbation  methods  for  calculating  the  flow/  field  about  circular 
cones  at  incidence  have  now  been  superseded  by  numerical  methods. 

3.  2  Numerical  Solutions 


In  the  last  few  years  a  number  of  numerical  methods  (Refs  4-7)  have  been  developed, 
some  of  which  are  quite  general,  and  which  have  been  applied,  in  particular,  to  the  circular  coi.e 
at  incidence  to  an  inviscid  supersonic  6tream.  A  brief  review  of  these  methods,  their  similarities 
and  limitations,  will  be  given. 

Stocker  and  Mauger's  method  (Ref.  4)  uses  basically  the  elliptic  equations  transformed 
to  use  a  stream  function  as  one  of  the  independent  variables.  Starting  from  an  assumed  shock 
shape  (sin^  0S  expressed  as  a  Fourier  cosine  series  of  the  circumferential  angle,  to)  the  method 
integrates  inward  along  streamlines  using  the  inverse  marching  process  developed  for  blunt-body 
problems.  The  streamlines  "envelope"  to  define  the  body  shape  and  converge  toward  the  vortical 
singularity.  For  direct  cases  (given  body  shape)  an  iterative  procedure  was  used,  the  shock  shape 
being  successively  modified  empirically  to  obtain  a  closer  approximation  to  the  given  body.  Cir¬ 
cular  cone  solutions  were  presented  for  flc  =  20°,  M^  =  3.  53,  Ot  s  5°  and  10°  which  showed 
good  agreement  with  experiment  at  the  smaller  incidence  but  only  fair  agreement  for  a/0c  =  1/2. 
Indeed  difficulties  were  experienced  with  the  iteration  at  a  =  10°  and  no  solution  could  be  obtained 
for  a  =  15°.  It  was  thought  at  the  time  that  the  difficulties  that  were  experienced  in  matching  the 
inner  boundary  condition  were  due  to  the  vortical  singularity  lifting  off  the  surface,  but  we  will 
see  below  that  this  could  not  have  occurred  at  such  a  small  relative  incidence  (2/3). 

A  very  general  and  obviously  powerful  method  to  deal  with  three-dimensional  super¬ 
sonic  flows  has  been  developed  by  a  Russian  school  of  mathematicians  under  K  I.  Babenko  (avail¬ 
able  in  translation  as  Ref.  5).  This  method,  termed  the  BVLR  method  by  the  French,  is  discussed 
by  Ge  rmain  (Ref.  31)  and  its  advantages  stressed.  When  applied  to  conical  bodies  the  full  three- 
dimensional  equations  are  used,  giving  a  hyperbolic  system- -the  downstream  direction  along  the 
cone  axis  being  used  like  the  time  variable  in  an  unsteady  two-dimensional  problem.  Starting  from 
an  assumed  initial  shock  shape  and  a  given  conical  body  at  the  required  incidence  the  equal  ons  are 
numerically  integrated  downstream  until  a  conicity  condition  on,  say,  the  velocity  components  is 
sufficiently  satisfied.  This  is  similar,  then,  to  finding  the  solution  of  a  steady  two-dimensional 
problem  from  the  asymptotic  behavior  at  long  times,  of  the  equivalent  unsteady  problem. 

Extensive  tables  of  results  for  circular  cones  are  given  in  Ref.  5  for  Mach  numbers 

o  o  o  ° 

of  2,  3,  4,  5,  6,  7,  cone  semiangles  from  5  to  45  1.1  5  steps  and  for  relative  incidences  up  to 
at  most  0  8.  The  results  for  Mach  numbers  of  4  and  6  have  mostly  been  obtained  by  interpolation 
In  practice,  the  use  of  such  ta'a  es  is  always  rather  tedious  and  invariably  involves  interpolation 
or  extrapolation  There  is  gieat  need  to  collapse  such  results  (at  least  for  surface  conditions) 
into  a  more  directly  usable-  forri,  using  generalized  correlation  parameters,  as  was  done  for 
a  =  0  in  Ref.  32.  An  example  of  a  '>'pical  correlation  is  shown  in  Fig.  b  for  surface  pressure  co¬ 
efficient  (the  interpolated  results  for  -  4  and  b  contain  errors  and  have  been  excluded  from 

the  figure  since  they  do  not  show  a  smodh  variation  with  the  parameter  (3,^,  sin  0C) 

Some  very  interesting  examp.  -s  of  the  application  of  the  BVLR  method  to  circular  and 
elliptic  cones  are  given  by  Gonidou  in  Ref.  8  It  is  clear  that  the  method  can  be  used  well  beyond 
the  largest  relative  incidence  of  0.8  given  in  l.abenku  tables  and  is  limited  only  by  the  vortical 
singularity  lifting  off  the  surface  (provided  that  he  flow  is  still  conically  subsonic).  Typical  com¬ 
puter  time s  on  a  CDC  3600  for  a  grid  of  fro  =  rr /  1 2  and  -  1  / 1  0  involving  about  500  down st ream 
steps  range  from  1/2  to  1  hour  (Ref.  8). 

Moretti  (Ref  6)  has  independently  given  a  similar  method  for  circular  cones.  The 
flow  field  is  obtained  as  the  asymptotic  stage  of  a  three-dimensional  flow  computed,  in  a  spherical 
frame  of  reference,  bv  means  of  a  finite  dilference  technique  associated  with  a  method  of  charac¬ 
teristics  on  the  shock  and  body.  For  a  given  case  (l.  e.  ,  given  incidence)  the  initial  shoes  is  chosen 
as  an  ellipse  whose  shape  is  determined  iteratively  from  the  appropriate  a  -  0  solution  and  inte¬ 
grations  of  the  equations  in  the  plane  of  symmetry.  Again  about  500  downstream  steps  yield  a  good 
solution  and  take  about  1/2  hour  on  an  IBM  3bO/5U,  Figure  7  compares  the  surface  pressure  distri¬ 
butions  for  a  given  case,  Mm  =  7,  0C  =  10°,  a /0C  =  W2,  obtained  using  the  Babenko,  BVLR,  method 
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(17  x  21  mesh)  and  Me  r  etti's  method  (11x7  mesh).  The  differences  are  very  small,  less  than 
lj%,  and  are  likely  due  to  the  different  mesh  sizes  used, 

The  most  recent  method,  for  general  conical  bodies,  is  that  due  to  D  J.  Jones 
(Ref.  7)  who  solves  the  elliptic  equations  by  iteration  Like  Babenko  and  Moretti.  Jones  uses  a 
grid  formed  by  equally  spaced  meridional  planes  (u>  =  constant)  and  equally  spaced  Duints  between 
cone  surface  and  shock.  The  shock  shape  (tan  0#),  represented  by  a  Fourier  cosine  series 
Fo  +  Fj  cos  <0  .  .  .  +  Fm  cos  m/p,  enables  conditions  at  the  outer  boundary  to  be  determined  Cir¬ 
cumferential  derivatives  are  approximated  by  a  finite  difference  scheme  and  the  resulting  coupled 
ordinary  differential  equations  are  numerically  integrated  inward  to  the  mesh  points  closest  to, 
but  not  on,  the  body.  Conditions  on  the  body  surface  needed  for  the  iteration  process,  specifically 
the  normal  velocity  component,  are  obtained  by  extrapolation.  This  iterative  procedure,  used  to 
minimize  the  sum  of  the  squares  of  the  residual  normal  velocities  on  the  body  with  respect  to  the 
Fm's  defining  the  shock  shape,  is  a  modification  of  the  generalized  least  squares  method  and  ib 
due  to  Powell  (Ref.  33). 

Jones  uses  for  the  starting  point  of  all  his  calculations  tne  known  shock  shape  about 
a  circular  cone  at  zero  incidence,  i.  e.  ,  Fq  known  and  Fm  =  0,  m  >  0.  Then,  for  the  circular 
cone  case,  he  uses  a  small  incidence  step  aj  =  0.  01  0t  and  iterates  to  find  the  Fm.  The  flow 
for  02  =  0.  1  8C  is  next  found  with  first  approximations  for  the  F,^  obtained  by  extrapolation. 
Iteration  reduces  the  squares  of  the  residual  normal  velocities  to  an  acceptable  minimum,  pro¬ 
duces  a  new  set  of  Fm  and  solves  the  flow  field.  Tli"  calculations  can  be  continued  in  steps  of 
say  0.  1  0C  until  the  vortical  singularity  leaves  the  surface  and  approaches  the  first  mesh  point 
from  the  body  in  the  plane  p  -  or  the  flow  field  becomes  conically  mixed.  The  method  is  gen¬ 
eral  and  it  is  easily  possible  to  perturb  the  body  shape  rather  than,  or  in  addition  to,  at:  'ude. 

Final  surface  conditions  for  each  case  are  found  from  the  extrapolated  pressures, 
conditions  at  the  saddle  point  of  attachment  and  the  condition  c.r  constant  entropy.  Table  1  gives 
a  comparison  of  the  Jones  method  with  Babenko  and  show  s  excellent  agreement  of  shock  shape 
(and  hence  the  outer  part  of  the  flow  field)  and  only  small  differences,  less  than  £7o,  on  the  surface, 
even  though  the  mesh  used  by  Jones  in  this  case  has  twice  the  spacings  used  by  Babenko.  The  com¬ 
puter  time  per  case  on  an  IBM  360/50  for  the  Jones  method  is  typically  between  £  and  3  minutes 
(the  time  increasing  as  the  incidence  increases),  a  dramatic  reduction  when  compared  with  the 
other  methods. 

Figures  8  anjl  9  show  a  comparison  of  the  Jones  method  with  the  present  experimental 
results  for  the  12^  and  5  conrs,  respectively,  at  Mach  numbers  of  1 .  80  and  4.  25  and  for  a  rela¬ 
tive  incidence  of  unity.  The  results  for  Mqq  -  4.  25  have  been  shifted  up  one  unit  for  clarity.  For 
the  I  2$  cone  cases,  where  the  relative  influence  of  viscosity  at  these  high  Reynolds  numbers  is 
small,  the  agreement  is  very  good.  The  scatter  of  the  experimental  results  for  the  5  cone  is 
much  greater  due  to  the  much  smaller  pressure  differences  that  have  to  be  measured,  but  again 
the  agreement  with  the  Jones  calculation  at  M  =  4.  25  is  very  good.  Difficulties  were  experienced 
with  tlje  numerical  flow  field  calculations  for  the  other  case  given  on  Fig.  9,  namely  M^  =  1.  80, 

0C  =  5  ,  due  to  the  shock  wave  being  very  close  to  a  Mach  wave.  For  such  cases 

[(Mo^  -  1)»/2  sin  0C  «  1]  it  would  be  more  appropriate  to  represent  the  shock  wave  shape  as  a 

Fourier  cosine  series  in  angle  about  the  wind  axis  rather  than  the  cone  axis. 

From  the  above  survey  it  is  clear  that  we  ha.e  available  powerful  numerical  methods 
for  solving  the  flow  field  about  cones  inclined  to  an  inviscid  supersonic  stream,  up  to  relative  in¬ 
cidences  where  the  vortical  singularity  lilts  off  the  surface  Ipa  1 .  2  to  1.3  for  the  present  cases)  or 
where  the  flow  becomes  conically  mixed.  It  still  remains  to  define  these  limits  in  terms  of  Mach 
number  and  cone  angle  and  to  extend  the  methods  beyond  them  Such  extensions  to  higher  relative 
incidence  are  however  of  limited  practical  importance  since  the  effects  of  viscosity  will  already 
have  become  important  in  the  further  development  of  the  flow  field. 

4.  The  Flow  with  Viscosity 

The  present  experimental  results,  together  with  those  of  a  related  investigational- 
readv  reported  by  the  author  in  Ref.  14,  will  be  used  to  describe  the  effects  of  viscosity  on  the 
supersonic  flow  about  slender  circular  cones. 

4.  1  Overall  Effects 

The  overall  effects  of  viscosity  on  the  normal  force  chaiacteristics  of  the  5°  cone 
are  illustrated  in  Fig.  10,  which  shows  both  balance  and  integrated  pressure  results  up  to  a  very 
large  relative  incidence  of  almost  6.  The  normal  force  slopes  near  o  =  0  are  not  much  affected 
and  are  slightly  greater  than  given  by  the  Stone  theory  (it  is  estimated  that  (6*/x)/0c  1.8%  and 

3.  3%  for  Mqq  =  1.8  ard  4.25,  respectively).  It  can  he  seen,  however,  that  significant  nonlinear 
lift  is  generated  above  a  relative  incidence  of  about  l£  due  to  flow  separation.  Initially  the  mag¬ 
nitude  of  this  nonlinear  lift  increases  more  rapidly  with  a/0c  at  the  higher  Mach  number.  This 
is  due  to  the  development  of  mixed  flow  conditions  and  internal  shock  waves  causing  earlier  (in 
terms  of  P)  separation  with  a  stronger  vortex  system.  At  the  lower  Mach  number,  1.  8,  conditions 
near  the  surface  are  conically  subsonic  (Figs.  9,  12  and  13)  and  above  a  certain  relative  incidence, 
about  3.  1,  the  vortex  system  becomes  unstable  and  asymmetric,  generating  appreciable  side  force 
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At  Mach  number  4  25,  wit!’  mixed  flow  conditions  and  separation  produced  by  internal  hock  waves, 
no  such  asymmetry  was  pr  sent 

The  excellent  agreement  betueer  the  integrated  pressures  and  balance  mea  »urements , 
together  with  extensive  flow  visualiza'ion  and  center  of  pressure  measurements  not  presented  here, 
establish  the  conicity  and  symmetry  of  the  flow  up  to  a/8c  =  3  which  is  beyond  the  maximum  rel¬ 
ative  incidence  of  the  remainder  of  the  results  discussed  below. 

4.  2  The  Surface  Pressure  Distribution  and  Separation 

The  development  of  the  pressure  distribution  with  incidence  can  be  followed  from 
Figs.  9,  12  and  13  At  small  relative  incidence  { a/8c  smaller  than  about  0.  fc  for  the  present 
tests)  the  surface  pressure  gradient  .s  favorable  (roughly  proportional  to  sin^),  the  external 
streamlines  do  not  have  an  inflection  point,  and  the  boundary  layer  grows  in  a  regular  manner 
from  the  windward  to  the  leeward  generator.  Only  very  small  crossflows  are  developed  in  the 
boundary  layer.  With  increase  of  incidence  tile  pressure  gradient  first  becomes  adverse  near  the 
leeward  generator.  The  relative  incidence  at  which 


which  might  be  said  to  define  the  minimum  relative  incidence  for  separation,  (a/0c)a,  can  be  ap¬ 
proximately  calculated  from  the  velocity  components  given  in  the  Sims  tables  (Ref  13)  and  is  shown 
on  Fig.  11*  It  ha  s  the  correct  s  le  nde  r  body  value  of  0.  5  for  small  values  of  the  similar  it  y  param¬ 
eter,  |3(x>  9in  0c-  tut  is  not  reliably  estimated  for  hypersonic  conditions  [and  large  (a/8c)a].  Ex¬ 
amination  of  the  numerical  inviscid  flow  field  solutions  will  have  to  be  made  to  define  this  relative 
incidence  (a/0c)a  accurately  at  large  sin  8C. 

As  the  relative  incidence  exceeds  (a/8c)a  the  point  of  minimum  pressure  moves 
rapidly  around  the  cone.  Notice,  from  Fig.  9,  that  this  point  has  moved  from  '0  -  180°  to  about 
^>-130°  for  a  relative  incidence  charge  from,  say,  0.  6  to  1.  0  At  the  pressure  mm  num  the  ex¬ 
ternal  streamlines  have  an  inflection  point  and  beyond  this  angle  the  boundary  layer  encounters 
an  adverse  pressure  gradient  and  thickens  rapidly.  The  crossflow  within  the  boundary  layer  is 
first  reduced  and  then  reversed  by  the  adverse  pressure  gradient  until  the  limiting  streamlines 
very  close  to  the  surface  are  turned  along  a  generator  of  the  cone  (u)s  =  0  at  (0  =  =  168°  for 

a/8c  =  1  on  Fig.  9)  At  the  same  time,  the  boundary  layer  thickness  on  the  leeward  generator 
is  reduced  due  to  the  draining  away  of  low  energy  fluid  toward  th>  pressure  minima.  The  stream¬ 
lines  of  this  boundary  layer  growing  away  from  the  leeward  generator  pass  under  the  separated 
outer  boundary  layer  coming  from  the  windward  side  oi  the  cone  and  form  two  symmetrically  dis¬ 
posed  lobes  of  vortical  fluid  on  either  side  of  the  leeward  generator  However,  there  is  no  general 
eruption  oi  vortical  fluid  from  the  cone  surface  and  at  high  Reynolds  number  these  lobes  are  still 
thin  compared,  say,  to  the  local  cone  radius 

At  still  larger  relative  incidence  (Figs.  12  and  13)  the  adverse  pressure  gradient  fol¬ 
lowing  the  pressure  minimum  intensifies  and  primary  separation  angle  <08j  occurs  much  earlier, 
Fig.  14.  Between  the  circumferential  angles  for  which  uis  is  zero  there  is  a  plateau  of  essen¬ 
tially  constant  pressure  followed  by  a  second  pronounced  pressure  minimum  and  finally  a  recom¬ 
pression  to  zero  pressure  gradient  at  the  leeward  generator.  We  shall  see  below  that,  under  these 
conditions,  the  scale  of  separated  flow  is  more  extensive  and  the  shear  layers  roll  up  to  form  a 
pair  of  symmetrically  disposed  vortices  close  to  the  cone  surface  (Fig.  19,  for  example).  The 
second  pressure  minima  at  10  =  1  80  +_  14°,  produced  by  these  vortices,  also  causes  a  marked  thin¬ 
ning  of  the  boundary  layer  and  a  very  stiong  outflow  away  from  the  leeward  generator.  Secondary 
separation  of  this  leeward  boundary  layer  also  occurs  in  the  neighborhood  of  V>  =  iPg,  =  1  59° 

(Figs.  12,  13,  15  and  16).  Many  of  these  flow  features  are  qualitatively  similar  to  the  laminar 
boundary  layer  separation  about  cir<  ular  cones  at  low  speeds  discussed  in  Ref.  17. 

At  the  higher  Mach  number,  Mqq  =  4.  25,  mixed  flow  conditions  are  present  at 
a  /0C  =  2.  1  and  2.  5  and  the  sharp  pressure  rise  following  the  first  pressure  minimum  is  caused 
by  internal  shock  waves.  As  expected,  the  development  of  mixed  flow  conditions  with  internal 
shock  waves  causes  much  earlier  separation  as  can  be  seen  from  Fig.  14  where  flow  visualization 
measurements  of  (0  a  i  are  Riven  for  5  and  12$°  cones. 

4.  3  The  Surface  Shear  Stress 


The  surface  shear  stress  directions  (that  is  the  direction  of  the  limiting  streamlines 
at  the  base  of  the  boundary  layer  flow)  have  been  measured  by  oil  streak  flow  visualization  and  are 


It  is  perhaps  worth  noting  that  a  rough  estimate  for  the  telative  incidence  at  which  the  vor 
tical  singularity  lifts  off  the  surface  is  given  by  2(0/0^)^. 
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given,  (or  various  relative  incidences,  in  Figs.  15  and  lb.  Data  measured  at  two  lengthwise  posi¬ 
tions  x/L  =  0.  b5  and  0.  o5,  are  given  at  the  largest  relative  incidence,  and  within  the  scatter, 
show  no  systematic  influence  of  lengthwise  location,  For  all  conically  subsonic  cases  the  limiting 
streamline  directions  are  reduced  smoothly  to  zero  (separation)  by  the  adverse  pressure  gradient 
but,  with  internal  shocks  present,  the  boundary  layer  cross  flow  near  the  wall  is  reversed,  and 
separation  is  produced,  extremely  rapidly  The  large  boundary  layer  outflows  from  the  leeward 
generator  under  the  vortex  core  and  the  subsequent  secondary  separation  are  also  shown 

The  magnitude  of  the  local  skin  friction  coefficient,  determined  from  the  Preston 
surface  pitot  tube  measurements ,  are  shown  in  Figs  17  and  18  for  Mach  numbers  1.8  and  4  2  5, 
respectively.  It  was  noted  earlier  that  the  Preston  tubes  were  aligned  against  the  surface  stream¬ 
lines  for  each  circumferential  angle.  Als*  ..he  assumption  is  made  in  reducing  the  data  that  the 
two-dimensional  calibration  of  these  tubes  (Ref.  20)  applies,  that  is,  in  effect,  that  the  boundary 
layer  crossflows  are  small.  The  turbulent  boundary  layer  results  in  Ref  14  show  that  this  condi¬ 
tion  will  be  satisfied  except  perhaps  near  primary  separation 

For  a  relative  incidence  of  about  uni'y  the  magnitude  of  the  local  skin  friction  coeffi¬ 
cient  decreases  smoc'hly  to  a  minimum  but  finite  value  at  separation  and  at  the  leeward  generator 
has  a  value  that  is  cluie  to  the  zero  incidence  skin  friction  coefficient.  At  a/dL  -  2.  1  there  are 
minima  at  both  primary  and  secondary  separations  and  very  high  values  due  to  the  strong  outflow, 
near  the  leeward  generator,  It  should  be  noted,  however,  that  while  the  actual  surface  shear 
stress  (Tw  =  Cfe  0.7  pe  Me^)  on  the  leeward  generator  exceeds  t  hat  on  the  wind  ward  generator  (or 
M(  =  1.  80,  the  reverse  is  true  for  =  4  25  due  to  the  low  density  on  the  leeward  side  in  this 

latter  case.  In  fact, 
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4.4  The  Exte  rna  1  F  low 


Measurements  of  the  symmetrical  excernal  flow  field  were  made,  using  the  flow  field 
probes,  up  to  relative  incidences  of  2.  5.  At  temp' s  to  measure  asymmetric  conditions  at  M^  =  1.  8 
and  a  /flc  =  4  were  frustrated  by  insufficient  heiiht  adjustment  on  the  probe  support  and  by  unsteady 
conditions  (perhaps  vortex  bursting) 

Pitot  pressure  contours  (i.  e.  ,  lines  of  constant  values  of  the  ratio  of  local  pitot  pres¬ 
sure  divided  by  pitot  pressure  of  the  undisturbed  uniform  stream)  have  been  constructed  from  sur¬ 
veys  made  at  various  probe  heights  and  are  shown  in  Figs.  19  and  20  for  Mach  numbers  1  80  ar.d 
4  25.  The  probe  pitot  pressures  have  been  corrected  for  the  measured  local  flow  angularities. 
Notice  that  while  the  probe  head  size  seems  rather  large,  representing  about  2.  9°  of  circumfer¬ 
ential  angle,  the  pitot  tube  opening  is  only  1/10  of  this  and  so  the  deep  pitot  pressure  gradients 
are  readily  measured. 

For  moderate  relative  incidence,  a/8c  =  1.  01  and  1.  26,  the  contours  show  the  lobes 
of  vortical  fluid  accumulating  near  the  leeward  generator,  the  maximum  thickness  occurring  some 
distance  downstream  (larger  ©)  of  where  the  windward  boundary  layer  has  separated  (uls  =  0)  At 
the  larger  relative  incidences  the  centerline  of  the  separating  shear  layer  (indicated  by  a  dash-det 
line)  can  be  seen  starting  from  the  primary  separation  angle  Psl  (approximately  tangentially)  and 
merging  into  th?  well-defined  but  rather  extensive  vortex  core.  The  boundary  layer  near  the  lee¬ 
ward  generator  and  under  the  vortex  core  is  too  thin  to  be  penetrated  by  the  present  probes  but  the 
lobe  of  vortical  fluid  from  it  can  be  seen,  for  a /8c  -  2.  5,  just  beyond  the  secondary  separation 
angle  <i>s£  It  is  noted  that  fluid  of  high  total  pressure  flows  down  onto  the  leeward  generator  (form¬ 
ing  an  attachment  line  there)  and  out  under  the  vortex  core.  For  the  conically  mixed  flow  case, 

M^y  =  4.  25,  a  /8t  =  2  44,  shown  in  t  ig.  20,  the  position  of  the  internal  shock  wave  is  also  shown 

Figuie  22  shows  an  example  of  the  circumferential  distribution  of_the  transverse  com¬ 
ponents  of  Mach  number  and  flow  direct ion_at  a  height  above  *he  cone  surface  (h  =  0.  212)  slightly 
in  excess  of  the  center  of  the  vortex  core  (h  =  0  205)  Rapid  '-hanges  of  these  quantities  thtough 
the  separated  shear  layer  (indicated  as  SSL  on  the  figure)  and  near  the  vortex  core  VC,  are  shown, 
together  scith  the  strong  downflow  near  the  leeward  generator.  It  is  interesting  to  compare  the 
vortex  cone  heights  with  those  given  fur  low  speed  flow  with  laminar  separation  in  Ref.  17  From 
Fig  21  it  can  be  seen  that  the  vortex  cores  occur  at  very  nearly  the  same  circumferential  position 
but  are  nearer  the  cone  surface,  at  a  given  a /8L  ,  for  the  present  results  involving  higher  Mach 
number  and  turbulent  separation  This  is  partly  clue,  of  course,  to  the  much  later  separation 
positions 


The  st  r  ,  '  ,  1  >  oi  the  ext e r  •  Mow  which  emerges  from  the  p re se nt  high  R e y n<  Ids 
number  measurements  at  i.irge  relative  incidence,  with  its  well-defined  symmetrical  vortices  and 
high  skin  friction  coefficient  near  the  leeward  generator  (Fig  23),  contrasts  strongly  with  Tracy's 
me  a  sureme  nt  s  (Ref  1  o)  taken  at  mile  h  lower  Re  y  no  Ids  numbe  r  s  (R  p  =  0  5-4  2xl0C’)withlam- 
inar  boundary  layers  His  results  show  only  a  single  massive  lobe  up vortical  fluid  above  the  leewaid 
gene  ralo  r 


'  a 


A 


d 
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5  Cl  nc  lusions 

Based  on  high  Reynolds  number  measurements  on  the  surface  and  m  the  external  flow, 
ileld  abo'  e  yawed  5°  and  1  2^°  semianple  cones,  at  Mach  numbers  of  1  80  and  9  25,  it  is  concluded 
that: 


(a)  Numerical  methods  (such  as  that  proposed  by  D.  J  Jones,  Ref  7)  for  the  solu¬ 
tion  of  the  unseparated  mvisi  id  supersonic  flow  about  yawed  circular  cones  give  an  excellent  p-e- 
dicfion  of  the  flow  up  to  moderate  relative  incidence  (say  Cc/8 c  *-  1  2)  Such  methods  are  presently 

restricted  to  conically  subsonic  flow  and  to  relative  incidences  below  those  resulting  in  liftoff  of 
the  vortical  singularity  The  boundaries  defining  the  onset  of  mixed  flow  conditions  and/or  the 
liftoff  of  the  vortical  singularity  need  to  be  calculated 

fb)  The  development  of  the  viscous  flow  and  separation  about  circular  cones,  with 
increasing  relative  incidence,  is  a  gradual,  progressive,  steady  and  essentially  conical  process 
involving  the  formation  of  symmetrically  disposed  lobes  of  vortical  fluid  (0.  8  <  a/8c  <  about  1  5) 
which  develop  into  vortices  and  which  remain  comparatively  close  to  the  cone  surface  on  either 
side  of  and  near,  the  leeward  generator  At  high  Reynolds  numbers  there  is  no  general  eruption 
of  vortical  fluid  from  the  cone  surface  which  would  cause  sudden  changes  to  the  external  inviscid 
flow 


(c  )  The  construction  of  an  inviscid  flow  model  with  free  vortex  sheets,  similar  to  the 
corresponding  slender  delta-wing  case,  is  needed  to  describe  the  flow  at  large  relative  incidence 
(Ot/Qc  >  about  1.  5). 
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Table  1.  Babenko- Jone s  Comparison:  M  -7,6-  25°,  a  -  15°,  y  =  1.  4 
-  r  oo  c  ' 
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Surface 

Value  s 

Shuck  Wave  Shape 

UJ 

UB 

pj 

PB 

(tan  8s)j 

(tan  Ss)B 

0 

1.  5203 

1.  5202 

2.  381  7 

2.  3822 

0.  5654 

0.  5656 

22.  5 

1.  5299 

1.  5299 

2.  2471 

2.  2474 

0.  5665 

0.  5b67 

45 

1.  5583 

1.  5585 

i.  8897 

1 .  8896 

0.  5698 

0.  5699 

67.  5 

1. 6033 

1.  6042 

1 . 4249 

1.  4242 

0.  5752 

0.  57  52 

90 

1.  6609 

1 . 6633 

0.  9775 

0.  9768 

0.  5820 

0.  5820 

112.  5 

1.  7258 

1. 7305 

0.  6314 

0.  6312 

0.  5883 

0.  5884 

135 

1.  7906 

1. 7976 

0.  41  38 

0.  4149 

0.  5906 

0.  5902 

157.  5 

1. 8423 

1.  8509 

0.  3207 

0.  3203 

0.  5818 

0.  5816 

180 

1. 8647 

1. 8646 

0.  3025 

0.  3025 

0.  5734 

0.  5734 

MeshSize:  Babenko,  btp  -  11.2  5°,  =  0.05 

Jones;  £&  =  22.  ^°,  =  0.  1 
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30MMAIRE 


Le  memoirs  rend  compte  dea  resultats  theoriques  et  exper imentaux 
obtenus  i  la  suite  d'essais  effectues  dans  une  soufflerie  a  rafales 
(M  ■  7  ,  Re  ■  110000/on  et  25000/cm)  d'ur.e  part,  et  dans  une  soufflerie 
4  choca  4  haute  enthalpie  d'arret  {?!  ■  0  ,  Re  *  12000/cm)  d’autre  part, 
od  YU4  de  determiner  les  caractires  de  l'ecoulement  autour  d ' un  cone  de 
demi- angle  9°  . 

L'Stude  de  l'6cou]ement  parietal  a  ete  realisee  par  des  mesures 
de  presaion  atatique  et  de  Jensite  de  flux  de  chaleur  convectee  et  par 
lea  vi aualisationa  des  lignes  de  courant.  Un  decollement  eat  mis  en  evi¬ 
dence  dans  la  region  la  noins  exposee  au  vent  pour  des  incidences  tres 
inferieures  au  demi-angle.  La  couche  limite  non  decollee  reste  partout 
laminaire  pour  Re  ■  25000/cm  et  12000/cm  alors  qua,  pour  Re  *  110000/cm, 
la  transition  entraine  un  recollement  turbulent. 

En  ce  qui  concerne  l'ecoulement  e.terieur,  des  explorations  a  la 
aondn  de  Pitot  ont  permis  d'obtenir  la  forme  de  l'onde  de  choc  pour 
difffrentes  incidences  et  de  localiser  les  deux  tourbillonB  d'apex. 


Dana  le  present  memoire,  figurent  des  rSsultata  constituent  une  part’.e 
d«*s  theses  de  Doctorat  d'Etat  qui  aeront  soutenues  par  M.  D.  Guffroy 
(en  ce  qui  concerne  la  thOorie'  et  M.  J.  Marcillat  (en  ce  qui  concerne 
lea  esaaic  dans  la  soufflerie  4  rafales). 
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1.  INTRODUCTION 


Une  etude  experimentale  a  etc  conduite  en  vue  1  e  determiner  les 
caracteres  principaux  de  l'ecoulement  autour  d'un  cone  en  derapage,  en  par  - 
ticulier  dans  la  couche  limite.  Les  mesures  effectuces  concernent  la  dis¬ 
tribution  de  la  pression  a  la  surface  du  cone  ainsi  que  celle  de  la  densi- 
te  de  flux  de  chaleur  convectee. 

Dans  le  but  d'etudier  l'influence  du  nombre  de  Reynolds  sur  les 
caracteres  de  l'ecoulement  ainsi  que,  dans  une  certaine  mesure,  celui  de 
l'enthalpie  d'arret,  les  essais  ont  ete  effectues,  d'une  part  dans  une  souf- 
flerie  hypersonique  "froide"  ou  la  temperature  d ’ arret  de  l'ecoulement  est 
suf f isarament  elevee  pour  eviter  la  liquefaction  et,  d'autre  part,  dans  une 
soufflerie  a  chocs  a  haute  enthalpie  d'arret. 

Dane  la  soufflerie  hypersonique,  des  explorations  a  la  sonde  de 
Pitot,  effectuces  pour  certaines  incidences,  ont  permis  d'obtenir  avec  pre¬ 
cision  la  forme  de  l'onde  de  choc  et  de  localiser  les  tourbillons  d'apex. 

La  configuration  de  l'ecoulement  a  la  paroi  (forme  des  lignes  de  courant 
parietales,  delimitation  des  regions  separees,  transition)  a  pu  etre  deter- 
minee  grace  a  des  vi eual  is  at i on b  comple ment ai r e s  obtenues  par  la  methode 
du  film  d'huile. 

Les  mesures,  en  partieulier  celles  effectuces  dans  le  plan  de 
symetrie  de  l'ecoulement,  ont  ete  confrontees  avec  la  theorie,  l'ccoule- 
ment  dans  la  couche  limite  supposee  laminaire  etant  determine  a  1  aide 
d'une  methode  de  caleul  precedemment  mise  au  point  et  exrosce  dans  un 
pr£c£dent  mfmoire  (l). 

Les  essais  ont  ete  effectues  avec  le  concours,  dans  la  soufflerie 
4  rafales,  de  MM.  R.  Guillaume  et  L.  Salles  et ,  dans  la  soufflerie  a  choc, 
de  MM.  J.P.  Guibergia  et  R.  Marmey . 

Les  resultats  obtenus  dans  la  soufflerie  a  rafales  sont  extraits 
d'une  etude  effectuee  au  titre  d'une  collaboration  confiee  a  l'Institut  de 
Mecanique  des  Fluides  de  Marseille  par  l'Office  National  d'Ctudes  et  Re- 
cherches  Ae ro spat i ale s  .  Ceux  obtenus  dans  la  soufflerie  a  chocs  sont  ex¬ 
traits  d'une  etude  qui  a  fait  l'objet  d'un  contrat  de  recherches  confie  a 
l'Institut  de  Mecanique  des  Fluides  par  la  Direction  des  Recherches  et 
Moyena  d'Essais  (Direction  des  etudes  techniques). 


2.  CONDITION  3  DES  ESSAIS  ET  TECHNIQUES  DE  MESURE 

2.1.  Soufflerie  a  rafales 

2.1.1.  Condi tions  des  easais 


Les  essais  ont  etc  effectues  dans  la  soufflerie  hypersonique  a 
rafales  de  1'I.M.F.M.  dans  les  conditions  suivantes  : 

Pression  generatrice  2  3  .(39  bars  (  r  e  spect  i  vement  5 . 1 6  bars) 
Temperature  generatrice  600  °K 
Diametre  de  la  section  d'essai  20  cm 
Nombre  de  Mach  :  6.95  ( re s pe c t  i  venent  6.67) 

Nombre  de  Reynolds  par  cm  110000  ( re spect i vement  (25000) 
Temperature  initiale  de  la  maquette  295  CK 

2.1.2.  Tec hniques  de  mesure  et  maquette 

La  maquette  utilisee  est  un  cone  circulaire,  de  demi-angle  au  son- 
met  9°  .  Elle  est  equipee  de  18  pastilles  cal n r ime t r i que s  deja  decrites  (2) 
dest, inces  aux  mesures  de  densitc  de  flux  de  chaleur  et  regulierement  repar¬ 
ties  le  long  d'une  generatrice,  la  premiere  etant  a  55  nm  du  sommet.  Les 
visualisations  de  l'ecoulement  parietal  ont  etc  realisees  en  deposant  le 
long  de  paralleles,  a  differentes  distances  du  sommet,  de  l'huile  en  couche 
tr?s  mince,  puis  en  developpant  la  surface  du  cone  apres  la  rafale. 
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2.2.  Soufflerie  a  chocs 


2.2.X.  Conditions  des  essais 


Lea  experiences  i  enthalpie  d'arret  elevee  ont  6te  r6alisees 
dans  la  soufflerie  &  chocs  TC  3  de  1'I.M.F.M.  dans  les  conditions  enum£- 
rees  ci-dessous  : 

Gat  d'essai  :  azote 
Gat  noteur  :  hydrog&ne 

Nombre  de  Mach  du  choc  incident  (tube  a  chocs)  :  6 

Preasion  reservoir  :  2f0  bars 

Temperature  reservoir  :  **000  °K 

.'lombre  de  Mach  de  l'ecoulement  libre  :  8.9 

Nombre  de  Reynolds  par  cm  de  l'ecoulement  libre  12000/cm 
Durce  de  rafale  3  m illis econde s 

2.2.2.  Techniques  de  mesure  et  maquette 

Des  mesures  de  pression  et  de  flux  de  chaleur  ont  ete  effectuees 
a  la  paroi  d 1  un  cone,  de  demi-angle  au  sommet  9°,  place  a  deB  incidences 
comprises  entre  1°30  et  9°  . 

La  presaior.  «st  mesuree  a  l'aide  de  capteurs  pie  toe  lect  r  i  ques  (  3  ) 
places  dans  la  maquette  et  pre alablement  etalonnes  dans  un  tube  a  chocs 
auxiliaire.  Quant  au  flux  de  chaleur,  il  est  mesurS  par  des  sondes  thermo - 
metriques  a  film  de  platine. 


3.  ETUDE  DE  L '  ECO'JLEME.NT  PARIETAL 

3.1.  Pression  statique 

La  distribution  de  la  pression  determinee  dans  les  differents  cas 
d ' e  coulement  est  representee  sur  les  figures  la  ,  lb  ,  lc  .  Les  valours 
moyennes  de  p/p_  relevees  le  long  de  cheque  generatrice  varient  reguliere- 
ment  en  fonction  de  l'azimut. 

Comme  il  etait  aisement  previsible,  les  rapportB  de  preBsion  pour 
f  ■  */2  sont  voisins  de  ceux  correspondent  a  l'incidence  nulle.  Il  faut 
egalement  noter,  dans  le  cas  de  la  soufflerie  a  rufales  (Fig.  lb  et  lc),  un 
minimum  de  pression  atteint  pour  f  <  x  aux  incidences  les  plus  fortes. 

Pour  effectuer  une  comparaison  entre  les  figures  lb  et  16,  il  faut 
tenxr  compte,  d'une  part  de  1 '  augment  at  i  on  de  1 'epai sstur  de  deplacement  sur 
1'obstacle,  d'autre  part,  de  la  variation  du  nombre  ae  Mach  de  l'ecoulement 
( probablement  due  a  la  couche  limite  de  la  tuyere). 

L'effet  du  nombre  de  Reynolds  ne  devient  important  qu'aux  fortes 
incidences  et  dans  la  region  la  raoins  exposee  au  vent.  En  particulier,  pour 
i  ■  20°,  le  rapport  p/p^  passe  de  la  valeur  0.76  au  nombre  de  Reynolds 
110000/cm  a  la  valeur  1.11  au  nombre  de  Reynolds  25000/cm. 

. 2 .  Lignes  de  courant  parietaleB  (methode  du  film  d'huile) 

3.2.1.  Etude  a  \  »  6.85  ,  Re^  -  110000/cra 


Les  spectres  de  l'ecoulement  parietal,  pour  quatre  configurations 
caracteristiques  suivant  la  valeur  de  l'incidence,  sont  renroduits  sur  la 
figure  2.  A  l'incidence  2°  ,  aucun  decollement  n'est  observe.  Il  faut  cepen- 
dant  noter  que ,  si  la  repartition  azimutale  du  frottement  presente  sur  f  »  * 
un  minimum  pres  de  la  pointe,  elle  est  maximale  sur  cette  generatrice  vers 
1 ' extremiti  de  la  maquette  . 

Pour  les  incidences  superieures  et  jusqu'au  demi-angle  du  cone, 
on  observe  un  leger  decollement  tr idiroen s ionnel  dans  une  zone  etroite  et 
fermee  entourant  la  generatrice  la  moins  exposee  au  vent.  Cette  zone,  d'abord 
confinee  au  vcisinage  du  sommet  du  cone  aux  faibles  incidences  (Fig.  2b) 
gagne  de  l'etcndue  vers  l'aval  lorsque  l'incidence  croit  (Fig.  2c). 
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Pour  i  >  10°  ,  la  frontiore  de  la  zone  de  d6collement  est  bien 
marquee  par  1 1  accumulat ion  d'huile  le  long  de  deux  generatrices  aymetriques 
par  rapport  au  demi  -plan  9  *  »  .  line  region  d'ecoulement  faiblement  diver¬ 
gent  apparait  egalement  au  voisinage  de  9  *  *  ,  limitee  par  deux  genera¬ 
trices  symetriques,  lignes  d ' accumul at i on  d'huile,  mettant  en  evidence  un 
decollement.  secondaire  (Fig.  2d).  Otte  configuration  de  l'ecoulement  eat 
liee  a  la  presence  de  deux  tourbillons  d'apex  dont  l'etude  sera  preciaee 
plus  loin. 


3.2.2.  Etude  a  M  *  6.67  ,  Re  ■  25000/cm 

00  m 


Le  frottement  parietal  etant  plus  faible  que  dans  le  cas  prece¬ 
dent,  les  visualisations  sont  un  peu  moins  nettes.  L' interpretation  des 
spectres  est  delicate,  en  particulier  pour  les  incidences  faibles  (Fig. 3a). 

On  constate  bien  que  l'huile  so  trouve  trds  peu  entraince  lorsque  l'inci- 
dence  est  inferieure  a  3°  ,  au  voisinage  de  9  *  it  ,  mais  il  est  difficile 
de  distinguer  s'il  y  a  ou  non  decollement.  Par  contre,  aux  incidences  supe- 
rieures  a  3°  ,  on  distingue  tres  bien  un  decollement  (Fig.  3b).  La  region 
decollee  est  nettement  delimitee  par  deux  generatrices  symetriques  par  rap¬ 
port  a  f  *  n  ,  ces  generatrices  etant  des  lignes  d ' accumulat ion  d'huile 
pour  let.  fortes  incidences  (Fig.  3c  et  3d). 

Les  figures  2  et  3,  ainsi  que  la  figure  U  od  sont  reproduits  pour 
i  «  7°  et  i  *  11°  les  spectres  obtenus  pour  Re^  *  110000/cm  et  Re  *  25000/cm, 
montreut  que  la  couche  limite  est,  d  une  incidence  donnee,  decoll?e  sur  une 
plus  grande  longueur  au  nombre  de  Reynolds  le  plus  bas  et,  dam  ce  cas,  aucun 
decollement  n'est  observe  sur  la  maquette. 

3.2.3.  Etude  du  decollement 


La  figure  5  rend  compte  de  l'evolution  de  l'azimut  des  generatrices 
de  decollement  de  part  et  d'autre  du  plan  de  symetrie  de  l'ecoulement  en  fonc- 
tion  de  l'incidence  et  pour  les  deux  nombres  de  Reynolds.  Les  deux  courbes 
presentees,  distinctes  aux  faibles  incidences,  se  confondent  pour  une  inci¬ 
dence  voisine  de  7°5  qui  correspond  approximativemer.t  a  l'incidence  a  partir 
de  laquelle  differents  auteurs  ont  prevu  l'apparition  du  decollement  en  le 
suppoaant  du  au  se  il  effet  du  gradient  de  pression  transversal  (M(5).  Pour 
des  incidences  superieures  d  lL°  environ,  l'azimut  des  generatrices  de  decol¬ 
lement  devient  independant  de  1  incidence.  De  plus,  la  valeur  limite  atteinte 
correspond  a  l'azimut  de  la  guneratrice  de  decollement  sur  un  cylindre  cir- 
culaire  place  a  une  incidence  co r re spon dan te .  Ce  resultat  remarquable  a  ete 
mentionne  par  Avdouievsky  et  Miedviediev  (L). 

D'apres  ces  raeraes  auteurs,  il  n'est  pas  n&cessaire,  pour  qu' il  y 
ait  dicollement,  que  le  frottement  soit  nul  et  qu'il  existe  une  surface  de 
courant  ayant  la  ligne  de  decollement  en  commun  avec  la  surface  de  1 'obs¬ 
tacle.  XI  suffit  que  les  ligneB  de  courant  parietales  admettent  une  enve- 
loppe  passant,  soit  par  un  point  ou  le  frottement  eat  nul,  soit  par  un 
point  singulier  de  la  surface  (ce  sera  icl  le  sommet  du  cone). 

Le  profil  de  la  composante  de  la  vitesse  normale  a  la  ligne  de 
decollement  presente  alors  un  point  d' inflexion  dont  la  presence  peut  en- 
trainer  1 ' in st ab il it e  de  la  couche  limite  susceptible  de  provoquer  la  tran¬ 
sition  et  un  recollement  turbulent.  'Jne  telle  interpretation  se  trouve 
confirmee  aux  incidences  inferieurec  au  demi-angle,  pour  Re  ■  110000/cm, 
par  l'aspect  des  trainees  de  films  d'huile  dont  la  longueur  est  evidemment 
fonction  du  frottement  a  la  paroi. 


3.3.  Flux  de  chaleur  convectee  parietal  dans  le  plan  de  symetrie 
3.3.1.  Besultats  experimental 

Les  resultats,  rap^ortes  aux  valeurc  th»r>riques  d  l'incidence  zero, 
9ont  represent**  en  fonction  de  1  incidence  sur  les  figures  6,  7,  9  (I  l‘ex- 
ception  de  ceux  relatifs  &  f  ■  •  pour  Re  ■  110000/cm  et  x  »  95  mm),  la  geai  - 
ratrice  9*0  correspondent  aux  incidences  positives  et  la  generatrice 
9  •  »  ,  aux  incidences  negatives.  Le  flux  de  chaleur  croit  rfgulid remont 
en  fonction  de  l'incidence. 
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En  ce  qui  concerne  pi  a  part icul i4r ement  la  gen£ratrice  f  ■  w 
au  nombre  de  Reynolds  le  plus  fort,  la  figure  9  montre  que,  pour  une  in¬ 
cidence  positive  donnee,  le  flu  de  chaleur,  en  fonction  du  nombre  de 
Reynolds  local  Re  ,  passe  par  un  minimum.  La  valeur  de  Re  correspondent 
i  ce  minimum  est  xde  l'ordre  de  2>10  pour  i  ■  1°5,  d£ croitgavec  l'inci- 
dence  et  devient  sensiblement  constante  et  de  l'ordre  de  10  pour  i  >  U°5. 
Apris  ce  minimum,  une  reaontie  brutale  de  flux  de  chaleur  est  observSe  qui 
semble  due  A  la  transition  dans  la  couche  limite  (6). 


3.3.2.  Calcul  theorique  en  couche  limite  laminaire  (paroi  isotherme) 


La  density  de  flux  de  chaleur  convectee  it  la  paroi  s'exprime  aise- 
ment  en  utilisant  la  methode  de  calcul  d£ji  exposSe  par  ailleurs  qui  tient 
compte  de  la  composante  transversale  de  la  vitesse  (l). 


oJ  C  *  est  la  fonction  de  Chapman-Rube s in  £valuee  pour  l'enthalpie 

pe|lo 

de  reference  donn£e  par  Eckert  (?). 

Le  flux  de  chaleur  1  incidence  nulle  est  donne  par  : 


*i-0  ' 


( H  - ) 

i-0 


(pe  ue  ue  o; 


O  0 

n“0 


II  ,  .  ,dS, 

IT  -  1  et  W 


est  lvalue  a  partir  de  1  '  integration  d ' un  sys- 


tSme  d'equations  d i f fe ren t  ielles  qui  se  deduit  du  systiue  des  equations  aux 
derivees  partielles  de  l'6coulement  reel  par  application  des  transformations 
de  Mangier  et  Stewartson  et  apros  changement  de  variables  sur  le  systeme 
transforme  en  vue  de  l'obtention  de  solutions  de  similitude  locale(8). 


L'enthalpie  de  frottement  H  peut  etre  calculee  4  partir  de  la 
temperature  statique  locale  en  evaluant  le  facteur  de  recuperation  r  »  (Pr 


Les  conditions  locales  de  l'ecoulement  peuvent  etre  determinees 
4  l'aide  de  la  methode  B.V.L.R.  (9)  ou,  pour  une  incidence  faible,  par  la 
methode  de  Sims  (10)  derivee  de  celle  de  Kopal  ( 11  )  . 


3.3.3.  Discussion 

L'examen  des  figures  6,  7  et  8  montre  que  la  couche  limite  est 
laminaire  dans  tous  les  cas  pour  f  ■  0  .  Sur  la  gineratrice  f  »  *  ,  le 
decollement  observe  parait  ne  pas  avoir  d'influen**"  notable  sur  le  flux 
de  chaleur  pour  Re^  *  110000/cm.  L'effet  est  plus  net  pour  Re  •  25000/cm. 
Dans  ce  dernier  cas,  les  valeurs  e xpe riment ale s  sont  nettement  inferieures 
aux  valeurs  theoriques. 

En  ce  qui  concerne  le  decollement,  dans  le  cas  des  essais  dans 
la  souffierie  4  chocs,  on  peut  observer  qu'il  y  a  deux  influences  qui  s'op- 
posent.  D'une  part,  la  faible  valeur  du  nombre  de  Reynolds  favorise  le  de¬ 
collement  ainsi  qu'il  vient  d'etre  constate.  D'autre  part,  le  gradient  de 
pression  limite  qui  correspond  au  decollement  (8)  et  la  composante  trans¬ 
versale  de  vitesse  decroissant  avec  le  rapport  T  /T  ,  la  valeur  elevee  de 
l'enthalpie  d'arret  tend  A  retarder  ce  de collemeSt . 0  La  methode  des  films 
d'huile  n'ayant  pu  etre  appliquee  dans  la  sou/flerie  4  chocs,  il  n'est  pas 
possible  de  conclure  en  utilisant  seulement  les  raesures  de  flux  de  chaleur 
dont  les  rSsultate  paraissent  cependant  en  bon  accord  avec  ceux  donnes  par 
la  thSorie  pour  une  couche  limite  laminaire  non  d^cdllSe. 


20-5 


La  transition  n'a  pas  ete  otserrte  4  l'incidence  nulle  sur  la 
saquette  pour  S«_  ■  110000/ca.  Cependant,  des  etsais  complcoen t ai res ,  ef- 
fectues  4  des  nombres  de  Reynolds  l?geresent  plus  £lev6s,  ont  montr£  que 
la  valuur  critique  Re  ,  fvalute  en  adnettant  que  l'abacisse  du  minimum 
dea  repartitions  de  *flux  de  chaleug  correspond  avec  celle  du  debut  de 
la  transition,  est  voiaine  ae  3.8  10  .  Ce  resultat  est  en  bon  accord 

avec  la  valeur  corre spon  1  ant  au  debut  de  la  transition  indiquee  par  Slaga- 
aatsu,  Graber  et  Sheer  (1?)  qui  ont  raSBem*'le  les  resultats  e xpe r icent aux 
donnas  par  different*  auteurs  en  les  complotant  par  des  essais  effectucs 
4  des  nombres  de  Mach  cosipriu  entre  8.5  et  10.5  . 


A  partir  de  cette  valeur  critique  de  Re  ,  il  est  alors  possible 
de  prevoir  la  position  du  point  de  transition  a  l*incidence  zero  dans  le 
cas  etudie.  Ce  point  devrait  se  trouver  legerement  en  aval  du  culot  de  la 
maquet te  . 


Stetson  et  Rushton  (13)  ont  etudie  le  phenomene  de  transition 
sur  un  cone  de  derai-angle  8°  au  nombre  de  Mach  5.5  en  appliquant  a  toute 
incidence  le  critere  indique  plus  haut  pour  l'incidence  nulle. 

La  figure  10  sontre  que  les  resultats  obtenus  pour  l’abscisse 
du  minimum  de  flux  de  chaleur,  notee  et  rapportee  a  (x  >  s°nt  en 

bon  accord  avec  ceux  de  ces  auteurs. 

Toutefois,  il  resulte  de  la  presente  etude  que  1 ' interpretat ion 
des  observations  relatives  a  ce  minimum  doit  tenir  compte  du  decollement 
et  du  recollement  eventuels  de  la  couche  limite. 


L.  ETUDE  DE  L'ECOULEMENT  EXTERIEUR 
It  .  1  .  Forme  de  1 '  onde  de  choc 


Sur  la  figure  11,  sont  representees  les  sections  des  surfaces  de 
choc  par  un  plan  pe rpen d i c ul a  i  re  a  1'axe  du  cone  ax*  195  mm  de  la  pointe 
(Re  *  inO00/cm),  determinees  a  l'aide  d '  exolorat  ion  a  la  sonde  de  Pitot. 

a> 

Il  faut  remarquer  que  1  onde  de  choc  subsiste  dans  la  region  la 
moins  exposes  au  vent  pour  des  incidences  legcrement  superieures  au  demi- 
angle  du  cone.  Ce  resultat  avait  ete  obtenu  th-'or  iquement  par  Oonidou  (l1*). 

A  l'incidence  15°,  l'onde  de  choc  n'est  plus  une  surface  fermee  et  ia  re¬ 
gion  la  moins  exposee  au  vent  est  en  detente  par  rapport  a  l'ecoulement 
inf in i  amont . 

Il  est  facile  de  deduire  de  ces  resultats  la  variation  de  l'angle 
du  plan  tangent  a  la  surface  du  cone  en  fonction  de  l'azimut,  puis  l'inten- 

P  c  ^  ® 

site  de  l'onde  de  choc  definie  par  le  rapport  - - -  .  La  figure  12b  montre 

l'effet  de  l'incidence  et  de  l'azimut  sur  1'intensTte  de  l'onde  de  choc  et 
la  figure  12a  montre,  dans  le  cas  particulier  de  1  incidence  5°,  une  compa- 
raison  avec  la  courbe  theorique  donnee  par  Oonidou.  Un  bon  accord  est  ob¬ 
serve  jusqu'a  f  *  120°  ;  l'ccart  devenant  ensuite  important  en  raison  de 

l'effet  de  dcplaceaent  du  au  decollement  de  la  couche  limite. 

U .2 .  Cas  d'une  forte  incidence  (i  »  20°  ) 


L'onde  de  choc  n'etant  plus  unc  surface  fermee  et  la  couche  li 
mite  etant  decollee,  il  est  important  d'etudier  plus  conplAtement  l'ecou¬ 
lement  exterieur.  L'examen  de  la  figure  13  montre  que  1’on  peut  supposer 
l'onde  de  choc  conique  ( 1 3b  )  et  que  l'effet  'u  nombre  le  neynol1s  est  peu 
important  (13a).  Uno  representation  cnnrio'n  est  fournie  par  le  trace  des 
courbes  d'egale  pression  d'arret  determinees  e xpe r imen t al emen t  Ians  une 
section  nornale  1  1 ' axe  du  cone  (Fiq.  1 h  et  15).  On  distingue  ainsi  tres 
bien  la  surface  de  decollement  ainsi  que  l'allure  der,  tourbillons  1'apex. 
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5.  CONCLUSION 


Dee  essais  ont  6te  effectues  dans  une  soufflerie  hypersonique 
froide  et  dans  une  soufflerie  d  chocs  a  haute  enthalpie  d'arret  en  vue 
de  determiner  les  caractdres  principaux  de  1  ecouleraent  autour  d '  un  cone 
£lanc£  en  d£rapage.  Les  mesuros  ont  ete  effectuees,  non  seulement  a  la 
paroi,  mais  egalement  entre  la  surface  du  cone  et  l'onde  de  choc.  L'effet 
du  nombre  de  Reynolds  a  etS  etudie.  Los  essais  ont  permis  de  deceler  1 '  ap¬ 
parition  de  la  transition  dans  la  couche  limite  ainsi  que  celle  du  decol- 
lement.  La  localiaation  et  l'etendue  des  regions  separees  ont  ete  deter¬ 
miners  d'une  faqon  precise. 

Lea  r6sultats  aes  mesures  de  la  densite  de  flux  de  chaleur  convec 
tee  &  la  paroi  ont  6t6  compares  avec  les  resultats  du  calcul  effectufi  avec 
une  methode  theorique  valable  lorsque  la  couche  limite  tridimens ionnelle 

eat  laminaire. 

L'etude  experimented  a  6te  compl£tee  par  1 ' observat ion  visuelle 
de  l'6coulement  pari£tal  d  l'aide  de  la  methode  des  films  d’huile. 


20-7 


REFERENCES 


(1)  J.  V A LENS I ,  D.  GUFFROY,  B.  ROUX 

"Sur  le  calcul  du  coefficient  de  convection  local  le  long  de  la 
ligne  d'arret  d'un  corps  de  revolution  en  derapage  (ecoulements 
hyper son ique s  ,  couche  limite  laminaire}" 

Comptes  rendus  t.  263,  p.  ^25,  Septembre  1966 

(2)  R.  GUILLAUME,  D.  GUFFROY,  R.  MARMEY ,  J.P.  GUIBERGI A 
"Methodes  de  mesure  des  flux  de  convection  thermique  dans  les 
souffleries  a  rafales  et  les  tubes  a  chocs" 

Communication  presentee  au  Congr&s  A.F.I.T.A.E.  a  Toulouse, 

Movembre  1965 

(3)  P.  ISSARTIER ,  R.  MARMEY 

"Mesure  de  la  pression  a  la  paroi  des  obstacles  dans  les  souffleries 
hyper son ique s  a  chocs  reflechis" 

Comptes  rendus  t.  2u3,  scrie  A,  p.  30h ,  1966 

(It)  V.S.  AVD0UIEV0KY ,  K.I.  MIEDVIEOIEV 

"Decollement  d'une  couche  limite  t r i d i men s  ionne 1 le " 

Mekhanika  Jidkosti  i  Gaza,  n°  2,  1966 

(5)  F.K.  MOORE 

"Laminar  boundary  layer  on  cone  in  supersonic  flow  at  large  angle 
of  attack" 

N.A.C.A.  Report  1132  ,  195’’ 

(6)  J.  VALE US I ,  R.  GUILLAUME 

"Transition  dans  la  couche  limite  autour  d'un  cone  a  pointe  vive 
place  en  incidence" 

Comptes  rendus  t.  263,  scrie  A,  p.  396,  1966 

(7)  E.R.G.  ECKERT 

"Engineering  relations  for  friction  and  heat  transfer  to  surfaces 
in  high  velocity  flow" 

J.A.3.  Vol.  22,  p.  585,  1955 

(3)  C.B.  COHEN,  E.  RE3H0TK0 

"Similar  solutions  for  the  compressible  laminar  boundary  layer 
with  heat  transfer  and  pressure  gradient" 

N.A.C.A.  Report  1203,  1956 


(9)  K.I.  BABENKO,  G.P.  V03KRK3SEN5K7 ,  A . 'I  .  LIOUBIMOV,  V.V.  ROUCSANOV 
"Three  dimensional  flow  of  an  ideal  gas  past  ideal  smooth  bodies" 
N.A.C.A.  TT  F  330,  1965 

(10)  J.L.  51*13 

"Tables  for  supersonic  flow  around  right  circular  cones  at  small 
angle  of  attack" 

N.A.C.A.  3P  3007,  19uU 

(11)  Z .  KOPAL 

"Tables  of  supersonic  flow  around  yawing  cones" 

M.  I  .7.  TR  n°  3 ,  19*»7 

(12)  H.T.  NAGAMATC'J ,  ®  .  C  .  ORA'1!'1’,  R.E.  N’i  E"” 

"Roughness,  bluntness  an  1  angle  of  attack  effects  on  hypersonic 
boundary  layer  transition’ 

Journal  of  FI  nil  “fchani'-s,  Voi.  "’ll,  -a-*  1,  10^6 

(13)  K.F.  CTETCON,  G  .  il .  RU3HTON 

"Chock  tunnel  investigation  of  boundary  layer  transition  at  M  ■  5.5 
A. I. A. A.  J.  Vol.  5,  n°  5,  Mai 

(la)  R  .  G0NI30U 

"Ecoulements  s uper son  i  que s  autour  de  c*nes  en  incidence" 

La  Recnerche  Aerospatiale,  n°  ln0,  Jept.Oct.  1167 


% 


i  =  7'  W) 
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Fig.  4  Visualisations  de  l'{-coulenu*nt  parietal  (i=  7  et  11) 
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Fig.  u.  REPARTITION  TRANSVERSALE 
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Fig  15  :  REPARTITION  TRANSVERSALE 
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SUMMARY 


A  theoretical  analysis  is  presented  for  the  boundary-layer  flow  about  a  blunted  cone  at  lr.i- 
dence  to  a  hypersonic  stream.  The  boundary- layer  problem  ia  formulated  in  terms  of  strear.Jine 
coordinates  and  the  equations  which  result  are  solved  exactly  by  means  of  an  implicit  finite-difference 
procedure.  Methods  available  for  solving  the  three-dimensional  invi6cld  flow  field  are  examined  and 
found  to  be  inefficient  relative  to  the  present  boundary- layer  method.  A  semi-empirical  method  for 
calculating  the  inviscid  surface  pressure  rapiuly  and  accurately  is  presented  together  with  details 
of  the  corresponding  streamline  tracing  procedure.  The  method  can  account  for  changes  in  the  local 
inviscid  pressure  due  to  boundary  layer  displacement  effects.  Converged  solutions  of  the  displace¬ 
ment  pressure  interaction  prob’em  are  obtained  by  coupling  the  boundary  layer  and  inviscid  methods 
in  a  step-by-step  iteration  procedure.  The  effects  of  displacement  interacti  in  are  particularly  im¬ 
portant  on  the  leeward  side.  The  relationship  between  these  effects  and  incipient  separation  is  dis¬ 
cus  se<.  . 


NOMENCLATURE 
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r  *6  I 

cosh  t^t*x 

Specific  heat  at  constant  pressure  (assumed  constant) 
Speed  of  sound  at  stagnation  point 


Metric  for  lateral  coordinate  (e„  -  dn  d^  ) 

c  J 

Enthalpy  (referenced  to  c*"  ) 

Curvature  function 

Curvature  of  inviscid  streamline  in  the  tangent  piane 
Free- stream  Mach  number 

Surface  distance  normal  to  streamline 

2 

Pressure  (referenced  to  ^ *  °*  ) 

Prandtl  number  (assumed  constant) 

Heat-transfer  rate. 

Functions  defined  by  Equations  (p.9a,  b,  c) 

Body  radius  (normal  to  axis  of  symmetry) 

Nose  radius 


*  o*  R* 


Reference  Reynolds  number,  R 


?a  ~s  N 

•  a* 


Velocity  coinponent  in  the  x-direction 
Velocity  component  in  the  y-dirersion 

Velocity  component  in  the  boundary  layer  directed  transverse  to  the  inviscid 
streaml lne 

Surface  distance  along  an  inviscid  streamline 
Distance  from  nose  along  axis  of  symmetry 
Coordinate  norma.,  to  surface 

Coordinate  along  surface  nornc.  t.  lnvis'id  streaml  lnp 
Angle  of  attack 

Ratio  of  specific  heats,  ■*  c* 

Angle  i  etween  a  surfac  stream*  lne  and  the  lo"a.  meridian 
Mass-flow  defect  thickness 

#  *  # 

Effective  displacement  thickness.  Equation  (P.lA)  o  with  no  mass  transfer) 

Perturbation  parameter 

Local  Inclination  of  surface  relative  tc  wind  vector 
Cone  half -angle 


NOMENCLATURE  (CONT'D) 


VIecos i ty 
Density 

Wall  shear  {T ^  -  tangential,  =  crossflow) 

Meridian  angle  (*  -  0  on  the  most  leeward  generator) 

Meridian  angle  at  which  the  streamline  intersects  the  cone-sphere  juncture. 
(Also  Independent  lateral  variable) 


SUBSCRIPTS 


Body  surface 

Crr.dltions  at  edge  of  boundary  laye” 

Value  at  cone-sphere  Junction;  »lso,  number  of  iterations 

Stagnation  (reference)  condition 

Viscous  (displacement)  effect 

Condition  at  wall 

Zeroth-  and  first-order  quar.tly 

SUPERSCRIPTS 

Assumed  value  in  Iteration  process  (Equatic.i  ( 1* .  1  ) ) 
Calculated  value  ir,  Iteration  process  (Equation  (L.2)) 

An  asterisk  (  )  denotes  a  dimensional  quantity 
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DISPLACEMENT  INTERACTION  AND  FLOW  SEPARATION  ON  CONES 
AT  INCIDENCE  TT  A  HYFEF.SCNIC  STREAM 


Tcrstf !r.  K.  Far.r.<-.  -p  and  rge  L.  Waldmai. 


1  .  INTRODUCTION 

A  blunt  nose  or  leading  edge  is  ►■enerai..y  required  for  survival  during  reentry,  but  the  avail¬ 
ability  of  new  materials  and  improved  design  sophistication  have  ,?■!  to  ever  more  siende-  shapes 
and  smaller  fcluntness  ratios.  Biui.*  ootioa.  shapes  are  present. y  favored  In  r.crmau  (nonlifting) 
reentry  applications.  D.ender  Lounted  cirr.es  are  ap  s.  of  iri’erest  f  or  .  ifting  reentry  since  their 
hypersonic  1  ift-to-drag  ratio  -ompares  fav.rar.y  i .  that  A'  tner  configurations 

The  effects  of  viscous-invisaid  interact!..:,  are  increasingly  important  with  a  decreasing 
fcluntness  ratio,  however,  and  allatlcn  of  the  surface  materia,  lends  to  enhance  the  interaction 
effects  due  tc  the  contribution  :f  mass  transfer  to  the  effective  displacement  thickness.  For  a 
fixed  angle  of  attack  .he  interaction  effects  become  mere  and  more  important  as  the  cone  half¬ 
angle  is  reduced.  The  sweeping  of  g-as  ir.  the  crossflow  direction  during  yawed  flight  results  in 
a  great  increase  in  dispoacemer.t  thickness  on  the  ueevard  side.  Hence,  viscous-inviscld  interac¬ 
tion  effects  are  much  more  important  at  arg^e  of  attack  than  in  symmetric  flight.  It  is  a  matter 
of  experience  that  tuuncar, -  1 ay“r  separation  occurs  with  increasing  angle  of  attack  generally  at 
values  near  the  cone  half  argue.  The  occurrence  of  separation  drastically  alters  the  lift,  drag 
and  stability  characteristics.  To  understand  why  separation  occurs  and  to  locate  the  separation 
front  are  therefore  of  considerable  irrpertau  ce.  The  separation  of  the  boundary  layer  for  hyper¬ 
sonic  flow  over  cones  at  incidence  is  believed  t  be  the  result  of  a  complex  vi scous- invlscid  inter¬ 
action  process.  One  ingredient  here  is  undoubtedly  toundary-uayer  displacement  interaction  which 
becomes  appreciable  even  at  relatively  high  Reynolds  numbers  ir,  the  critical  leeward  region.  The 

present  study  la  an  attempt  to  augment  our  understanding  of  the  sep-aration  phenomenon  through  cal¬ 

culations  of  the  three-dimer'- 'anal  displacement-pressure  interaction  effects.  It  falls  short, 
however,  of  an  actua  prt  -cl  n  of  the  occurrence  of  separat'on. 

2.  BOUNDARY  LAYER  . 

In  the  ar.al  'Sis  ,f  'cree-dimensionnl  boundary -layer  problems  the  choice  of  coordinate  system 
is  crucial.  Th  so-^a-ied  "rtreattuine  coordinates"  are  now  preferred  in  many  applications,  in 
particular  for  1 1 evs  cnsracterizei  by  small  lat“ra,  curvature  of  the  inviscid  surface  streamlines. 

For  such  ilows  Hayes-  has  ch  wn  that  the  ’rossfiow,  i.e.,  the  t  oundary- layer  flow  across  the  in- 
viscid  stream! 'ties,  wil.  in  general  be  small.  It  car.  therefore  re  neglected  t:  a  first  approxima¬ 
tion  ir.  the  e  nservatlor.  equations  fui  ins:  ,  tangential  momei.tu.  and  energy.  The  crosswise  momen¬ 

tum  equation  ’an  furthermore  be  linearized .  Fa.me’.cp1'  has  recently  embedded  Hayes'  "small  crossflow 
approximation"  ir.  a  systematic  perturbation  proced  re  it  terms  of  a  parameter  related  to  the  (small) 
-ateral  stre-im’.  Ine  curvature.  The  present  investigation  will  be  based  on  Fanne^op's  analysis  and 
the  numerics',  methods  he  dove,  ped  for  s’lvir.g  tt.e  perturtat itn  equations  of  zeroth-  and  first-order. 
The  re.evant  features  of  Far.r.e.  op '  s  approach  are  reviewed  ielow. 

Ttie  basic  three-dimensiona-  laminar  compressible  boundary-layer  equations  in  terms  of  an  or¬ 
thogonal  set  of  streamline  coordinates  nave  beer.  give;,  for  instance  by  Hayes-  and  Cooke  and  Hall’. 

As  independent  variables,  the  arciei.gth  x  along  tne  inviscid  streamline  and  the  normal,  distance  y 
from  trie  surface  are  used;  this  choice  effectively  eliminates  the  explicit  appearance  of  the  metric 
coefficients  associated  with  the  tangential  and  roima.  — 'ordinates.  The  .atera.  variable  z  and  its 
associated  metric  coefficient  e  are  as  yet  nntpeeif i'-i.  Tire  vel  city  :  mponet.ts  associated  with 
the  (x,  y  z)  coordinates  are  (u,  v,  w)  respectively.  Ter  cor.venien  :e  a  set  of  r.ondimensional  var- 
iat.es  are  introduced  based  on  the  reference*  ndi’ior.s  at  the  f ..  rward  stagnation  point  (subscript 
s).  The  reference  quantities  'boson  are  o*  (speed  f  sc.  .nd  reference  velocity),  (reference  den¬ 
sity),  (reference  viscosity),  (nose  radius),  c*  (referen'e  entropy).  TtiO  derived  quantities 
cf^  and  e*-  represent  respectively  tr.e  reference  entha.py  and  pressure.  (An  esterisk  is  used 

here  ar.d  ir.  what  fellows  to  identify  dimensional  quantities). 

By  inspecting  the  momentum  equation  g  versing  » he  crossflow  w  and  its  associated  boundary  ar.d 
initial  conditions,  it  is  fount  "hat  it  admits  the  solution  w-*  '  whenever  the  lateral  streamline 
curvature  h’  vanishes  provided  w  initially.  I*  is  natural  therefore  to  consider  a  perturbation 

expansion  in  terms  of  K.  Tne  va  ue  jf  th.s  parameter  is  known  from  the  inviscid  momentum  equation 


F  r  tr.e  purpose  ■  .  .r  per'urtati  r.  -xpansi  or. ,  the  :  .rvat  .r“  funoti  K  is  ernsiderei  tc  be  the 
p  j*  ;  j'*  f  ^  z  -a  '*'.*■  ar.i  h  f«r.  *  »  f,  !  ’  *  v  .  F  r  ‘ir.  ay  .  ~  ri  c  \  i  y  at 

k  .  :  :  f .  *- :  - 1*  r.  *  :.*•  a:.*.1-1  V  s**iy  <*  .  A  iep^riJ^n* 
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variables  appearing  in  the  three-dimensional  laminar  boundary-layer  problem,  results  in  the  follow¬ 
ing  sets  of  equations: 


Zeroth  Order 

Continuity: 


e2  *0  U0 


(e- 


Jo  V0>  =  ° 


x-Momentum: 


v  dx 

d  * 


(2-2) 


(2-3) 
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(2-9a,  b,  c) 


The  equations  of  state  of  zeroth-  and  first-order 

„  >k- 


and  the  constitutive  relations 


?olc- 


=  c 


(2.10a,b) 


j-  =  p(V 


r* 


'i  =  i. 


complete  the  system  of  equations. 

The  relevant  boundary  conditions  are: 
Zeroth  Order:  u  -  v  -  r  , 


i  =  i  at  v  =  C 

w 


(2. 11a ,b ) 


i„  1  as  y  -»  oo 


(2.12) 


First  Order: 


u,  v  i  v  at  y 

-till 


U1  -  il  W1  f 


do  y  -*  od 


(2.i3) 


For  flows  with  ablation  the  conditions  vr  -  v,  =0  are  replaced  by  the  mass-transfer  rates  speci¬ 
fied  by  the  zeroth-  and  first-order  energy  balance. 

The  derivation  of  the  zeroth-  and  first-order  expressions  for  va-i  shear  and  heat-trans  'er 
rate  is  straightforward.  The  displacement  thickness  represents  a  quantity  of  special  interest  here, 
and  i  .  view  of  some  e:  rcr.eous  results  for  the  effective  displacement  thickness  with  mass  trans¬ 
fer  wi.'.cn  exist  in  the  -iterature*,  the  complete  zerotn-  and  first-order  expressions  are  given  below: 
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dx 

(:.ir^ 


The  ast  terms  m  Equations  (L.ll»)  and  (?.  15)  represent  the  contributions  due  to  surface  mass  trans 
fer.  The  contribution  tc  th  •  displacement  thickness  due  to  crosofl  >v  (the  first  term  in  (?.lf  ) ) 
was  first  given  in  this  form  by  Lighthill'u 


Along  a  given  inviscid  streamline  (i.c.,  with  z  fixed),  the  zeroth-  r  r  equation  can  be  con- 
siderei  as  two-dime1  sional ,  i  .e.  ,  the  quantities  u  ,  v~,  i  ,  etc.  iepend  on-.v  or.  x  and  y.  The  crossflow 
equation  is  als  tvo-dimensiona  and  it  is,  moreover,  uncoupled  from  the  other  first-order  equa¬ 
tions  and  can  be  solved  Independently.  The  other  first-order  equations  contain  derivatives  with  respect 
to  z  but.  they  can  nevertheless  be  written  in  a  two-dimensional  form.  (»o  shown  In  Equations  (2.fc) 
through  (.  .8)),  The  z-dependent  "forcing  functions"  Qi  ,  defined  by  (c.‘)  :ar.  be  evaluated 

prior  to  calculating  u.  ,  v.  and  1.  provided  u  - ,  v  .  i  an3  w.  are  already  known  a-ong  two  or  more 
adjace:  t  strea-lir.es.  'it  therefore  becomes  possible  tc  compute  t  tr  *r.e  zeroth-  and  first-  as  well 
as  higr.er-  )  nrde-  t»r*s  by  ™<t"  of  a  suitable  twe -  dimensional  numerical  pi-ceuure.  Fanne-op 
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developed  for  this  purpose  an  implicit  finite-difference  method  by  vhlch  the  zeroth-  and  the  first- 
order  equations  can  be  solved  exactly.  The  method  was  applied  to  the  case  of  interest  here,  i.e., 
a  blunted  cone  at  incidence  to  a  hypersonic  stream.  The  numerical  results  show  that  of  the  first- 
order  terms,  u-  and  I-  and  the  associated  vail  shear  and  heat  transfer  values  are  always  small. 

The  crossflow  velocity  v-  and  the  associated  transverse  shear  stress  are  numerically  larger  and 
hence  more  important  than  the  other  first-crder  terms.  The  crossflow  profile  is  also  more  sharply 
peaked  than  the  corresponding  up  and  ip  profiles,  and  the  peak  occurs  closer  to  the  wall  where 
the  zeroth-order  velocity  component  u0  is  very  small.  In  view  of  the  fact  that  the  crossflow  plays 
a  crucial  role  in  the  three-dimensional  separation  process,  it  seems  reasonable  to  Include  the  cross- 
flow  term  in  the  flrst-orier  displacement  thickness,  Equation  (2.15)  while  neglecting  the  second  term 
which  is  associated  with  the  nonvanishing  values  of  and  ip  The  numerical  results  of  Fannelop 
show,  however,  that  the  two  terms  are  numerically  of  about  equal  magnitude  and  of  opposite  sign.  For 
this  reason,  only  the  zeroth-order  value  A*  has  been  U6ed  ln  ^he  present  viscous-inviscid  Inter¬ 
action  studies. 


3.  INVISCID  METHOD 

The  problem  of  determining  the  lnviscid  input  for  the  three-dimensional  boundary-layer  solu¬ 
tion  cannot  realistically  be  separated  from  that  solution.  The  present  boundary-layer  procedure, 
which  solves  the  initial-value  problem  by  marching  step-by-step  along  tie  lnviscid  streamlines,  is 
relatively  straightforward  and  efficient.  We  therefore  look  for  an  equally  straightforward  and 
efficient  lnviscid  method  rather  than  a  sophisticated  numerical  approach  such  as  the  three-dimensional 
method  of  characteristics.  There  are  two  alternatives.  The  first  includes  methods  which  are  based 
on  rational  approximations,  such  as  Newton- Busemann  theoiy  or  the  method  of  linearized  characteris¬ 
tics.  The  former  is  known,  however,  to  give  rather  poor  results  for  blunt  bodies,  while  the  latter 
has  been  found  to  be  accurate  only  when  the  angle  of  attack  Is  a  small  fraction  of  the  cone  half¬ 
angle.  The  second  category  Includes  empirical  or  semi-emplrical  methods  whicn  can  be  shown  to 
agree  well  with  the  exact  numerical  and  experimental  results.  The  second  alternative  Is  chosen 
for  this  study. 

The  lnviscid  Input  required  in  the  boundary-layer  program  are  the  pressure  distribution  and 
the  streamline  geometry,  i.e.,  location,  curvature  and  spreading  metric  The  geometric  quanti¬ 

ties  can  be  derived  from  the  pressure  distribution  through  the  transverse- momentum  equation,  as 
will  be  described  in  what  follows,  so  that  the  primary  input  needed  is  the  pressure  distribution. 

The  configurations  of  Interest  here  are  blunted  cones  at  incidence  to  a  hypersonic  stream  with 
free-otream  Reynolds  numbers  sufficiently  low  to  warrant  the  Inclusion  of  displacement-thickness 
interaction  effects. 

The  effects  of  boundary -layer  displacement  can  be  accounted  for  In  the  first-order  boundary- 
layer  solution  by  adjusting  the  lnviscid  pressure  distribution.  The  usual  practice  is  to  perform 
a  global  iteration.  Tne  ooundary- layer  thickness  calculated  without  considering  Interaction  Is 
added  to  the  body  thickness.  An  improved  pressure  distribution  is  calculated  which  in  turn  leads 
to  a  better  boundary- layer  ^solution.  This  procedure  would  be  acceptable  if  convergent;  the  calcu¬ 
lations  of  Blottner  and  Flugge-Lotzfe  (flat  plate)  show,  however,  that  it  may  well  be  divergent  so 
that  results  which  are  obtained  from  a  limited  number  of  iterations  are  suspect.  For  three-dimensional 
flow  fields  the  method  is  also  somewhat  Impractical  due  to  the  complexity  of  the  general  lnviscid 
method.  For  this  reason  an  approximate  numerical  method  roust  be  developed  which  allows  local  cor¬ 
rections  due  to  displacement,  along  individual  streamlines.  The  convergence  of  the  local  iterations 
can  be  assured  by  a  suitable  numerical  technique  (see  Blottner  and  Flugge-Lotz^) . 

The  lnviscid  method  which  we  shall  consider  can  be  thought  of  in  two  parts;  one  applicable  to 

the  cone  region  and  the  other  to  the  blunt  nose.  In  each  cuse,  the  method  represents  a  generali¬ 

zation  of  the  idea  behind  the  tangent-cone  method.  For  sharp  axisj-mmetric  bodies  in  supersonic 
flow,  the  tangent-cone  method  is  known  to  give  reasonably  accurate  results  even  though  it  is  dif¬ 
ficult  to  Justify  on  a  rational  basis.  The  generalized  method  for  the  cone  region,  dubbed  the 
"effective-con?  method",  will  be  shown  to  be  accurate  for  yawed  blunted  cones  and  for  blunted  non- 
conical  bodies  as  well.  In  the  nose  region  the  method  becomes  the  tangent- sphere  method  and  this 
will  likewise  be  shown  to  be  accurate  for  nonspherical  forebodies.  Hence,  the  generalized  method 
will  he  suitable  to  predict  complete  press-re  distributions  over  yawed  axisymmetric  blunt  bodies 
including  boundary- layer  displacement  effects. 

In  the  effective-cone  method,  the  pressur-  at  some  point  on  a  blunt  body  Is  equated  to  the 
pressure  at  the  corresponding  point  on  an  unyawed  cone  with  the  same  blunt  nose  shape  and  with  a 
half-angle  equal  to  the  local  inclination  angle  of  the  body  surface.  Figure  1  illustrates  this 
Idea  for  the  windward  meridian  of  a  yawed  cone.  The  pressure  on  unyawed  blunted  cenes  Is  a  func¬ 
tion  of  both  the  axial  distance  x  and  t.ie  half-cone  angle  6  for  given  free-stream  conditions;  in 

this  effective-cone  method  the  pressure  distribution  on  the  yawed  body  becomes  the  same  function 
of  the  equivalent  axial  distance  x'c  and  the  local  inclination  angle  6. 

7 

Cleary  has  pointed  out  the  general  accuracy  of  this  idea  in  comparison  with  experimental 
data  for  a  15°  blunted  cone  at  Mach  10  in  the  plane  of  symmetry  only.  Figures  2a,  b  and  c  compare 
his  experimental  data  for  various  angles  of  attack  with  effective-cone  and  linearized  characteristics 
results  generated  from  Avco  computer  programs.  The  linearized  characteristics  pressure  distributions 
are  inaccurate  for  all  but  the  smallest  angles  of  attack,  while  the  effective-cone  results  are  rea¬ 
sonably  accurate  for  all  singles  of  attack.  The  linearized  characteristics  program  predicts  negative 
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pressure  coefficients  (and  negative  pressures)  ori  the  leeward  side  of  the  cone  at  10  angle  of 
attack.  The  failure  of  the  linearized  characteristics  method  in  this  case  is  due  to  the  fact 
that  at  each  point  on  the  body  it  assumes  a  linear  variation  of  the  pressure  with  the  angle  of 
attack,  whereas  the  experimental  data  show  the  pressure  variation  to  be  definitely  nonlinear. 

Auso  plotted  on  Figure  2b  is  the  experimental  pressure  distribution  along  the  90°  meridian 
at  10°  angle  of  attack,  which  agrees  quite  well  with  the  pressure  distribution  over  the  cone  at 
ze-o  angle  of  attack. 

In  Figure  3  are  plotted  the  meridional  pressure  distributions  versus  0  for  various  axial  loca¬ 
tions.  Shown  here  are  the  experimental  data  of  Cleary  for  =  10°  and  the  effective-cone  results. 

The  accuracy  of  these  effective-cone  pressure  distributions  is  adequate. 

0  Q  _ 

Figure  4  illustrates  a  distribution  at  a  higher  Mach  number.  Lewis  and  Knox  ’  present  Mach  lo 
data  for  a  9°  blunted  cone  at  1C°  angle  of  attack  and  compare  It  with  results  of  the  three-dimensional 
characteristics  program  developed  at  General  Applied  Science  laboratory.1  Figure  4  shows  this  data 
together  with  the  results  of  the  effective-cone  method  as  described  above.  The  gas  is  frozen  with 
f =  1.4;  a  meridional  plot  is  shown  at  the  axial  station  x  11. 7.  Both  the  GASL  program  and  the 
effective-cone  method  appear  to  yield  adequate  agreement  v.tn  the  experimental  data,  except  perhaps 
on  the  leeward  side  where  viscous  effects  may  be  important. 

It  may  be  noted  here  that  the  effective-coroe  method  fails  e.  some  point  on  the  leeward  side 
of  a  cone  at  an  angle  of  attack  greater  than  the  cone  half-angie.  The  reason  is  that  the  effective 
cone  for  the  leeward  meridian  has  a  negative  angle  and  collapses  to  a  vertex  beyond  which  the 
pressure  distribution  is  no  longer  meaningful.  This  failure  is  not  serious  from  the  point  of  view 
of  the  present  analysis,  however,  since  such  a  yawed  body  will  have  a  region  of  thick  viscous  flow 
on  its  leeward  side.  The  effective  body  then  resembles  more  closely  a  cylinder  than  a  cone  on 
the  leeward  sideband  it  is  more  appropriate  for  th  viscous-inviocid  interaction  computations  des¬ 
cribed  in  Section  4  to  use  the  cylinder  pressure  distribution  as  the  reference  distribution. 

In  order  to  check  the  acc  iracy  of  the  effective-cone  method  or.  r.onconicai  bodies,  a  method- 
of-characteristics  calculation  was  carried  out  on  a  blunt  unyawed  ax  i  symmetric  ogive-type  body .  In  a 
meridian  plane,  the  section  of  this  body  consisted  of  a  circular  forebudy  followed  by  a  paralollc 
arc.  The  slopes  of  nose  ar’  parabolic  afterbody  were  matched  at  the  9  ^  20°  point,  and  the  para¬ 
bola  was  constrained  to  pass  throughthe  point  xc  =  15.  ’,  r  -  t,  roughly  simulating  a  thick  boun¬ 
dary  layer  on  a  15°  cone  with  base  radius  r  -  5-  The  effectivc-cone  pressure  was  calculated  at 
each  value  of  x  simply  by  linear  interpolation  in  0  between  the  calculated  pressures  on  blunt  15° 
and  20°  c ones.  The  agreement  with  the  numerical  calculation  shown  on  Figure  5  is  very  good. 

It  is  worth  mentioning  that  a  half-dozen  other  sci. ernes,  variations  of  shock-expansion  theory 
and  the  tangent-cone  method,  some  taking  the  15°-cone  pressure  distribution  as  a  base,  were  also 
tried  with  the  hope  that  something  even  simpler  than  the  effective-come  method  would  be  found. 

Not  one  of  these  schemes  came  even  reasonably  close  to  matching  the  numerical  results.  It  can 
therefore  be  stated  with  some  confidence  that  no  scheme  which  attempts  to  relate  pressure  varia¬ 
tions  on  a  nonconical  contour  to  strictly  local  changes  in  body  geometry  will  be  successful.  The 
property  which  distinguishes  the  effective-cone  method  from  other  schemes  of  this  sort  is  that 
the  method  takes  account  of  the  downstream  influence  of  the  nose  on  the  pressure  distribution  over 
a  blunted  cone.  The  influence  Is  essentially  nonlinear  as  a  function  of  cone  half-angie  9  ;  as 
9  Increases,  the  overexpar.sion  region  is  compressed  toward  the  nose.  Ir.  this  sense  the  effective- 
c8ne  method,  although  apparently  local  in  application,  takes  into  account  the  global  influence  of 
a  cnange  in  body  slope,  for  it  equates  the  resulting  pressure  to  the  pressure  on  a  new  cone  with 
a  different  upstream  pressure  distribution. 

The  pressure  distribution  on  a  sphere  is  a  function  of  the  local  angle  only  and  not  of  'he  axial 
distance.  For  a  nonspfcerical  nose  then,  it  is  logical  to  equate  local  pressure  t  the  pressure  on 
a  sphere  at  the  same  surface  slope.  Hence,  this  application  of  the  inviocid  method  becomes  simply 
a  tangent-sphere  method.  It  is  app'led  locally  at  each  point  on  the  tody  (Figure  6a)  and  hence  is 
more  general  than  the  idea  suggested  by  Maslen1*  of  representing  the  effective  body  in  the  subsonic 
region  by  a  shifted  and  expanded  sphere.  Ic  reduces  to  Maslen's  method  at  the  stagnation  point. 

The  accuracy  of  the  method  in  the  nose  region  was  checked  by  comparing  pressure  distributions 
for  a  perfect  gas  at  =  a>  or.  a  sphere  and  an  oblate  ellipsoid  with  majer-to-minor  axis  ratio  cf 
1-5.  If  the  method  Is  applicable,  the  pressure  distributions  on  sphere  and  ell  ip  id  when  plotted 
versus  local  body  angle  should  coincide.  Figure  mb  indicates  that  the  d  .-viation  is  not  serious  for 
bodies  with*  this  degree  of  oblateness,  so  that  the  method  is  quite  suitable  for  boundary-layer  in¬ 
teraction  calculations  on  spheres;  of  course  the  method  would  fall  for  the  extreme  case  of  a  flat 
disk.  The  numerical  calculation  shown  on  Flgure6bwas  carried  out  by  Belotserkovskil. ^ 

In  conclusion,  the  effective-cone  method  is  seen  to  provide  an  accurate  means  of  predicting 
supersonic  pressure  distributions  over  blunt  yawed  bodies  and  nonconical  bodies,  and  the  tangent- 
sphere  method  works  well  for  nonspherlcal  noses.  These  invlscid  t 'chniques  can  be  applied  In  a 
step-by-step  manner  to  the  calculation  of  pressures  for  viscous- lnvi -old  interaction.  The  remain¬ 
ing  problem  is  the  determination  of  the  streamline  geometry  on  the  effective  body  surface. 
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Streamline  shapes  and  the  metric  e^  are  computed  from  a  given  pressure  distribution  by  inte 
grating  Ihe  momentum  equation  transverse  to  lnvlscid  streamlines  on  the  surface  (2.1),  which, 
expressed  in  terms  of  axial  distance  xc  and  the  angle  &  between  a  surface  streamline  and  the 
local  meridian,  is 
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cos  9  cos  fe 


sin  9  si 


n£ 


(3-1) 


together  with  the  geometrical  relationship 
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These  equations  are  numerically  integrated  along  each  streamline,  subject  to  the  initial  condition 
at  the  sphere-cone  Junction  (subscript  l) 

^  sin  «  sin  0^ 

v  1  sin  9^  sin  > cos  0^  +  cos  9^  cos  « 


resulting  from  the  fact  that  the  streamlines  on  the  nose  are  great  circles  originating  at  the 
stagnation  point. 


The  lateral  coordinate  z  la  defined  aa  0  ,  the  meridian  angle  of  a  streamline  at  the  sphere- 
cone  Junction.  The  lateral  metric  then  becomes  e5  =  Jin/  O0j,  where  n  measures  surface  distance 
normal  to  streamlines,  l.e.  ,  e2  la  the  ratio  of  the  distance  separating  two  adjacent  streamlines 
to  the  initial  difference  between  the  meridian  angles  at  the  points  where  they  cross  the  B^here-  . 
cone  Junction.  The  metric  reduces  to  r  in  the  case  of  axlsymmetrlc  flow.  If  we  define  E«  00/0  0^ 
(here  d  0  is  the  difference  between  meridian  angles  of  adjacent  streamlines  at  the  same  value  of  c 

x  ),  then  e?  =  r  E  cosS  .  The  equation  for  E  can  be  found  by  differentiating  equations  (3.1)  end 
(3.2)  in  the  0-directlon  (i.e.,  between  adjacent  streamlines).  Letting  A  =  cos  o  o5/A0^Jx  ,  the 
following  two  differentiated  equations  result:  c 
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subject  to  the  initial  conditions 
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There  is  a  certain  arbitrariness  in  the  application  of  the  effective-cone  method  to  three- 
dimensional  flow  over  axlsymmetrlc  bodies,  having  to  du  with  the  choice  of  the  value  of  the  local 
body  slope  9  which  is  to  be  substituted  Into  the  pressure  relation  p  -  p  (xc,  9).  Here  we  took  a 
hint  from  Newtonian  theory  and  equated  9  to  the  complement  of  the  angle  between  the  normal  to  the 
body  surface  and  the  free-stream  vector.  This  leads  to  the  relation 
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where  9,  is  the  surface  slope  and  0  the  meridian  angle  in  body-fixed  coordinates.  The  pressure 
derivatives  appearing  in  Equations  (3-1)  and  (3-3)  can  be  related  to  derivatives  with  respect  to 
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x  and  t , 
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the  latter, 


in  turn,  beir*£  related  tj  derivatives  in  £  through  chair,  differentiation: 
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The  derivatives  of  p  with  re'pect  to  x  _  and  9  are  evaluated  by  curve-fitting  axlsymmetrie  method- 
of-characteristics  results. 


Figure  7  shows  a  comparison  of  streamline  shapes  over  a  half-angle  C'ne  at  10°  angue  of  attack 
for  =  18.  The  results  of  the  analysis  described  here  are  shown  as  solid  curves.  The  dashed 
curves  are  taken  from  Reference  <  and  represent  the  results  of  a  method-of-character istics  inviscid 
flow  program  developed  at  GASL-  The  agreement  between  the  two  sets  of  curves  is  seen  to  be  excel¬ 
lent  for  xc  less  than  about  b  and  adequate  for  larger  values  of  xc . 


>♦.  VISCOUS- INVIf,CID  INTHV  TION 

Several  method-,  have  been  proposed  for  the  solution  of  problems  in  weak  boundary- layer  inter¬ 
action  theory.  These  methods  consist  of  .numerical  or  analytic  solutions  for  one  r  more  of  the 
various  second-order  boundary- layer  effects  for  isoenergeti flow:  namely,  longitudina.  and  trans¬ 
verse  curvature,  externa  vorticity,  slip  and  temperature  lump  and  displacement.  Of  these  effects, 
that  of  displacement  should  be  studied  separately  since  it  is  the  only  one  which  requires  additional 
consideration  of  the  external  ir.viscid  flow. 

_  l 

The  other  effects  are  associated  with  terms  of  order  Re(f  which  appear  expli  itly  in  the  equa¬ 
tions  and  b(j>\indary  conditions  for  the  boundary  layer.  They  may  be  separated  out,  as  has  been  done 
by  Van  Dyke'1  ',  by  means  of  a  systematic  perturbation  procedure.  One  advantage  of  tills  approach  is 
that  for  a  given  configuration,  a  single  boundary- layer  solution  is  valid  for  all  Reynolds  numbers 
in  the  permissible  range.  This  apparent  advantage  becomes  rather  .llusory,  however,  If  the  dis¬ 
placement  problem  is  introduced,  since  then  it  is  necessary  to  find  a  perturbation  solution  of  the 
inviscid  flow  field. Such  inviscid  perturbation  solutions,  which  must  be  linear  in  the  parameter 
Rej5  and  give  the  displacement  effect  of  the  boundary  layer  for  all  Reynolds  njm.bers,  are  difficult 
to  obtain  and  have  poor  accuracy.  (The  question  of  accuracy  and  the  limited  range  of  validity  of 
one  candidate  method,  the  method  of  linearized  characteristics,  were  discussed  in  Section  3.  The 
effective-cone  method  could  be  made  tc  yield  solutions  for  ell  Reynolds  numbers  by  means  of  inter¬ 
polation.  This  scheme  is  promising  but  is  not  pursued  further  here.) 

Regardless  of  how  the  various  second-order  boundary-layer  effects  are  treated ,.  they  need  not 
all  be  included  for  blunted  cones.  Numerical  calculations  show  that  slip  and  transverse  curvature 
effects  are  small  for  Re*  lb*  ,  whereas  the  displacement  effect  can  be  substantial,  especially  on 
the  leeward  side.  The  effect  of  vorticity  cannot  be  disregarded  in  comparison  with  the  displace¬ 
ment  effect,  but  the  problem  oi  including  vorticity  is  complicated  by  the  fact  that  there  is  r.o 
rational  method  for  dealing  with  entropy-layer  entrainment  at  the  present  time.  The  effect  of 
entropy-layer  entrainment  is  to  make  vorticity  interaction  negligible  far  downstream  and  to  mini¬ 
mize  its  importance  over  the  rest  of  the  cone  surface.  The  longitudinal  curvature  effect  is  impor¬ 
tant  over  the  spherical  nose,  a  region  of  secondary  interest,  but  is  unimportant  over  the  cone. 

These  effects  have  been  neglected  in  the  present  analysis. 

For  the  displacement  effect,  an  alternative  to  the  use  of  an  inviscid  perturbation  solution  is 
a  global  iteration  as  discussed  in  Section  3-  A  single  iteration  leads  tc  a  result  equivalent  to 
that  of  Van  Dyke's  second-order  theory  for  displacement,  lut  the  result  is  valid  only  at  the  speci¬ 
fied  Reynolds  number.  Attempt.,  to  improve  the  accuracy  of  this  solution  by  additional  iterations 
are  potentially  dangerous,  since  there  is  evidence  that  such  a  procedure  is  divergent. 

Convergence  can  be  assured  by  a  suitable  numerical  technique,  even  for  strong  interactions,  If 
a  local  Iteration  procedure  is  combined  with  a  step-by-step  integration  of  the  boundary-layer  equa¬ 
tions.  Such  a  procedure  requires  a  method  of  determining  the  inviscid  pressure  locally  as  opposed 
to  globally.  Blottner  and  Flugge-Lotz^  successfully  used  this  procedure  for  f.at-plate  flow  by 
employing  the  tangent-wedge  formula  to  predict  the  local  pressure  at  the  edge  of  the  boundary  layer. 

In  this  paper  we  will  adapt  the  method  of  Blottr'-r  ar,d  Fiug.ge-I.otz  to  three-dimensional  interacting 
flows,  using  the  effective-cone  method  to  predict  the  pressure. 

The  variable  to  be  Iterated  at  any  point  on  the  body  is  0,  the  effective  body  slope.  In  this 
scheme,  values  of  the  assumed  slope  9^  used  in  the  effectivc-cone  method  tc  predict  the  iocal  pres¬ 
sure  are  compared  to  values  of  the  calculated  slope  0^  evaluated  from  the  difference  between  the 
displacement  thickness  at  successive  points  on  the  tody.  The  iteration  is  carried  cut  numerically 
at  a  point  on  an  inviscid  streamline  until  the  difference  between  two  successive  values  of  the  cal¬ 
culated  slope  is  less  than  a  specified  small  value,  and  the:  the  next  point  on  the  streamline  is 
computed. 

The  Iteration  uroceaure  is  illustrated  in  Figure  ” .  a  hypothetical  plot  of  bC  versus  .  Tne  sol  u 
tion  must  lie  on  the  lint  9^  i  substituting  a  series  of  Values  of  0^  Into  the  equations  will  yielu 

a  solution-curve  as  shown  which  intersects  the  line  9^  =  ©A  at  a  single  point.  Several  methods  are  avnii 
able  for  numerically  determining  the  intersection  po'nt;  we  hav'  chosen  the  method  of  false  position 
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used  by  Fliigge-Lotz  and  Blottner,  In  which  the  solution-curve  is  approximated  by  a  straight  line 
drawn  through  the  two  previous  Iteration  points  (subscripts  i-1  and  1-?).  The  intersection  of 
this  straight  line  with  the  line  S'-  0*  gives  the  next  guess  for  the  assumed  slope: 
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The  first  two  guesses  of  8  which  are  used  to  6tart  the  iterative  calculation  are  the  value  at 
the  previous  point  along  the  streamline,  and  that  value  minus  one  degree.  The  corresponding  values 
are  computed  in  the  same  way  for  all  iterations: 


9C  =  8  *  « 
b  v 


2) 


The  first  term  0^  is  the  local  slope  of  the  body  surface  and  is  taken  to  be  the  complement  of  the 
angle  between  the  normal  to  the  body  and  the  free  stream  velocity  vector  as  mentioned  in  Section  3: 

sin  8,  =  sin  8  cos  ot  -  cos  8  sin  oC  cos  0  (k-3) 


The  second  term  8^  is  the  local  viscous  slope  due  to  displacement: 
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It  is  evaluated  by  numerical  differentiation  between  adjacent  points  on  the  streamline.  The  dis¬ 
placement  thickness  is  computed  from  a  finite-difference  solution  of  the  boundary-layer  equations, 
using  the  local  value  of  the  effective-cone  pressure. 

A  number  of  pressure  distributions  must  be  computed  for  blunted  axlsymmet.ric  cones  whose  half¬ 
angles  span  the  expected  range  of  effective-cone  angles.  Five-degree  Increments  in  the  effective- 
cone  angle  8  are  used  in  the  present  case.  These  distribution,  are  curve-fitted  as  functions  of  x 
and  read  into  the  computer  program  which  carries  out  the  numerical  solution.  The  local  pressure  at 
any  point  on  the  yawed  core  surface  as  a  function  of  the  assumed  effective-body  slope  0^  is  then 
computed  by  quadratic  Interpolation  in  0  between  these  distributions. 

The  geometry  of  the  lnvlscld  streamline  at  the  edge  of  the  boundary  layer  (that  is,  the  location 
0(xc)  of  each  point  on  the  streaml.ne  ar.d  the  value  of  the  metric  e-,)  is  determined  by  the  method 
described  in  the  previous  section.  In  this  calculation,  the  local  value  of  the  pressure  is  taken 
to  be  the  value  computed  at  the  previous  point  rather  than  the  pressure  without  displacement  effect. 
In  a  sense,  therefore,  the  effect  of  boundary- layer  displacement  on  the  invlscid  streamline  pattern 
is  taken  into  account,  although  the  method  was  derived  only  for  streamlines  on  ax-i  symmetric  bodies. 

It  is  not  possible  to  use  this  method  to  compute  streamline  turning  due  to  a  nonuniform  circumferen¬ 
tial  boundary- layer  thickness  distribution. 

5.  NUMERICAL  RESilt-TB 

The  first  example  to  be  considered  ]6  a  15  degree  half-angle  blunted  cone  at  M  =  10.  This  con¬ 
figuration  has  been  the  subject  of  an  extensive  experimental  program  (Cleary?),  and  both  pressure  and 
heat-transfer  measurements  are  available  at  several  angles  of  attack.  Fannelop^  has  already  pub¬ 
lished  a  comparison  between  the  experimental  heat-transfer  data  and  the  heat -transfer  results  calcu¬ 
lated  on  the  baste  of  the  experimental  pressure  distribution  for  the  case  A  =  10°.  The  present 
calculations  will,  of  course,  be  based  on  the  invlscid  methods  discussed  in  Section  4. 

The  Reynolds  number  in  Cleary's  experiments  is  quite  high  (Re6  =  25.30C)  and  the  wall  tempera¬ 
ture  rather  low  (Tw/Ts  *  0.265).  It  is  therefore  known  from  the  outset  that  the  displacement  inter¬ 
action  effects  will  be  relatively  small,  at  least  on  the  windward  side.  Cleary's  case  appears 
worthwhile  for  comparison  purposes,  in  spite  of  the  expected  small  displacement-pressure  interaction 
effects,  In  view  of  the  fact  that  the  occurrence  of  separation  depends  primarily  on  the  angle  of 
attack.  For  purely  laminar  or  turbulent  flows  the  Reynolds  number  16  believed  to  be  of  secondary 
Importance.  We  will  restrict  the  present  considerations,  for  reasons  of  econcmy  and  space,  to  two 
streamlines  (0^  -  175°  and  1 40°)  and  three  angles  of  attack  (  «t  =  10°,  15°  anJ  20°).  Figure  9  shows 
the  calculated  pressure  distribution  along  the  two  ot»^amlines  at  *  =  10°.  The  incremental  pres¬ 
sures  due  to  v iscous- invlscid  interaction  are  seen  to  be  small,  but  the  contribution  is  not  negli¬ 
gible  on  the  leeward  aide.  Cleary's  experimental  data  are  alao  shown  whenever  the  streamlines  cross 
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it  -eridiar.  f  r  which  ’iatu  arv  avsii.ar  T  ,terj  at  ;  :t  x  .  v>i6  i.ccesrar.-  r  re  of  the  points.) 

T.’.e  agreement  tetveei.  the  "S|er:t'Mi.  a-  i  t : .*■  re*,  a.  [r.-ssure  values  Is  juite  g  'O'l ,  although  rather 
inconclusive  as  regards  the  va  Mil.,1  f  ’.i.c  a.  ,_uted  liters  *  on  effects.  Figure  .  shovs  the 
e,  rrespond ing  neat -transfer  res. .is,  (The  •  ,e  retica  va.  ,.<*s  ii<*  r-a  iced  v.tl  respect  to  qB  --A.C3’ 
the  stagnation  va.ue  v .  ♦  no  .1  interact  t:  •iTe-ti.)  Tt  “  agreement  is  r  ♦  .sfaot  ry  !'  r  the  ,*  ?hC° 
streamline  at.o  somewhat  .ess  Su  for  tr.e  el:.,'.”  j  i  r.t  vr.  for  the  ,*,  .  '•  -stream,  ine.  A  detailed 

comparison  vitn  tie  res. its  p  ret  i  ..si,.  1  taii.eu  :y  Fai.ne.op  for  this  stream,  ine  sr.ovs  the  present 

reso.ts  t  le  s  -evhat  lover  f  r  x.->  .  Tr.e  ilfferei.ee  ir.  tt.e  ti.ecretica.  caicu  ations  Is  due  to 

numerical  problems  encountered  lit  eva.  .at  ...  t  ,e  ransverse  pressure  gradient  b  p  b  >  wt  let.  in  turn 
affect6  the  calcilatior.  of  the  -etric  e  .  Tic  ;  resen*  method  requires  evaluation  of  "top  from 

the  numerics,  pressure  fits  f  r  the  vuri  -s  ’  :.a .  f-ang .  -  (see  Epuatlnr  {  •.*)).  Along  the  wind¬ 

ward  meridian,  the  metric  coefficlen*  e  gr  ws  near.;.  “>.\  n.er.t  i  a’.  !;•  witi.  the  exp  i.pnt  proportional 
to  J"  i'b"  [  2>H‘)  ax  .  to  that  tic  :.."<ri'h.  a  •  •  .:ae..  •  r. .  r.«*  •  ni  ierlvatlve  is  particularly 

Important  very  far  dewr  strear?  _r  the  vir  ivard  rife.  T*  ap  p  ears  ’.’.at  a  ■•'ore  carefu.  ’  .rve-fitting 
of  the  ax  1  symmetric  pressure  dicrii  .t  1  •  r-  v.  .  !c’t*‘r  agr<—">‘r.t  vltii  the  experimental  data 

here,  and  this  is  currently  being  atte-;t-  . 

Figure  11  sh  ws  the-  caicu  ate  j  „r< .  .  nr  ■  ■■-]  :er,tf ,  ♦ar.ger.tla.  T.  w*  11  as  crosswise 
(  T  ),  for  the  two  streamliner,  cons,  i  ie  reu .  Tic  tn.V-'.'.t  1  a .  wall  shear  j  •  nks  r.  the  spherical  fore¬ 
body  with  the  value  T,  «  . 4  uni  falls  thereafter  with  th°  ie ’r-as  Ir.g  pressure  alcr.g  the  streamline. 

The  crossflow  wall  shear  tullds  d|  rnpii...  t  a  n'-ar  •  r, start  va.  starting  at  tic-  cone-sphere 
juncture  in  response  t.  the-  suddenly  app.ied  Intern,  pr-’c:  .re  gradient.  F  r  ,  1  0  the  ratio 

I  K”.  is  small  everywhere,  t.nus  indicating  that  '  re  pju’turi  at  i  m  procedure  is  valid  ir.  the  range 
considered.  For  { j  1-  we  find,  however,  that  tc>  for  \  ,  >  “,l  ,  '  <  ,  th..s  indicating 

that  the  crossflow  may  exceed  the  tangential  flow  ir.  magi.i '  ,.dt-  in  the  l  .alary  layer.  This  violates, 
at  least  locally,  the  assumptions  underlying  the  present  :  n.ndary- ayer  anal;,  cic. .  T.alcu' ations  of 
higher-order  terms  for  tangential  velocity  and  enthalpy  and  'o-parl.  r.r  with  •  yprri-entfl'  toth  indi¬ 
cate,  however,  that  the  oercth-  rder  solution  car.  represent  a  fair  ij ;  rox inut  i  r,  .  f  ti.e  t.undnry- 
layer  flow  even  when  w  exceeds  .  locally.  (This,  abi.crma.  t  e.-.avi  or  it  ikltci  v  a  very  r, arrow  regitn 
near  the  wail.)  it  is  also  of  interest  to  note  the  rat.-.er  large  corr-ctio:  in  tn-  ■rssf.ov  val  , 
shear  due  to  displacement  interaction  effects.  This  1..J1  rates,  in  view  f  tt.--  i  a.  rule  played 
by  the  crossflow  in  «  three-dimensional  separation  process,  that  iir.placoner.t  interact  1  o: .  "ay  in¬ 
fluence  the  separation  location. 

Figures  l?a,t,c  show  t..c  location  f  tne  streamlines  am  the  direct:  r,  of  the  resultant  wall 
shear  rtrees  on  the  Jeve.oped  cone  for  c*-  .  ,  ."  ar.i  0  respectively,  (Only  ti.e  interacting 

streamlines  are  shown;  ti.e  differences  between  these  an  i  the  li,  viscid  streamlines  are  insignificant.  ) 
As  expected,  the  strea~i  inen  appr  ach  the  leeward  sin.  more  raj  idly  as  the  angle  of  attack  is  in¬ 
creased.  The  progressive  steepening  of  the  wall  shear  vector  with  angle  of  attack  Is  somewhat  more 
surprising.  (A  "ore  exact  b  jnda:;.'- layer  analysis  wo  .1  give  results  which  differ  fror  the  present 
in  degree  but  not  In  character,  f  r  reaso.-s  already  noted.)  Ti.e  existence  f  a  separation  front, 
across  which  the  surface  si.ear  vanishes,  requires  t.’.e  e  ..  face  shear  vect  rs  to  be  asymptotic  to  a 
single  line  which  is  parallel  with  a  genera’  r  far  d.  wnstreah’,  The  p  resent  results  s.how  no  tendency 
t  coalesce  ever,  at  <j(  ,  f .  r  which  separation  -ertaii  ly  -cc'irs.  The  reaso’  is  that  the  present 

approximate  iwiscid  meth-d,  as  we.,  as  avai.cl.e  exact  r  noariy  exact  methods,  generally  predict  a 
faverab.e  circ’  "’ferentiai  pressure  grad.ent  ir.  'hr  critl-al  e.-vari  region,  contrary  to  experimental 
results.  There  is  therefore  n  bvi  us  Inviscii  me  chan  if"  avail  ah .e  for  reversing  the  direction  of 
the  cr-  ssflow  r<-.ativi‘  t  ti;e  Inviscii  streamline.  Tiie  displacement  effects  accounted  for  In  the 
present  analysis  are  relatively  email  and  cannot  by  the-seives  explain  why  separation  occurs.  It 
appears  that  n  very  strong  loca.icei  disturbance  such  as  an  Internal  shock  ir,  required  to  revt  rse 
the  cro ssflow  to  the  desired  direct!  m.  fuel,  shocks  d  in  fact  occur  according  to  recent  experi¬ 
ments  b.v  Ha  inbird-‘s .  He  contends  that  these  sticks  (vf.lch  f  r  a  ’’harp  octi”  are  p>araliel  to  a  gen- 
erat  r)  are  caused  by  inviscii  effects  and  occur  when  th>-  velocity  c orp-or.ent  tto.-aal  t  co-  iaai 
rays  becomes  supersonic.  (For  the  hyp  err. Mile  f  1  ’vs  present,;,'  c  nridered,  ’hie  wo. .Id  occur  at  quite 

small  angles  of  attack.)  Another  possibility  is  that  the  she  •«  ol  s'tv  d  is  simply  the  lip  shock 
associated  with  separation,  and  that  the  separation  process  i6  llctated  by  n  complex  vlsco.is-lnviscid 
iriteract'on  process  involving  the  conditions  dovnrtrenr  in  the  near  wake.  Tile  situation  is  then 
analogous  to  that  of  hypersonic  flow  ver  a  ciro.  v  cylinder,  A  p^urely  lnviscid  analysis  indicates 
a  favorabl”  pressure  gradient  everyvh-  re  ou  tr.-‘  ayl..d--r,  that  the  first-order  l  oipndary- layer 
solution  predicts  no  separation,  contrary  to  existing  experiments.  Heeves  and  '..ees^'  have  h.own, 
however,  that  sepai  'tlon  .s  in  control  led  ly  ccix.itlohs  in  the  near  wake.  The  boundary  layer 

must  separate  in  a  pi  '“'ribed  manner  .n  order  to  allow  t..e  l  ow  t  pass  smooth, ly  through  the  criti¬ 
cal  "throat"  region.  If  the  three-dimensiona,  analog  of  a  throat"  ,-onditK  ’xists,  n  prediction 
of  the  separation  location  is  not  possible  on  .he  basis  of  considerations  which  Involve  only  tne 
boundary  layer  upstream  of  separation,  even  if  an  exact  three-dimensional  net hod  is  used. 

For  cones  of  fir.te  ie,.gth,  another  proble-  v1  ich  should  be  e  r.sidered  is  base  Interference. 

It  is  possible  that  signals  from  the  near  wake  in  tup  base  region  ai  pr  pa”ate  upstream  through 
the  thick  .eeward  boundary  layer  and  thus  trigger,  or  at  east  influence,  the  separation  process,  /.^i 
The  supers  rile  and  hypersonic  cases  may  be  rather  different  as  regards  base  interference.  Tracy’s^ 
experiments  (M^S)  indi~ate  that  the  base  pressure  for  a  *  v  1  is  substantially  lower  than  the 
pressure  on  the  l,.“ward  side,  thus  ruling  out  possible  base  effects.  Haintiri'1'  (M  1.6  and  b.25) 
moreover  found  the  flow  in  the  separated  region  t  be  essentially  coni  a,.  Recent  hypersonic  ex- 
pe_iment6  at  Avco  (Stetson,  M  13. b,  unpublished)  indicate,  however,  that  the  base  and  leeward 
pressures  are  nearly  equa  at  (A  ocv],  raising  th°  question  whether  a  coupling  exists  between  the 
flow  in  the  two  regions  at  s.  fficientlx  higl.  Mach  numbers. 
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In  tne  preceding  <*xa-j  le  vc  have  con  •entrated  or.  flows  with  no  mass  transfer  at  the  va  ..  Be¬ 
cause  very  little  work  on  tils  sut.'ec*  r.as  appeared  '  n  t!..*  literature,  in  our  secmd  exa-ple  we  will 
examine  the  effect  of  1  a  rge  rater-  f  i«ss  transfer  or.  viscous-irivlscid  interactloi:  in  three- i i-rnslcnal 


flow.  The  configuration  will  he  a  >  iegree  half-angle  1 1  unted  cone  at  M 


eg=  1000  and  Bep  Vv,0,  are  considered.  (A  tabulation  of  available  low  Reynolds  numbe 
ests  in  Ref.  "  lh  wc  that  Re.  falls  in  the  range  1  1  -  1  for  tiieae  testr.) 


Two  Reynolds  number:  , 


r  wind-tunnel 


Idle  moss-transfer  rates  in  the  calculations  which  follow  ire  governed  by  a  simplified  energy 
balance  for  the  ablation  process  of  the  form 


where  L  repreoents  the  latent  heat  of  the  wall  material.  The  nonGimllar  bloving  parameter  f  is 
given  by  the  following  Integral  expression; 


The  transformed  coordinate  ?  in  this  expression  ic  the  usual  i.ees-Levy  variai'e  with  e,  replacing 
r^  In  accord  with  the  axi6ymmetric  analogy.  For  further  details  the  n  ader  is  referred  to  Ref.  ?. 

The  values  of  Re,,  ar.d  Ly  '  for  the  various  cases  which  were  computed  are  indicated  in  Tulle  1. 
All  cases  follow  the  external  streamline  which  starts  at  the  sphere-cone  'unction  at  ,'j  1  '  The 

lnviacid  streamlines  for  •(  =  1C°  are  already  show;:  in  Figure  Tlie  stagnation  temperature  for 
these  case6  is  650C°R.  (The  numerical  solutions  are  nearly  Independent  of  the  temp,  rature  'evel  as 
long  as  It  Is  high.)  The  value  Ly""1  1  .8  corresponds  U  a  dimetisiot.a!  'atent  heat  of  ablation 

Lv  =  ■’8C  BTU  lb,  which  together  with  a  wall  temperature  at  ablation  of  T*  .  ’  °R  is  rej  res  aitat ive 
o.  a  low- temperature  ablator  6ueh  as  Teflon.  The  value  l-y'^  }.?  does  not  correspond  to  the  latent 
heat  of  any  known  substance,  and  is  used  here  as  an  artifice  t-  proiuce  a  large  mass-transi er  rate. 

The  streamline  traces  with  interaction  differ  only  slightly  from  those  given  f  r  Re.,  a  ir. 
Figure  7(  but  the  difference  increases  with  increasing  axial  iistai.c'-.  To  illustrate  the  magnitude 
of  the  deviation  due  to  Interaction  effects,  the  calculated  streamline  mer  dlan  positions  it  a  rep¬ 
resentative  axial  station  are  shown  in  Table  1. 


S',  deg- 


Table  1.  Position  of  0. 


External  Streamline  at  ’ta*  io:i  x 


It  is  perhaps  surprising  that  the  displacement- interaction  effects  push  the  streamlines  towards  the 
leeward  side.  Physically  this  can  be  exp.air.ed,  at  least  in  part,  ty  the  fact  that  the  pressure 
level  is  increased  on  the  -one  and  the  inviscid  velocity  reduced  in  the  streamwise  iirection.  The 
streamlines  are  therefore  lese"st-ff"  and  tend  to  ber.i  more  for  a  giver,  lateral  pressure  gradient. 
For  the  purpose  of  calculating  the  circumferential  pressure  gradient,  it  was  expressed  in  Section  h 
in  the  form 


0  p  o  p  d» 

TT  "Ss  ~W 


Insjectlon  of  the  derivative  "5p  6hovs  that  it  becomes  larger  with  increasing  and  therefore 

lncjeases  due  to  interaction  effects.  (The  geometric  factor  dR  d(f  is  evaluated  here  on  the  equiva¬ 
lent  c  ne  surface  rather  than  r.t  the  displacement  surface  and  hence  is  unaffected  by  interact  ion .  ) 
The  as  mmetrv  of  the  "effective"  body  surface  will  give  an  opposite  contribution  to  the  circumf<-r- 
entl  u  pressure  gradient,  but  this  cannot  be  accounted  for  without  considering  the  complete 


i  r  c  wf"  re  r.t  iu .  t.rtril  itior.  of  the  1  in:.  a  i  t hi c-ness .  An  utte’-pt  has  !"er.  -ii;.’,  r..vvr,  tc 
rstirute  the  orders  of  i*  .1'  this  a::.,-"  rv  t  ry  el  j>c*  t»r  :  ’.her  effects  uvlected  i:.  tr.e  analy¬ 
sis,  anti  it  io  concluded  tint  these  rtf  arc  ;  r.  tally  sr-u.l  relative  f  t! e  terrs  which  nave 

leer:  retain'd  ana  In  a:...  ■■vent  vi .  .  a .  t  ■  r  *  .••■.••■■ra.  X  •■!  avicr  of  the  -treas.'.  i.a-c.  It  t!  ••ref  ore 

appears  tr.it  t.n-  "f  fed  of  1  !ar  y- :  a.er  iisj -a  ■•■•  •  r.t  In  *o  ir.jrear-  th-  curvature  of  tr.e  <:•  rea-- 
lineo  arid  !.••:.  c-  jv.r°  tr/v  t  -i.-rute  s  •••what  ■  _r  raj  1  i . toward  tr.e  le.-vard  side  of  tr.e  tody. 

This  c  r.elu.rir.  r  .ft  re  a,  r ..  •  :.•  re-  «r<  'if  1  -  ary- 1  aver  er.trair.ver.t  o'"  ir.vieeis 

fluid  lias  not  leer.  ir.c’.aied  ir.  tr.e  ;:••■>  :-:.t  or.o  ...  s is .  Kr.trair. •■••;.*.  would  have  the  effco*  of  increas¬ 
ing  the  "stiffness”  of  tr.e  str-a-r  i  ::.■  a j tear  irv  at  tr.e  .  of  the  toundary  layer,  and  •  r.  r.e  etrea-- 
lines  would  r.af.c  n-aller  abides  wit!,  rest  ■  .■*  ’  tv-  .oca.  ■-•-riJiar.  ilrectior.  than  tee  original 
strea" .  ir.es.  Therefore  the  effect  of  <_■;,*  rairver.t  v  re  _j  j  _,site  to  the  effect  of  displacement  ir. 
altering  the  direction  of  tr.e  ext-  rr.a.  str-  a  .  i.v  c .  ‘  r.fort  .j.at-- 1..  .  no  rational  approach  t  :  the 

[rvllt-  of  lour.dar;. -layer  er.trair.rr,<-:.*  is  j  aval. a!.-.  ■■■.’•■!'.  for  f.ovr  at  .-.er.'  ar.g.e  of  attacr.. 


The  calculated  s  .rface  j  ref  sun. .  a.  r„-  •  :.••  .’  1  ctrea-  .  ire- ,  w!tr.  an:  vi'  .  .t  interact  ior. 

effects,  up  nhovr.  it.  Fig."--  1  •.  A  •  ■ ...  j  -  -  c  t  •  - : .  tr-  ;  re.  -.re  :  r.nr-ane.;  wit:  it.  -r-as  i:.p  "a  'f-tru:.sfer 
rate  util  derreasi:.,-  i-v:..  1  !o  :.  .rt-r.  Th-  j  •.;•  ••■  ,  :«.**  at.!  ..  ,  i,,** 

pave  r.-iir'.y  i  :■  r.t  1  •  .1  ref.  tr. .  The  i  r .  •  •  r  ■*.  :  a  :’?•  •* .  a; ;  •■nr  t  h-  owe  .•■t  i"i  :t  •.:■'  f  r  :■  .  >  ih. 
The*  re  are  two  n-as  t.s  :  r  tr.  ir:  t!rt,  t:  ••  tr-  :.•  r  w.t:  r  tary- .ayr  it.t>  ra  -ti  r,  -  i prate 
more  to  the  leeward  site  f:r  .  a  rpe  x,  ti.an  t  to-  ur.tls;  .a-a  .  t  fa- .  it. -at ;  at  ■  .  .  f_r  e  x  a  ■]•  .- , 

there  : .:  a  ■  i i  f :  _-e  ir.  tr.-  ••••riiiar.  ar. .'.••-  oh  tr.e  .a”-:  *  re  a- .  i:.-  ■■  i  ♦••■  ftr*'a 

for  r*h.  .  .  I.,,’-  .  M.  r-  '  ••;  _rhu:.t ,  :.  w.-r.  r  *.'.•■  fa  f  *r.at  ’.!.••  :  r- .  varies  relative.;.1 

u.  a  f  i_r.  :  -  ir.  •  •  .  eev-ir :  r>vi  i.,  .•  • t  a  .  a:V”  «r.g<*  ir*  a  •••*•:  ’  s  .rface 


-  v  •  •  v 


Fid  re  -h  vs  •:.■■  van:  at :  f  "•  win,-  ;  a:«,  •  -r  fv  f  :  i  v*-  ar.: 

Tr.e  va.  .••  f  tr.e  t  .  v  p  tira-etcr  in  :  •.•■■!.  t.  a-ain  near...  1  nnta:.‘  _  v«  t  :■••  r  ar, 
(Tic-  nor.f.  i  ••  i .  ar  va.  j<>  'a.  >  :'a*et  iifl'err.  ...' .  .'  vey  r.  fr  -  tr.at  :a.  •  .ate*  , 

ra  .  .  '  i .  a  " ,  ’  .  ,  ">■  '"t  *  *  an  n*1 .  '  I  a-  -  i  •  . .  a’  ■• :  :.■- at  -  T.  rar.r  :  :“■  ’  ■• 


.  ■  ar. :  • .  rent  e  i ve.  .  . 


uripe  •  I,.-,;  t.  re-. 


.r*  .  .  i  .  ..  area  *  : .  :  ea  -  :  ran 
’  :.■  :■•■.  ••>».•.  I:  • a  "  . 


•.  if:  a  ‘  .  t  : 


are  ,se:  a.-  <-i  •■;.  •■■  ;  ;•  •  ■■■  •■•••■  :  .  w.r.f,  •  •  .;••.■•  : 

f,h  vs  th-  ■  ■  i .  •  .  at-  r  t  i  .  a  .’••■■•  r  •  •  ■  .  •:<  no"  tO*  a 

rr-ti  -nit  .  !•■  vi.e . t  a  !••••!  with  ‘  :.■  "-.an  i  •■•  .  r-f  i  v  :< 


The  ca.e.i.ntel  tar. ,••■:.  •  :  a .  ir.r  -r  scfi  va.i  .  !■■  ar  iiftrir.'l  r.  are  show:,  ir,  Kiw.re  ."ft 
ttc  cases  I.  **  ,  .  •  nr.  I  .*  !•>•,  .  Th"  t  anperrt :  a .  va.i  ah- an  C,  ienreanen  e«pr.".ei 

whet,  the  h.cvirp  rat-  i.  i  t.cr-ane  : ,  vh"r-  as  ’...••  -r  rof.  :v  wa  .  .  nr. ear  t ,  ;  .nearly  ^r.affecte  1  ty 
t  iovinp.  (Tr.e  -.iipr.t  Jifference  Letweei.  tie  car"-*  1  *•  ar.  i  iv*  •.  car  '■  e  attril  ..tei  ir. 

iarr’e  treasure  t  vine  -  i  r.v : :  c  i  i  ii.teractior.  effects.)  Tic1  a  j  ;  a  rer.'  ,  *»  >k  'f  c  ujiir.p  letvecr.  ’re 

jrirrnry  fl  v  ami  *..’•■  ,-r  a-.nf.cw  *t.  the  r<v  i  ot.  near  tr.e  va..  wt.icr  if  i  t  rate  t  t,,  the  pros  -r.r 
ex  ft”  i  1  -■  in  of  ■?  at  s  i  i"  :  at  .  e  irh-rm  t.  It  nan  a'  re.a  iy  teet.  noted  '.‘..at  the  tr.-ori  ••:■  lo  .tioar,.- 
layer  ,-ol.tio:.  -ar.  .aj  j  r  i  rate  th-  actual  f.ov  ever  wr.-r  •  .*.<■  cr.nsf.  v  mar  exceeds  tic-  t.ar.per.t.al 
shear,  :eca...e  t:c  vari-itijn  :  tnc  crossf.  v  1:  tr.e  I  .r.iary  ;  a  ye-  if.  li"!*e|  *  •,  •.arrow  re.’ lot. 

near  tic  va...  Nov  it  "'.ay  !••  ”.c.  .tiled  tr.at  l  -  tr.  ’r  of.  v  at:  i  tahwe-.t  flow  -j  .r.er.tt.  d-v  - 

e.Of  indejet.ili  ntiy  neat  *  r.e  va  1 . .  v  i  ti.  *:.••  -  -fl.  .  ;  ri"  ar !  i it.f .  ..'-t:c»  d  t *:;••  external  j  refr.ure 

wradier.tn. 


Thin  faevoote  tr.e  j  n.sil  ility  of 
r.ear  tr  va.l.  it  ii  tier;,  aj  t  r  x  .  a 

:a.,er  f.:vn  ft,.  t  ta/c  tn.n  jr  }ert,. 
rrent  I  -i.av  i  r  r.ear  tin-  va..  f’r  an 


. :  .  ."J  of  i-  a.yti  •  ’:■•  atan.t  !'  ‘re  f  _v  i-  the  i-ewicn 
•,-ra.  "'to  f  r  *a.c  .iatir.c  tr.r -  -er..  i  *r.a  l  r.inr\ 
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pressure  interact*  or,  ve:  yaved  t  I’jT.-j  cor.c  • .  71. *  :i:en-  i  .'t-ir.ar  *  "ire-:  Hie  l  .n*iar>- 

layer  equations  ar‘s  vritter.  in  term  a  ::tr**v  *  1  ::*■  riir/it'-  yr*-^  :•-*  —r"  i  •.** :  fr  "  *  h»*  ir.viscii 
pr^caure  distribution,  vi.icn  in  turn  in  ca  r*-. .  ate  i  fro"  *be  :t  .  ',r,*n  X.  7b-  1  o  *  r  i  iary- 

layer  epaati  :*nr  nro  port  irled  v  i  th  ro.:pi*?t  t  t  ywi:  a"»-»t»"»r  £  vbieb  i  re  j  t  *  f*  ir. viscid  ntr^aT- 
llne  curvature  and  prop  Tt  ir  r.a .  t  tr.-*  f  •ittac*'.,  and  ?rl;  *  :.**  t-»r**:  are  retained. 
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boundary -layer  and  invtseii  computations  at  each  point  :•  *.:.«  :  •:..  s-rfa  »  .•  -  _.:  =  .t*rat . 
procedure.  The  effective-cone  method  Is  shewn,  t:  represent  the  irvesen  f.-  acc  rate...  1:.  tr 
d'-natream  region  for  both  blunt  yawed  and  nonconlcal  todies,  ar.d  It  Is  readily  aiap'et  t.  tr.*- 
local  Iterative  calculation  of  pressure.  In  the  blunt  nose  region  ar  ana.cgr-s  tanger.t-sp here 
method  16  used. 


Numerical  -calculations  have  shown  tha’  the  dl  splanement  Interaction  analysis  Is  stable  and 
efficient  for  blunt  cones  at  moderate  angles  of  attack  for  Reynoldc  numbers  down  to  Reg  -  ±  000 . 

High  rates  oi  mass  transfer  at  the  wa'i  have  been  included  in  some  of  these  calculations,  using  a 
simplified  energy  balance  at  the  wall  and  a  constant  latent  heat  of  the  wall  material,  .n  general, 
a  tendency  Is  noted  for  the  crossflow  wall  shear  to  build  up  rapiuiy  as  a  1 1 Carolines  migrate  to  the 
leeward  side  of  the  cone,  particularly  for  the  larger  angles  of  e**sek;  to  such  an  extent  as  to 
exceed  the  tangential  wall  shear  in  the  leeward  region.  In  these  cases,  It  is  argued  that  although 
the  assumption  underlying  the  expansion  of  the  boundary- layer  equations  in  t  is  violated,  never¬ 
theless  the  calculations  for  the  zeroth-onier  heat  transfer  and  wall  shear  represent  a  fair  approxi¬ 
mation  of  the  actual  boundary- layer  flow.  4  r“i“ted  phenomenon  is  observed  in  the  remarkable  Jnsen- 
sltivlty  of  the  crossflow  wall  shear  to  the  mass  transfer  rate  at  wile  xuuu  •  X  v  a|/pc<ll  o  wttiiw  u. ic 
crossflow  wall  shear  is  primarily  a  function  of  the  applied  lateral  pressure  gradient,  and  that,  In 
a  narrow  sublayer  ntnr  the  wall,  the  two  flow  components  develop  practically  independently.  This 
lack  of  coupling  between  the  crossflow  and  the  tangential  components  is  interesting  from  a  funda¬ 
mental  point  of  view,  and  it  points  to  the  possibility  of  a  simplified  theoretical  analysis  of  the 
flew  in  the  "inne-"  )-"ir><l*rv  laver  region. 


The  calculations  iemenstrate  a  rapid  boundary  layer  growth  toward  the  leeward  side,  accentuated 
by  increasing  the  mass  flow  rate  t»nd  decreasing  the  Reynolds  number.  The  boundary  layer  growth  Is 
accompanied  by  an  Increi  se  In  pressure  due  to  the  displacement  effect,  hut  this  Increase  Is  moder¬ 
ated  somewhat  by  two  efftcts:  First,  the  relative  pressure  change  due  to  variations  in  boundary- 
layer  slope  is  less  towa  ’  the  leeward  side;  ana  second,  the  external  streamlines  tend  to  move  more 
rapidly  toward  the  leewa.-  side  as  the  int  ractlon  is  increased.  The  latter  effect  i6  found  to  be 
small,  however.  Because  t  <c  vail  shear  vector  steepenB  progressively  with  Increasing  angle  of  a'tack 
in  these  calculations,  tht  behavior  which  vouLd  be  associated  with  separation  is  not  observed.  T; 
is  concluded  that  the  meth  lorn.ulated  here,  although  more  complete  than  competing  methods  pub¬ 
lished  to  date,  does  not  ta,  e  into  account  all  the  factors  which  control  leeward  separation  on  cones 
in  hypersonic  flow.  (1.  ray  well  be  impossible  to  account  for  all  the  important  effects  in  a  "clas¬ 
sical"  analysis  which  considers  only  the  atts  :hed  flow  upstream  of  the  separation  line. )  Apparently 
one  ingredient  in  separation  is  ar  internal  hock,  caused  either  directly  by  the  supersonic  cross- 
flow  or  indirectly  by  the  vise  us-invlscid  interaction  process  linked  to  the  near  wake. 

ACKNOWLEDGMENT 

This  research  is  a  part  of  the  Avco  Reentry  Environment  and  Systems  Technology  (REST)  Program 
which  is  supported  by  the  U.  S.  Air  Force  Systems  Command,  Space  and  Missile  Systems  Organization 
under  the  ABRES  Program,  Contract  No.  FOh(691*)-67-C-006o. 

The  authors  are  indebted  to  Messrs.  S.  Mazzola  and  P.  Smith  of  Avco  MSD  for  computational  assis¬ 
tance. 


REFERENCES 


Hayes,  W.  IJ  -  ,  "The  Three-Dimensional  Boundary  Laver, "  NAVORP  Report  1711,  (NOTS  ?8U )  May 
1951  • 

Fannel  ;  ,  T.  K. ,  "A  Method  of  Solving  the  Three-Dimensional  Laminar  Boundary  Layer  Equations 
with  Application  to  a  Lifting  Reentry  Body,"  AIAA  Paper  No.  67-159,  January  196?  (To  appear 
in  AIAA  J.  ) 

Cooke,  J.  C.  and  Hall,  M.  G.  ,  "Boundary  Layers  in  Three-Dimensions,"  Progress  in  Aeronautical 
Sciences,  V/..  II,  "Boundary  Layer  Problems,"  (Editors:  D.  Kuchemann  and  A.  Ferri  1  pp.  221-2B5, 
Pergarm  n  Press,  1962. 

Fannelop,  T.  K.,  "Displacement  Thickness  for  Boundary  Layers  with  Surface  Mass  Transfer," 

AIAA  J.  Vul .  4,  No.  6,  pp.  Il4c-il44;  and  "Reply  to  0.  R.  Bu”ggraf,"  AIAA  J.  Vol.  4,  No.  6, 
p.  114  7,  June  1966. 

Lighthill,  M.  J.,  "On  Displacement  Thickness,"  J.  Fluid  Mech.  Vol  4,  pp.  303-39?,  1950- 

Blottner,  F.  G.  and  Flugge-Lctz ,  I.,  "Finite-Difference  Computation  of  t.he  Boundary  Layer 
with  Displacement  Thickness  Interaction,"  Journal  de  Meeanique,  Vul  II,  No.  4,  1 9^3 ■ 

Cleary,  J.  W.  ,  "Effects  of  Angle  of  Attack  and  Nose  Bluntness  on  the  Hypersonic  Flow  Over 
Cones,"  AIAA  Paper  No.  >, 6-4.it,  June  1966.  (See  also  "b.  NASA  TN  D-2969). 

Lewis,  C.  It.  and  Knox,  E.  C.  ,  "A  Spherically  Blunted  Cone  at  Angle  of  Attack,"  AIAA  J.  Vol.  4, 
No.  t,  pp.  1110-1111,  June  1967. 

Knox,  E.  C.  and  Lewis,  C.  H.  ,  "A  Comparison  of  Experimental  and  Theoretically  Predicted 
Pressure  Distributions  and  Force  and  Ctal.iiity  Coefficients  for  a  Spherically  Blunted  Cone 
at  M  ~  10  And  Angles  of  Attack,"  AEDC  TR  65-234.  February  1966. 

Sanlorenzo,  E.  and  Petri,  F.  ,  "Progra-s  for  the  Analyses  of  Flow  Fields  Around  Spherically 
Capped  Three-Dimensional  Bodies  at  Angles  of  Attack,"  GASL-TP.-4o2 ,  September  1964. 

Maslen,  S.  H.  ,  "Second-Order  Effects  In  Laminar  Boiur.dary  Layers,"  Martin  Cc.  ,  R.R.  29,  1962. 

Belotserkovskii  ,  0.  M.  ,  "The  Calculation  o‘‘  Flow  Over  Axisymmetrlc  Bodies  with  a  Decaying 
Shock  Wave,"  Academy  of  Sciences,  U.S.S.R.  (Moscow),  Computation  Center  Monograph,  1961; 
Translated  by  J.  F.  Springfield,  Avco  RAD-TM-62-64,  September  1962. 

Van  Dyke,  M. ,  "Second-Order  Compressible  Boundary-Layer  Theory  with  Application  to  Blunt 
Bodies  in  Hypersonic  Flov,"  Hypersonic  Flow  Research,  (Editor:  f .  R.  Riddell),  Progress 
in  Astronauticr  and  Rocketry,  Vol.  7,  Academic  Press,  pp.  37-"t,  1  ?62. 

Marchand,  E.  0.,  Lewis,  C.  H.  and  Davis.  F.  T.  ,  "Second-Order  Boundary-Layer  Effects  on  a 
Slender  Blunt  Cone  a*  Hypersonic  Conditions,"  AIAA  Faper  No.  66-54,  AIAA  6th  Aerospace  Sciences 
Meeting,  New  York,  1968. 

M  ’  0 

Ralnbird,  W.  J.,  Turbulent  Boundary  Layer  Growth  and  Separation  on  a  Yawed  12j  Cone  at  Mach 
Numbers  1.6  and  4.25,"  AIAA  Paper  No.  68-90,  1?68. 

Reeves,  B.  and  Lees,  L. ,  "Theory  of  the  laminar  Near  Wake  of  Blunt  Bodies  in  Hypersonic 
Flow,"  AIAA  J.  Vol  3,  p.  ?C'tl,  1965. 

Tracy,  K.  ,  "Hypersonic  Flow  Over  a  Yawed  Circular  Cone,"  Galcit  Memo.  No.  69,  1963- 


Method  Figure  Comparison  of  Liner  'ized  Charac ten st ics 

and  Ef feet 1 ve- Con*  Pesults  with  Cleary 
Data,  a  10°.  15° 
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EESUKI 


Le  cheap  airodynamique  h  Maoh  10  autour  d'un  c8ro  forteoent  dmouas-S  et  peu  ouvert  (2 ■'>  -  10°)  a  4td 
omlouH  par  la  adthoda  da  RABIMCO  h  5°,  10°  at  20°  d'incidenoe;  pour  oette  demikre  le  oalcul  numkrlque 
a  direr  gk  at  aboutl  k  daa  praaaiona  negatives. 

la  ocaparaiaon  a  vac  daa  aaauraa  an  aoufflaria  a  aontrd  qua  i 

a)  la  profil  da  l'anda  da  ohoc  aat  prddit  avec  une  aicallente  precision, 

b)  lea  praaaiooa  lacalaa  tbdorlquaa  at  axpdriaantalaa  aa  recoupa.it ,  sauf  aux  incidences  dlevdea,  but 
la  partie  aupdrlaura  cm  axlata  un  dooulaaant  taurbillonna ire  an  cornet  lid  au  ddcollenent  de  la 
oouoha  llalta, 

o)  dana  laa  conditions  daa  prdaanta  aaaaia  (coucha  liaita  laainalre)  lea  flux  thermiques  mesurda  exekdent 
gdndralaaant  laa  flux  caloulda. 

Ca  rdaultat  aac  diaoutd. 

Kn  gdndral,  las  divergences  antra  calcul  et  assures  restent  confindea  dans  les  tones  ou  flux  et  pi-essiona 
a  ant  trks  faiblea  |  la  ad  t  hod  a  da  HABKMCO  conduit  done,  aux  incidences  notables,  k  une  brsJ.ua  t  ion  asset 
approohde  daa  charges  adrodjmaaiquaa  et  tharmiquea  globalee  sur  un  corps  de  rdTolution  fortament  emoussd. 


S  U  M  M  A  B  T 

The  aerodjnaal n  field  at  Maoh  10  around  a  vary  blunt  cone  of  low  apex  angle  (2  ^  «  10°)  was  calculated 
by  BJLBUID's  set  hod  for  incidence  angles  of  5°,  10°  and  20°  ;  the  numerical  calculation  diverged  end 
gave  negative  preesuree  in  the  oaae  of  the  latter  incidence  angle. 

The  ooaperiaon  with  wind-tunnel  results  showed  that  : 

a)  the  ahookHwawe  was  predicted  with  an  excellent  precision, 

b)  the  theoretical  and  experimental  local  pressures  were  in  good  agreement  except  for  high  incidence 
angles  on  the  upper  part  of  the  body,  where  a  bound  ary- layer  separation  induced  a  horse-shoe  shaped 
vortex, 

o)  in  the  conditions  of  the  present  teets  ( laminar  boundary- layer)  the  heat  rates  measured  were  greeter 
than  those  predlotad  in  moat  oases.  This  result  is  discussed. 

Qenerelly,  the  divergence  between  theoretical  and  experimental  results  remained  confined  into  sorves 
where  the  beet  rates  and  the  pressure  levels  were  low  ;  therefore  BABENKO's  method  leads  to  an 
evaluation  sufficiently  close  to  the  reel  thermal  and  aerodynamic  loads  on  a  very  blunt  axisyametrical 
body  at  fairly  high  angles  of  Incidence. 
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Matrices  oarr^ee. 

Vitesse  critique  du  son. 

Chaleur  specif lque  de  l1 air  a  pression  constants. 

Largeur  d'un  tube  de  courant. 

Enthalpie  d'arrlt. 

longueur  totals  de  1' obstacle. 

Pression  rappertde  au  prodult  de  la  densitd  amont  par  C*r  ;  P  -  24,5  p  pour  M 

P» 

Noobre  de  Mach  a  1' inf ini  amont. 

Nombre  de  HIANDTL. 

Flux  thomique  par  unite  de  surface. 

Flux  au  point  d'arrlt. 

Equation  de  X'oDstaole. 

Equation  du  choc. 

Rayon  de  la  partis  sph4rique. 

Abscissa  curviligno  le  long  d'une  ligne  da  courant. 

Systbme  d'axes  utilises  dana  l'dtude  de  la  couche  limits, 
tfccteur  d'analogie  de  Keynolda. 

Temperature. 

Temperature  de  reference. 

Temperature  de  paroi. 

Temperature  de  l'rottement  athermane. 

Composantes  axiale,  radiale  et  circonferentielle  de  la  vitesse. 

Composantee  axiale,  radiale  et  circonferentielle  de  la  vitesse  rapportee  a  Ccr 
ijysteme  Je  coordonnees  cylindnques  lie  a  l'aie  du  corps. 

Vecteur  de  composantes  p  ). 

Parametres  servant  a  stabiliser  le  schema  aux  differences. 

Variable  auxiliaire  utilises  pour  faciliter  l'ecnture  de3  conditions  aux  limites. 
Vecteur  de  quatre  com[n)suntes. 

Epaisseur  de  la  couche  limite. 

Epaisaeur  d'ener<;ie. 

Masse  specifique. 

Viscosite. 

Ddsigne  l'dtat  a  la  frontiers  de  lu  couche  limits. 

Designe  l'etat  h  l'infini  amont. 


22-1 


1  -  IMTBODOCTIOH 

Le  caloul  de  l'dooulement  superaonique  de  g u  psrfaita  autour  da  corps  da  revolutions  dooussds  at 
sans  incidence  as  ■  rdsolu  dapuis  da  noabrausas  anndee  par  la  mdthode  das  oaractdristiquee  &  partir 
da  conditions  initialas  aoniquaa,  alias  mftmee  ddduitea  d'uns  solution  approchde  du  champ  subsoniqua 
autour  da  l'dooussement  aphdrlqua.  Le  ohaap  d' application  da  la  mdthode  a  dtd  ansuita  dtendu  aux 
dcouleaents  da  gas  A  ohalaurs  apdcifiqusa  varlablaa,  a  l'dquilibre  ou  figda,  at  plus  rdcaoaant  avso 
cindtique  chimique.  Par  silleura,  una  mdthode  da  caloul  da  l'dcouleaant  autour  da  corps  da  revolution 
dntousads,  aux  incidences  faiblea,  dita  adthoda  daa  oaractdriatiquas  lindarlada,  a  dtd  dtablis  [0  > 
alls  permet  an  particular  d'accddsr  aux  Radiants  da  force  normals  at  &  la  stabilitd  das  ogives  au 
▼oisinage  da  1' incidence  nulla. 

Mais  la  ddtarmlnatlon  du  ohaap  d'dooulenent  autour  da  ofines  (ciroulairas  ou  uon)  at  h  das  inoidancas 
volslnes  du  dsai-angln  du  oOns  n'a  dtd  randua  possible  qua  par  la  mdthode  mundriqua  propoade  par 
quatra  auteura  ruaaaa  [2],  ddaignda  ioi  briAveaent  par  mdthode  de  BABENKD. 

Cette  mdtbodv  a  dtd  programde  k  1*  O.N.E.R.JL.  at  una  premiAre  exploitation  autour  de  c6nes  an  a 
dtd  publide  [ 3J  ;  oatta  exploitation  a  ddgagd  l'una  daa  limitations  da  la  mdthode,  qui  apparalt  sous 
la  forms  ds  divergence  madriqus,  lorsqua  l'onda  da  ohoo  ddgdndre  an  ligne  da  Mach,  ca  qui  as  prod ui salt 
pour  l'iaoidanca  12s,  dans  la  oas  oit«  d'un  c8na  da  9s  da  d  ami -angle  b.  Mach  7. 

Caa  observations  ont  suggdrd  d'dprouvar  la  adthoda  da  oalcul  dans  Is  oas  d'un  c8ne  dmoussd  ds  faible 
euverture,  asaurant  la  prdsanos  fun#  onde  da  ohoo  intense,  tandis  qua  da  fortes  ddtentes  serai  ant 
obaervdeB  an  lncidanoa  A  la  partis  supdriaura  du  oorpa  j  on  visalt  ainsi  a  ddgager  d  'autre a  limites  de 
validitd  du  caloul,  qua  la  seula  dvmnasoanoa  da  l'onda  da  ohoo.  has  oalculs  ont  dtd  affeotuda  pour 
Math  10,  avao  un  rappert  das  chalaura  apdoifiquaa  S  >1,4. 

Paralldlaaant  a  caa  oaloula  a  dtd  affeotuda  una  adria  da  aa suras  dans  la  souff laris  Mach  10  da 
Chalaie-Hauden,  pour  mattra  an  dvidanoa  lea  limitations  d'ordra  physique  (visooaitd  at  tourbillons) 
qui  vanaiant  A  laur  tour  limiter  la  domains  d 'application  du  sohdma  ds  caloul. 

La  prdsanta  oasmunicatian  relate  lea  pramiars  rdaultata  obtanus  at  las  observations  faitea  lore  da 
oatta  dtuda. 


2  -  commons  dm  calcul  do  champ  p'scouiflEirr 


La  mdthode  utilisde  pour  la  caloul  du  champ  adrodynaaique  autour  du  corps  an  incidanoa,  at  da  la  forma 
da  l'onda  da  ohoo,  aat  due  A  BABENKO,  TOaffiBSSENSCT,  LIOUBMOV  at  ROUSSANDV  [2]. 

Son  analyse  at  l'dlabo  ration  du  programs  qui  pa  mat  son  exploitation  aur  ordinataur  ont  dtd  effactudaa 
A  l'O.N.E.R.i.  avao  la  oollaboration  da  la  S.E.X.A.  (Socidtd  d'Eooncoia  at  de  Mathdaatiqus  Appliqudsa, 
Paris)  [3].  Lea  caloul#  nuadrlquea  ont  dtd  axdoutda  sur  l'ordinateur  CONTROL  DATA  6600  ds  la  S.l.A. 
(Socidtd  d'Informatiqus  Appliqude,  Paris). 


2.1  -  Rdauad  da  la  mdthode  - 

L'dooulamant  supers onique  autour  d’un  obstaola  de  forma  quelconqua  ast  donnd  par  una  solution 

du  aystdme  aux  ddrivdes  partiallaa 


A  JJL 
d  x 


E-§t*c 


r  -  o 


(D 


au  x  ast  I'absolaaa  d'un  plan  normal  k  l'axa  du  corps,  $  la  cote  rdduite  d'un  point  le  long  d'un 
rayon  da  oa  plan,  at  if  la  position  angulaire  de  ca  rayon,  voir  la  Fig.  1 . 


Las  aatrioea  oarrdsa  A,  E,  C  at  le  vactaur  P  sont  functions  du  vecteur  inconnu  X;  la  ms  trice  B 
contient  an  outre  daa  tarmas  ddpondant  da  Is  forma  du  choc,  autre  lnconnue  du  problems.  La 
sratAae  A  rdeoudra  aat  done  quasi  lindairs. 


Bans  la  osa  lu  gaz  parfait  (saul  traitd  pax  l'O.N.E.R.A.),  las  matrices  A,  B  at  C  sont  d'ordra  4 
at  lea  vecteurs  X  at  P  ont  4  oomposantes. 
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1 *  df— In*  ou  X*  solution  *at  oharchde  **t  ddfini  par , 

x0  «  X  *  *-« 

(2) 

0  <  Vf  <  2TI 

Laa  oonditlona  Initial**  sent  donndaa  dan*  1*  plan  z^  ,  l*i  condition*  auz  Unit**  pour: 

$  •  0  (condition  d*  vitas**  tangent*  4  la  parol  d*  .'.'obstacle) 

.  1  (condition*  da  HAMOlffi-HUOONIOT  sur  1*  ohoo). 
la  aolutian  charchda  doit  *n  outr*  Itr*  pdriodiqua  *n  if  . 

Pour  1*  r4 solution  mmdriqua  on  rea  place  1*  syst&aa  (l)  par  un  schdaa  auz  diffdrano**  qul  p*rm*t 
la  oaloul  da*  lnconmi**  auz  points  d'un*  grill*  r*ctangulalr*  4  pa*  fix*  : 


Ax.  -t  Ms-nr-  (3) 

*  L 

Ca  achdma,  joint  auz  oondltion*  auz  limit**,  constitu*  l'algoritins  d*  passage  du  plan  rt -  nX 
(n  «  0,  I,  2  ..  H  -1),  oil  l'dooulaaant  **t  suppose  oonnu,  au  plan  3C  .  xc+  (n+  t)t  ,  ou  11 
•at  irvconnu,  *t  p*ra*t  *n  prlnoip*  un*  solution  coapldt*  du  problte*. 

La  fait  qu*  1*  systfca*  alnai  obtanu  n'**t  pa*  lindaira  par  rapport  auz  irconnuea.at  qu'il  y  a  done 
plus  d'un*  aolution,aadna  las  auteurs  ruse**  &  proposer  un  proeddd  itdratif  grftoa  auqual  1*  system* 
non  lindaira  auz  dlffdranoaa  s*  ddooepoaa  an  L  systdaaa  llndaires  inddpandant*.  Chacun  de  o** 
syatdaaa  paraat  la  ddtaraination  das  lnoonnu**  sur  un  rayon  <f  -  const,  de  la  grille,  la  convergence 
das  ltdrationa  vars  la  solution  oharohda  n'est  pa*  dtabll*  thdoriqu— sat,  sals  son  *xist«no*  est 
cons  tat  da  par  d*  ncabieuz  rdsultata  da  oaloul. 

La  solution  du  ayatdaa  sur  un  rayon  du  plane  >Xq  ♦  (n  +  l)T  sst  obtanu*  de  la  faqon  sulvant*  i 

-  On  y  suppose  oonnu*  l'ltdratlon  (l)  *t  l'on  charob*  l'ltdratlon  (lei)  (  l'itdration  (o)  p*ut, 
par  az— pi*,  Itr*  oonatitud*  par  la  solution  dans  1*  plan  prdoddant,  aals  11  *st  oartainaaant 
arantageuz  d'utlliear  un  "prddiotaur" ,  ioi  un*  extrapolation  lindaira,  plus  prdols  pour  Had  tar 
au  sstIm  1*  noabrt  da*  ltdrationa).  Pour  o*  fair*  on  aadn*  par  un  caloul  qul  utilise  l'itdration 
(i)  at  qu'on  appall*  nrogr**alon  direct*  la  oondltion  d' obstacle  sur  le  choc.  L*  ayatdaa  d' Equation* 

alnai  obtanu  found. t  l'ltdratlon  (lei)  pour  la  position  du  cboo  et  la  valaur  du  vaotaur  I  sur 

oalul-ol.  La  nroaraaaLon  lmrarsa  donna  k  partlr  da*  Information*  sur  le  ohoo  l'ltdratlon  (i  +  1 ) 

du  veotaur  X  pour  laa  autre*  points  du  rayon  oonalddrd. 

Ca  prooddd  appliqud  it  cbaoun  da*  L  rayena  du  planx-  XB+  (n+  l)t  y  donna  l'itdration  (i  +  l). 
Catte  darnldra  sort  au  oours  da  1*  progression  direct*  sulvant*  qui  aboutlt  k  l'itdration  (i  +  2) 
sur  la  oboo  at  »  l'aida  da  la  progression  invars*  1  l'itdration  (i  +  2)  sur  tout  la  rayon.  On  pass* 
au  rayon  sulvant . at  alnai  da  aulta. 

On  rdp&ta  da  oatta  fa? on  la  caloul  dan*  la  plan  conaiddrd  jusqu’i  convergence.  Calla-oi  *tt*int*, 
on  pease  au  plan  auivant. 


2.2  -  Ajpplloatlon  nuadrlqua  - 

Avant  d'ezaadnar  l»s  rdsultata  nnadriquas  obtanu*  dans  le  oaa  partlculier  traitd,  11  eat  lntdreaaant 
da  fair*  qualquas  r*Cu..*quaa  conoamant  l'azploltatlon  du  prograna. 

La  probldo*  dtant  symdtrlqua  par  rapport  au  plan  mddian  (ddrapaga  mil),  on  n'a  traitd  qua  la 
deal-plan 

O  *  If  *Tl 

La  grille  ddfinie  plus  haut  eat,  pour  laa  oalouls  an  question,  oaraotdrisd#  par 

L  -  32 

H  c  10 


i 


l 


-A 


J 


X  variant  au  coura  du  calcui  da 


X  .  0,00125  L 

dana  la  zona  do  forta  courbura,  & 

X  -  0,0125  L 

dana  la  partia  coniquo  du  corps. 

Lea  autaura  ruaaas  ont  introduit  dana  lour  schema  auz  differences  daa  perasdtres  atabiliaataurs 

X  ,  ft  at  <T 

vlaant  &  aaaurar  la  convergence  du  procddd  da  o*loul  ;  noun  avona  adoptd  pour  caa  paraadtres 
laa  valaura  l 


X  -  0,505 
P  -  0,495 

at  O’  -  10-4 

La  preparation  daa  donnd»s  dana  la  plan  initials,  ndcassite  un  travail  considerable.  11  a'agit 
d'y  foumir  laa  ooopos*ntea  da  vltaasa  u,  v, ur,  la  praaaion  p  at  la  forma  du  ohoo  pour  toua  laa 
points  da  la  grille  adopt 4a.  Noua  avona  choiai  la  plan 3^  dan a  la  partia  du  corpe  ail  l'dooulaaant 
ast  anoora  oph^rique,  ca  qui  a  pa  mis  d'utilisar  una  table  d'doouiesent  da  BIKLOT3SHB0VSET  [4]. 

Laa  valaura  adrodynamiquaa  y  sont  tabuldes  pour  diffdrenta  noabraa  da  Maoh  an  ooordonndea  polairaa, 
11  auffit  done  d*>  paaaar  auz  ooordonndea  cylindriquaa  utiliades  dana  la  pro  grease. 

La  cflne  dtudid  eat  tal  qua  aon  dmoufla-jment  raata  sphdrique  Juequ'4  un  angle  da  65*  (la  raooord 
avao  la  cOne  da  4,66  degrds  da  dani~ouvartura  ast  un  seotjur  da  clothotda  aasurant  la  oontinuit4 
da  courbura,  i)  I  laa  oonditiona  initialaa  du  caloul  aont  done  daa  conditions  sphdrique#, 

da  revolution  autour  da  la  viteaaa  anont,  juequ'4  una  incidanca  da  24s  (point  sonique  volain  da 
40,1°  a  Maoh  10  [4].  Laa  oalcula  ont  dtd  effectuda  pour  laa  angles  d'incidanoa  5°,  10°  at  20°. 

Laa  r4sulta ta  aa  prdsentent  aoua  la  foraa  euivante  : 

-  Four  cheque  inoidanoa,  on  obtiant  pour  una  aolxantaine  da  plana X  «=  const,  laa  coapoaantes  da 
viteaaa  v ,  ur  at  la  praaaion  p  an  toua  laa  points  da  la  grille  ( ? ,  f)  adoptee  pour  la  caloul. 
Pour  ohaoun  daa  rayons  ( »  const.)  da  la  grille,  on  obtiant  egalaaant  la  fora#  du  ohoo  definia 
par  aa  oota  polaira  F  at  la  derives  <5F /&*,  qui  ax  prise  aa  pants  locale  par  rapport  4  l'aza  du 
corps. 

La  taspe  d' utilisation  du  C  5  C  6600  ast,  par  inoidanoa  caloul 6a,  da  l'ordra  da 
16  Minutes  d'unite  centrals*  (caloul  propraoant  dit) 

at  da 

13  Minutes  d'unitea  peripheriquaa  (an trie  daa  denudes,  sortie  daa  resultats). 

Remarque  - 


L'un  daa  buta  da  la  presents  etude,  aattra  an  evidence  das  Unites  d‘ utilisation  da  la 
methoda  nuMdrique,  non  lides  4  l'dvmneaoenoe  da  l'onda  da  ohoo,  a  dtd  attaint  1  an  effet 
la  caloul  pour  l’incidance  20°  n'a  pu  allar  au  del4  du  plan  d'absoisse  z/L  «  0,475  oil 
la  progression  inverse  (du  ohoo  au  oorpa)  eat  d avenue  instable  dana  la  tone  da  forta 
detente  sur  1 '  extrados  ;  la  oaloul  adosuogrmphique  y  a  dtd  arrltd  par  l'aDparition  d'una 
praaaion  negative  (introduite  par  la  predict  sur  Unde  Ire  dvoqud  plus  haut),  dans  la  plan 
situd  4  environ  if  •  155°,  voir  la  Fig.  3  ,.  Una  etude  idta'ilde  das  raisons  da  oatte 
instabilite  ntadrique,  at  das  prooddds  4v actuals  pour  la  lever,  eat  an  coura  4  l'O.K.K.R.A. 

L' integration  daa  oonposantas  da  la  vitasse  iseuaa  du  oaloul,  an  vua  da  caloular  la  gdomdtrie  dee 
lignea  da  oourant,  a  dtd  damandde  4  un  program  a  d'XlH  704, 

Utilisd  dons  la  oas  present  pour  la  oaloul  das  lignes  u*  oourant  paridtales  (3  minutes  d 1  ordinateur 
fourniasant  17  lignes  de  oourant  couvrant  la  d«l-<orpe  do  l'intredoa  4  l'axtrados),  oe  progranM 
peut  Itra  adaptd  pour  oaloular  touts*  las  lipiaa  da  oourant  witra  la  oorpa  at  la  ohoo. 


*  Repps  Iona  qua  la  caloul  autour  d'un  oflna  polntu  sur  machine  C  D  C  3600,  avec  la  mtee  pro grass, 
dura  environ  1  heura. 
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2.3  -  IMthoda  da  oaloul  do  flux  tnerolqus*  - 


2.3.1  -  Principe 

Ob  a*  prep—  da  oaloular  lea  flux  da  onalaur  k  la  parol  du  oorp*  dans  la  oaa  d'un*  oouoha  llalta 
lMiaalra  at  dan*  l’hypothke*  d'un  gas  parfait  k  ohalaura  apkclflquaa  oonstantas.  Un*  solution 
approximative  aat  obtaoua  par  1' application  da  la  adthod*  da  HCHXL  at  DOOIQ  [5]t  adthod*  qui  aet 
foadda  sur  l'lntdgratioB  da  l'dquation  global*  da  l'dnargi*.  D'aprka  la  "prlnclpa  da  ordralanoa* 
da  BICHUJMBB  at  OUDiRT  [8 ],  un  traitsaant  "bidimansionnal"  aat  appUqud  k  la  oouoha  llalta 
trldlaaaalopnalla  ;  k  oat  aflat  on  cholalt  un  aystkae  d'axae  orthogonaux  ddfini  par 

-  la  prajaotlaa  noraala  daa  ligaas  da  oourant  k  la  frontikra  axtdrlaura  da  la  oouoha  llal*n  sur 
la  parol  (a),  (llgnaa  da  oourant  parldtalas  da  l'dooulaaant  du  flulda  parfait), 

-  la  noraala  k  la  parol  ( n ) , 

-  la  parpaodloulalra  k  A,  n  (  b  ). 

Dans  oa  aystkae,  la  ooapo santa  ( v)  aulvant  b  du  vaotaur  vitaaaa,  aat  nulla  an  n  *  0  at  n  -  <  . 

Entrt  oaa  daux  llaltaa,  ur  aat  falbla  par  rapport  k  la  ooapoaanta  longitudinal*  u, .  Caoi  auggkra 
da  ndgllgar  an  pmaikr*  approx iaat ion  \jJ  at  toutaa  la*  ddrivdaa  par  rapport  k  b  dans  las  dquationa 
da  la  ooucb*  Halt*.  C*ll**-oi  a*  rddulaant  alors  k  oallaa  d'un  dooulanant  bldlasnaionnal.  la 
dlTargano*  daa  llgnaa  da  oourant,  null*  an  dooulaaant  plan  at  saulaaant  fonotion  du  rayon  trans¬ 
versal  an  dcuulaMnt  da  rdvolution,  ddpssd  k  la  fola  da  la  foma  gdondtrlqu*  du  oorpa  at  du  chaap 
d'  dooulaaant  qul  s'dtabllt  autour. 

Dana  laa  dquationa  global**  on  voit  apparaltr*  la  tarns 

4  dt 

e.  TT 

ok  t  ddsigna  la  largaur  d'un  pdnoaau  da  oourant  ddfini  par  daux  llgnaa  da  oourant  axtdriaursa 
▼oiainaa.  La  oaloul  prdalabl*  da  l'dooulanant  parfait  found. t  l’lntarsactlon  daa  llgnaa  da  oourant 
k  la  parol  avao  das  plans  *•-  ett  ,  dans  daa  ooordonndaa  cylindriquaa  (r  ,  ).  Pour  la  lign*  da 

oourant  nundrotd*  "m"  on  oaloulara  alors  e>empar  la  ralation 

r  (  ^  m  44  “  H  >*1-4)  cos  ®m 

Om*at  1' angle  qua  foma  la  llgna  da  oourant  avao  1*  plan  mdridlan  passant  par  1*  a to*  point.  II 
as  oaloul*  k  l'alda  daa  oonpoaantaa  du  vaotsur  vltasas  (issues  ici  du  calcul  da  BABESKD)  i 

tq  6  S  «L 
3  U 

2.3.2  -  lauatlon  global*  da  l'dnaral*.  hypothksaa  ndosaaalre*  k  aa  rdaolutro. 

L'dquation  global*  da  l'dnargla  a'obtiant  an  lntdgrant  l'dquation  aux  ddrlvdaa  partiallas  da 
n . 0  k  n- S  1 


_g _ 


d* 


(4) 


L'dtat  da  1'dcoulaaMnt  k  la  frontikra  da  la  oouoha  Unit*,  pc  ,  h;t  dtant  connu,  un*  hypothks* 
doit  Itr*  Introdult*  pour  raliar  Is  flux  da  ohalaur  C|  k  la  parol  k  l'dpalsaaur  d'dnsrgie 


Laa  aolutlona  sanblablaa  da  la  oouoha  limit*  1  amt  naira  auggkrant  d'expriaar  oa  flux,  rendu 
oonvanablaaant  aans  dimension,  an  fonotion  du  ncobr*  da  Reynolds  ddfini  avao  1 1  dpaisseur  A 
la  forms 


sous 


2  B  (5) 

La  ooaffloiant  B  ddpand,  an  principa,  daa  paraaktraa  oaraotdnsant  1 ' dooulaaant  t  noobr*  da  Maoh, 
taa  pdratur*  da  parol,  gradient  da  praaeion  .  En  fait,  on  montr*  dans  Is  rdf.  [5]  qus  l'effat  du 
gradient  da  prasaion  but  B  n' affects  gukr*  1*  flux  calculd.  Un*  relation  da  "plaque  plana"  sera 
done  ratanua  pour  B.  Tenant  oompt*  das  affets  da  la  ooaprasslbilitd  par  1*  concept  da  la 
"taopdratur*  da  rdfdrsnca" 


T*  =  Te  4.  0,5*4  (Tp  -Te)  *  0,16  (Tf  -To) 
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on  dcrira 

B  -  O  IZOS  £  *  (  S  Tf  -tp)£  (6) 

'  Tc  / 

ou  £>*  «  f  (T*)  ^*=n,(^  Pour  ].*  faoteur  d'analogie  de  Reynolds  3  on  utiliaera  l'approxi- 
mation  habituall^,  valable  ^galement  pour  un  dccul  ament  <mn*  gradient  de  press ion, 

_  -i/3 

S  =  V  -  1,24. 

Le  faoteur  de  recuperation  laminaire  t'  qui  intervient  dans  le  caloul  de  Tf  est  donn4  par 

r  =PV-  0,85. 

L'equmtion  global#  (4).  aprfes  la  substitution  des  relations  (5)»  (6)  peut  Itre  int4gr4e  sous  la 
forme 

t  fe  "•*>*•  CSt  dA  (7) 

J4.o  Tt  7 

L'4paisseur  &  etant  ainsi  calculee,  on  obtient  le  flux  de  chaleur  par  la  relation  (5). 
in  point  d'arrlt  oil  et  e  sont  nule,  un  passage  a  la  limits  appropriie  oonduit  & 


(Tf  -Tp) 


}  (a) 


2.3.3 


L1  integral#  qui  apparent  au  deuxiime  membra  de  1' Equation  (7)  est  calculie  numcriquement,  pas  h 
pas.  Pour  intigrer  d'un  point  4n  au  point  suivant  l'intigrand  est  approohl  par  un  polyntee 

du  seoood  degri  an  s(  dont  lea  ooeffioienta  sont  determine#  par  lea  valeure  de  1' integrand  aux 
points  An-1'  Ot  A„„,  aspects  de  fa? on  queloonque. 

Au  tout  premier  pas  oette  methods  n'est  Avideoment  pas  applicable.  On  utilise  alors  la  formula 
des  trapfceea.  Sachant  qu'au  voisinage  du  point  d'arrlt 

ix  t  -v  a  j  e.  ~  A 

on  applique  un  faoteur  oorreotlf  pour  amiliorer  la  precision  de  1' integration.  Ce  faoteur  tient 
oompte  igalement  de  la  nature  de  la  couchs  limits  (laminaire  ou  turbulente). 


2*3.4  "  A npmrlmati on  ameiiorie  pout  la  caloul  daa  flux 


lea  arrows,  dues  aux  hypotheses  simpllfioatrioss  in  trod  ui  tea  dans  Is  methods  us  oalcul,  a'eii- 
minant  an  grands  partis  lorsqu'on  forms  le  quotiant  9(4}  /  9  (ol  t  lss  dsux  quantitea  9(4) 
at  9(o)  etant  affscteaa  sansiblsmant  das  mimes  srreurs.  On  l'a  verifies  ref.  [5]  an  comparant 
lss  distributions  ds  flux  rslatlfs  9  (4)  / 9 (0) 0^>t*nu*8  14  sethodc  global#  arse  csllss 

omlcuiess  4  l'aid*.  ds  methodss  plus  exact#*. 


II  sat  alors  facile  d'aneiiorsr  Is  precision  das  flux  «n  multi  pliant  la  rapport  9  ( 4)  /9  A°) 
par  la  flux  au  point  d'arrlt  CjtFa  donnd  par  axempls  par  la  formula  ds  FAT  at  RIDCSIJ,  1 


2.3.5  -  lEacaiUfi a  it  n4tbode 


9(4) 

9(«) 


(9) 


La  resolution  ds  l'equatlon  global#  ds  l'enorgl*  sous  la  forma  (7),  at  l'obtantlon  das  flux  4 
1*  side  des  relatione  (5)t  (8)  et  (9)  ■  fait  l'objet  d'vne  programution  an  FOR  ISAS  pour  1' onli¬ 
ne  teur  XESI  704.  Pluoieun  options  sont  possibles  as  Ion  la  nature  de  la  oouohe  limits  (laminaire, 
turbulente)  et  la  geometric  de  1'eooulement  (plan  ,da  revolution,  tridimensionnel). 


Un  caloul  oomplst  ( 1 7  lignes  de  oourant  aveo  60  4  70  points  de  oalcul  sur  chacune)  demands 
environ  10  minutes. 


11 np 1  1 
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3  -  VERIFICATIONS  OfSRIHKNTAI£S 


Lee  Hull  ont  dtd  effectuda  dans  la  aoufflerie  R3  da  Chalaia-Maudoo,  A  un  nonbre  da  Kaoh  M  -  9,95 
dana  una  veins  d'un  diamAtre  util*  d'aovlron  JO  ca.  la  pra salon  gdndratrica  eat  da  120  bars  at  la 
tenpdrature  da  1  020*K  environ.  La  noabre  da  Reynolds  correspond  ant ,  rapportd  A  l'dcouleoant  non 
perturbd  at  A  la  longueur  da  la  naquette  (2^  an)  ast  "R«,  -  V»L  -  2,3.1<  t  lea  oouohes 

llaltas  aont  done  trie  probablaaant  Lmiaairea  aur  touts  la  longueur  du  nod  Ala. 


3.1  -  La  ddtemlnatlon  da  la  force  ia  l1  orris  da  choc  eat  obtanua  par  etriosoopie  no  rule  )  una 

tantatlTa  da  ddtemination  da  la  form#  tridiaanaionnelle  da  l'onle  da  choc,  an  prdsentant 
la  naquatia  dana  daa  position a  d'lncldanoa  at  ddrapage  conbinds  n'a  paa  rduasi,  A  causa 
da  dlfficultds  da  restitution. 

3.2  -  Heaurss  da  prsaslona  parldtalee  - 

On  a  utiliad  una  maquette  dquipde  da  nioro-capteurs  da  prvsaion  A  rdponae  rapids  situds 
direct  ament  sous  la  parol  j  lea  assala  dtaiant  effectuda  au  coure  d'une  ataa  rafale  par  pallara 
d'lncldanca  (5°  -  10s  -  15s  -  20°)  pour  das  valours  fixes  de  1 ' angle  po lairs  if  at  la  gdndra- 
trioe  conaiddrde.  3ur  la  flame  t  lea  points  d 'una  m&ma  verticals  sont  done  issus  d'une  unique 
rafale. 

3.3  -  Nsaurea  d 1  dchauff ament  cindtlqua  - 

On#  pramlAre  sdns  d' assala  au  moyen  da  maquettes  an  sllaatAna  revltue  de  peinturea  thsrmo- 
vlrantas,  salon  la  technique  d 6c rite  dans  la  rdf.  [6],  a  donnd  das  valeurs  nundriquea  axploi- 
tablas  aur  la  aeule  moltid  lnfdrieure  da  la  naquatta,  siAge  das  dchauff aments  las  plus  forts, 
voir  la  figure  A  a  I  lea  assures  ont  dtd  reprises  sur  una  naquatta  A  parol  mince  calibrde, 
munis  do  thormocouplas.  Ce  aont  oae  damlAros  mesuras ,  qui  ont  oonflrnd  at  prolongd  las 
premlAiea,  qui  ont  dtd  retanuaa  at  fiurnios  ici. 

3.4  -  Visualisation  daa  lignes  da  courant  but  la  paroi  - 

La  pro  gramma  d' analyse  mimdriqua  ps  matt  ant  la  calcul  das  lignes  de  courant,  l  .  a  dtd  racharohd 
una  visualisation  do  cos  llgnes  au  oours  das  assala  ;  1 ' ampioi  das  slUages  de  billas  sur  pein- 
tura  the  rmovi rente  eat  limit d  ,  crane  on  la  volt  sur  la  photographic  da  la  figure  4  a  .  aur 
parties  laa  plus  expoedas.  Las  rdsultats  plus  note  ont  dtd  obtanua  au  moyen  da  gouttes  d'hulla 
aux  silicones  oo  lords  a,  at  ddposdas  event  l'asaal  aur  la  naquatta  points  an  blano  -  figure 
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4  -  RESULIATS 


4.1  -  Foma  da  l'onde  da  chop  - 

La  mdthode  da  BAR1M0D  foumlt  das  formas  da  choo  qui  recoupent  ranarqusblamant  las  strlosooplas. 
A  1' incidence  5*  la  calcul  reprie  par  la  mdthode  das  caractdristiques  lindarisde  ddflnlt  una 
onda  da  ohoc  aitude  A  l'axtdrieur  da  la  pramlAro,  Una  analyse  dee  .-dsultats  samblo  lndlquar 
qua  las  mdthodas  da  calcul  (RAH POL)  ou  caractdriatiquas)  n'sxpliquant  paa  cat  doart,  qui  saralt 
dll  A  Ua  trds  falblos  dear t a  sur  les  conditions  inltialas  (sonlquss)  das  oalculs. 

4.2  -  Rd partitions  da  prvsalon  - 

Laa  praaeions  calc  aides  sur  las  gdndratrices  lnfdrieuro  at  supdrlcuro  sent  oompardes  sur  la 
figure  2.  Conslddrant  la  caloul  da  RABSKB)  (courbas  an  traits  lnterrompus) ,  on  note  una 
surddtante  sulvia  d'une  rec oppression,  d'intenaitda  croissantes  avec  l'lncldsnoa,  sur  la  ddbut 
da  la  partia  coniquo,  cfltd  axtrados  ;  vers  las  2/3  arrlAro  du  corps  las  courbas  10°  at  5s  so 
confondent.  la  courbe  1  -  20°  an  partioullar  indlqua,  aprAe  una  trds  forte  surddtante,  una 
reoompression  sulvia  d'une  nouvelle  ddtents  accantudo  jusqu'au  plan  x/L  ■  0,475  ou  la  calcul  a 
dtd  arrltd  par  annulation  da  la  prasaion  (voir  2.2). 

Cfltd  intrados,  on  note  A  1  -  10°  une  ldgdra  raoomprassion  sur  la  aoltid  arrlAro  du  corps.  Cette 
drolution  qui  a'acoantua  A  1  •  20s,  ast  A  rapprochar  du  chongsmect  da  oourburo  de  l'onla  da 
choo,  qui  traduit  la  recoord  da  l'dooulenent  rdgi  par  la  nas  dmoussd,  A  1'dooulanant  oonlqua 
aaymptotiqua. 
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La*  repartitions  calculdee  par  la  Method*  aea  *raotdristiqu*s  s*mi-lineariad*s  -  trait*  plain*  - 
eur*sti**nt  la  detent*  *t  sous-estimant  la  compression,  ca  qui  montre  qu'&  5°  d'incid*no*  d dji 
oatt*  mdthode  pard  tout*  signification. 

'jerque  -  II  a  capandant  dfd  constate  qua  la  method*  daa  caraoteristiquaa  e*nii-].ind*ried*a 
donna  la  gradient  da  fore*  normal*  k  l'incidenc*  null*  at  la  position  du  foyar 
adrodynamiqu*  fournia  par  l'expdrienc*  d  Mach  1C. 

Las  repartitions  da  praaaiona  autour  du  corpa  a  differantaa  abaciasaa  -  fjgura  3  -  montrant  qua 
1*  calcul  da  BABENKO  prddit  raoarquablamant  lea  prassions  mesurdee  a  l'abacisaa  i/L  «  0,11 
origin*  da  la  parti*  ooniqua  ( c  our  baa  ( a ) ) .  Pour  x/L  =■  0,445,  (courbaa  b)  lea  courbaa  thdoriques 
intarpretant  ancor*  exact sment  las  valeurs  mesurdes  pour  i  »  5°  at  i  =  10“,  mala  h  1' incidence 
20°  on  constate  un  dcart  dans  le  secteur  de  ^  -  17C°  a  if  «  125°,  dont  lea  visualisations 
-  fixture  4  (c)  -  montreront  le  rapport  avec  le  ddcollement  tourbillonnaire. 

Pour  x/L  =  0,95,  courbaa  (c).  ce  mime  phenomena  apparalt  dds  l'incidenc*  10°,  vers  if  -  116°. 

La  oourbe  theoriqu*  pour  i  =  20°  n'est  paa  disponible  comae  il  eat  dit  plus  haut,  mala  1 1  allure 
da  la  courbe  experimental*  confirm*  qu'un  decollement  s'y  produit  dgalement  au  voisinage  de 
if  -  120°. 

Trace  dea  lap  bares  dans  un  plan  normal  h  l'axe  du  corps  -  Pigy^^ 

Lea  courbe s  das  prassions  locales  le  long  des  rayons  passart  par  l'axe,  donneas  directea  du 
calcul  de  H1BENX0,  permetient  a  leur  tour  le  trace  des  isobares  dans  le  plan  contenant  cee 
rayons,  ici  le  plan  du  culot  x/L  ■=  1 . 

N.B.  -  Ces  courbes  sont  graduees  en  valeurs  de  P,  par  safe  t  re  ae  calcul  tel  qua  p  /  24,5  P. 

Cn  note  qua  les  courbes  relatives  a  1' incidence  5°  sont  monotones  entre  intrados  et  extradoa  ;  a 
i  =  10°  apparai3sent  2  minima  de  pression  pour  +  1 35°  i  pour  i  =  20°,  et  dans  le  plan  x/L  =0,45 
(qui  eat  le  dernier  plan  oil  le  calcul  a  converge)  Cette  zone  de  faibles  pressions  s'est  accentude 
et  lea  minima  se  sont  rapprochds  du  plan  de  aymdtri*.  On  remarquera  que  ces  zones  de  faible 
preeslon  restent  au  contact  du  corps  ;  le  sondage  en  soufflerie  des  pressiona  d'arrSt  entre  le 
ohoc  et  le  corps,  complement  Indispensable  des  presents  traces  est  en  cour.'  au  moment  de  la 
redaction. 

lignea  de  courant  calculdsa  a  la  parol 

La  figure  7  represent*,  sur  un  plan  ddveloppd  d'un  demi-corpn,  les  lignes  de  courant  calculdes 
pour  les  incidencee  5°,  10°  et  20°.  Cc.  lignea  d#  courant  ont  servi  de  base  uu  calcul  du  fl'ix 
thermique, 

Comparaieon  entre  les  echauffementa  calculus  et  mesurea 


1*  figure  8  ccapar*  lea  dchauffaments  mesurds  et  calculi  s  sur  la  gdneratrice  iM'drieure  (en 
compression).  L' allure  des  deux  courbes  est  bien  lu  m#me,  mius  les  calcula  sous-eatiment  d'environ 
les  valeurs  jvesurdes. 

On  note  qu'au  dela  de  10°  d'incidence,  l’echau' lament  sur  la  partis  amere  augmente  apres  un 
miniir  m  qui  ae  rapprocho  du  nez  a  i  croissant  ;  cette  allure  est  tres  voisine  de  cells  conatatde 
le  long  du  bord  d'attaque  cylindrique  d'une  alle  en  fleche  u  dmouasement  aphdrique  essayde 
prdeddemnent  dans  les  mdmes  conditions  expdrimentales  [5]. 

t>.  Uaa.  2  compare  lea  strioscopies  obtenues  et  les  flux  mesurda  rapportes  au  flux  au  point 
d'axrlt,  portda  en  fonction  des  abscissae  rdduites  Vfe  dans  l®3  033 

-  a)  du  corps  de  rdvolution  a  i  =  15°, 

-  b)  d'une  alls  en  fldche  de  75°  en  ddrapage  de  5° 

ou  les  gdndratrices  sxposdes  au  ant  ont  done  une  inclinaison  dgale  de  20°,  Les  deux  courbes 
sont  remarquab lament  voisinea,  ainsi  que  les  champs  d'dcoulement  donnds  par  la  strioscopie.  Le 

calcul  expoad  dans  la  rdf.  [5]  rend  bien  compte  de  1'existence  d'un  minimum  dfl  a  l'effet 

d'dmoussament. 

figure  10  on  a  compard  lee  flux  .mesurds  a  i  =  20°  sur  lee  gdndratrices  a  30°  -  60°  et 

90s  de  1'intradoa  ;  on  note  la  ddformation  tres  progressive  des  ou.irDes^  qui  rappells  cells  des 

courbes  des  prassions  mesurdes  (figure  10  b).  II  semble  done  que  les  flux  locaux  dependent  assez 
dtroitemont  dee  prassions  locales,  ce  qui  avait  dtga  dtd  constatd  par  vSUEFITH  [7]  dans  le  cas 
da  oorpe  dmoussdi  a  l'incidence  nulls,  esaayds  en  hypersonique. 

Male  sur  la  gdndratrice  d'axtrados  -  figure  1 1  -  la  comparaison  entre  calcul  et  me  sure  s,  corrects 
4  i  «  5'i  montre  que  les  flux  mesurds  sur  la  parti*  arridre  ne  suivent  pas  la  ddcroissance  monotone 
calculd*  maia  augaentent  da  nouveau  a  p&rtir  d'un  point  qui  avance  a  i  croissant. 


to  as  important  auz  visualisations  da  la  figure  4  on  volt  qua  las  hypotheses  da  calcul  ne  sont 
pas  respactdea  par  l'dcoulement  rdel  dans  oatta  zona  i  la  ligna  da  oourant  qui  suit  la  re¬ 
tries  aupdrieure  n'ast  pas  la  oonfluent  da  toutas  las  lignas  da  oourant  qui  ont  contoured  la 
oorpa  aais  au  contraira  1 '  origins  da  lignas  da  oourant  divergantee.  Catta  diverge noa  ost  provo- 
qude  par  la  ddcollement  tourbl  lion  na  1  re . 

Lis  repartitions  das  flux  aesurda  at  calculda  autour  du  corps  -  figure  12  -  sont  en  disaccord 
exoissant  quand  on  s'dloigns  da  la  gdndratrioe  infdrieure  :  pour  z/L  =»  0,425  at  If  90°  par 
azaapls,  l'dcart  ast  voisin  da  50^>,  bian  qua  catta  zona  ne  soit  la  sidge  d'aucun  ddoollement. 

Cat  dcart  peut  Itra  imputd  a  ca  qua  las  lignas  da  courant  paridtales  rdallas  na  sont  pas  cellea 
calculdea  an  dooulemant  non  visqueui.  1ft  figure  4  groups  quelquas^nes  das  photographies  da 
lignas  da  oourant  viaualiadea  par  dauz  proeddda  diffdrarta  1  la  preaier  smployd  a  consistd  d 
gamir  Is  saquatta  an  silastena,  revltue  da  peinture  thenaovirante,  da  bllles  da  1 ,9  m>  da 
diaa^tre,  dont  la  sillaga  strait  visualiad  par  lea  plus  forts  dchauf fements  qui  regnant  a  son 
voislnage,  aJLnsl  qus  1' aval  ant  signsld  das  observations  prdcddsntas.  Hals  la  photographie 
aontra  qus  las  tillages  na  sont  plus  visibles  pour  tf  >  90J ,  cu  las  flux  deviennant  inferieuia 
k  2  Watta/o«2,  done  au-daaaous  da  la  limita  da  viraga  da  la  peinture*  pour  las  durdea  (t  <  7  a) 
ooasiddrdee. 

La  aaoond  prooddd  a  consiatd  k  ddpeser  sur  la  msquatta  mdtallique,  paints  en  blano  pour  la 
contras ta,  das  gout  tea  da  rd sines  polyesters  colordes.  Las  photographies  montrent  qua  las 
trajectoirea  obtenuas  vont  catta  fois  jusqu'a  l'extrados  pendant  las  7  sacondes  d'essai  ;  aprea 
1 ' asaal  la  liquids  visquauz  sa  figr  da  nouveau  at  la  sohdma  obtenu  peut  8tre  consarvd  plusiaurs 
Jours. 

Lea  inolinsisons  daa  lignas  ainsi  obtenuas  ont  dtd  ralevdas  at  conpardos  avec  cellos  issues  du 
oaloul  da  BiBEWCD.  Ift  figure  11  compare  caloul  at  sillagas  sur  peinture  virante  k  i  -  10°  (V3  a)^ 
avao  lea  traces  d'anduit  visquauz  k  la  mime  incidence  ( H  b).  at  a  i  =  20°  avec  la  mdthode  da 
l'anduit  visquauz  (ll  c):  las  inclinaisons  sur  la  partis  supdriaura  das  maquottea  n'ont  pas  dtd 
txracdea,  aais  sont  da  slgne  opposd  auz  valaurs  thdoriquaa. 

Dauz  raaarquea  a'iapoaant  1 

-  d'abord  las  dauz  mdthodaa  da  visualisation  utilisdea  a  i  =  1C°  conduisant  d  das  inclinaisons 
da  lignas  da  oourant  tr&s  voiainaa  ;  bian  qu'il  s'agisse  dans  un  cas  da  sillagea  d'obstacle* 
daergaant  da  la  ooucha  limita,  at  dans  l'autre  oaa  da  filets  liquides  dpais  d'anviron  l/lO  da 
am,  un  pout  suapaotar  qua  las  dauz  azpdriancos  indiquant  las  directions  k  la  partis  inf dri aura 
da  la  coucha  limits,  done  probablamant  diffdrantes  das  directions  das  lignas  da  courant  externa, 
oa  qui  azpliquarait  qua  las  1  no  1  Inal  eons  sont  dans  tous  las  cas  beaucoup  plus  fortes  qua  cellea 
culculdea,  du  double  au  quadruple  salon  1'abscissa  ; 

-  on  note  par  ailleura  qua  Isa  inclinaisons  maxi  pal  as  restent  au  voisinags  da  (|  ■  90°  alors  qua 
las  maxima  thdoriquaa  sont  plus  voisins  da  l'extrados. 

Caa  ramarquaa  apportant  peut-ltre  l'explication  da  l'dcart  constatd  antra  las  flux  mesurds  at 
ceux  caloulde  car  la  calcul  basd  sur  la  principe  da  prdvalence  n'ast  pas  applicable  quand  las 
compoaantss  transvarsalaa  da  la  vltease  sont  tree  lmportantea.  Una  aerie  da  mesurea  clinomdtri- 
quaa  locales  visera  k  prdoisar  les  directions  vraies  das  lignas  da  courant  extdrieurea  k  la 
coucha  limita. 

On  espdre  qua  la  Bondage  das  pressions  d'arrft  antra  la  choc  at  la  corps,  sn  cours  au  moment  da 
la  rddaction,  attirera  l'attantion  sur  das  diffdrencas  fondamentales  antra  la  ohamp  d'dcoulamant 
thdoriqua  at  la  champ  rdal  rdgi  par  la  prdsance  da  dauz  tourbillons  libras  symdtriques  issue  da 
la  ooucha  limits  d  deoil  da  auz  incidanoas  eicddant  la  dami-ouverture  du  efine. 


5  -  JONCLUSIOMS 

La  ohamp  d'dcoulamant  autour  d'un  cSna  forteomnt  dmoussd  at  pau  ouvert  (danu-ouvertujre  environ  5°) 
k  Mach  10  at  a  das  incidences  da  5°,  10°  at  20s,  a  dtd  calculd  par  la  mdthode  d 'analyse  numdrique 
da  BiBENZD  ;  la  calcul  k  i  «  20*  a  dtd  interrompu  a  mi  -longueur  du  corps  par  un  ddfaut  da  convar- 
ganca  da  calcul. 

Una  adrie  d'assaia  an  soufflerie  a  perais  da  comparer  les  formes  das  oxides  da  choo,  les  rdparti- 
tions  da  presaions,  las  rdpartitions  da  flux  thermiquea,  et  las  formes  das  lignes  da  courant 
paridtalaa  avec  las  rdsultats  du  calcul  thdoriqua. 


•On  trouvara  dans  la  rdf.  [6j  la  ddtail  da  la  miss  an  oeuvre  la  la  mdthoda  das  peinture* 
tharmocoloraa,  tails  qu'elle  sat  appliqude  k  l'O.N.E.H.A. 
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Cette  comparaison  a  montr©  qua  la  methods  de  caloul  prf vui t  avec  une  excellent#  precision  tea 
repartitions  de  pressions  aux  incidences  telles  que  n'existent  pea  de  d^oollrxents  a  l'extradoa  ; 
eux  incidences  pi  AlevAea  lee  pr^vieions  thAoriquea  sont  erronAe#  sur  la  pertie  eup^rieore  mala 
nAanmoins  e:  ac'.ea  but  la  pertie  infdrieure  du  corps. 

Lea  flux  thermiquea  mesures  a 1  dcartent  egalament  de  ceux  calculus  dens  l'hypothfcse  d'une  touche 
Unite  laminaire,  non  seul ament  dans  la  pertie  supdneure  du  corpa  ou  le  champ  rdel  est  if  ffirent 
du  champ  th4onque,  maia  encore  sur  l'ensemble  du  corps,  en  exceptant  la  partle  infdrieure  ou 
I'dcart  n'est  plus  que  de  10%  environ  ;  lea  eoarts  constates  ne  permet*’jnt  cependant  pas  de  mettre 
en  doute  l'lypothese  de  laminarite. 

Par  contre  la  visualisation  dea  lignes  de  courant  parietales,  par  deux  mdthodes  diffdrentes,  a 
mis  en  Evidence  que  cee  lignes  ont  das  composante  transvers&lea  beaucoup  plus  importsntes  que  lea 
lignes  calculdea,  ce  qui  expliquerait  1 1  6chec  relatif  des  calculs  d 'dchauffement  effectude  par 
integration  le  long  de  css  demi6rea. 

Des  mesures  de  presaion  d'arrit  sont  actuellement  en  cours  entre  le  corps  et  l'onde  ue  choc  en  vue 
de  comparer  avec  plus  de  details  le  champ  rdel  et  le  champ  th^orique  foumi  par  In  methods  de 
BABENKO. 
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fig.  1  -  notation*  g6ca£triquea  ducalcul  mwSrlqua  Pig.  2  -  Repartition  dan  praaaiona  th6oriqueo  aur 
da  RARgmcn  lea  generatrices  sruperieure  et  inlerioure 


Pig.  ^  -  R^partitiona  da  praaaiona  calcuUes  et 
mesureea  dans  dee  plana  noraaux  fe  l’aza 


Fig.  9  -  Domparaison  das  flui  themiquaa  meaurda  ilg.  11  -  Distribution  des  flux  theraiquee 

aur  la  gdndratrice  infdrieure  h  i  ■  15°,  at  au  bord  mesurds  sur  la  gdndratrice  supdrieura. 

d'attaqus  d'une  ails  an  flfeche  da  70° 

(delta  75 0  an  ddrapage  da  5°). 


Fig.  12  -  Distribution  des  flux  thermiquee 
calculus  et  me sure a  le  long  des  m^ridiennes  : 

a)  x/L  =  0,250 

b)  x/L  =  0,425 

c)  x/L  -  0,685 


Fig.  1 3  -  Angles  des  lignes  de  courant  a  la  paroi 
calculdea  et  mesur^es  : 

a)  net hod e  des  aillagea  i  =  10°, 

b)  mdthode  de  l'enduit  plastique  i  =  10°, 

c)  mdthode  de  1'endu.ic  plastique  i  =  20°. 
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RESUME 


L'dtude  du  champ  adrodynamique  autour  d'une  aile  de  75°  de  flfeche  a  bord  d'ettapie  aigu  a  etd 
effeotude  k  des  n  ombres  de  Mach  Mo  dgaux  k  1 ,9  -  4  et  7  qui  correspondent  &  dea  valeurs  du 
ncmbre  de  Mach  Mn  noraal  tax  bord  d'attaque  respectivoneht  subsonique,  sonique  et  ouperaonique. 

L' analyse  dee  rdsultats  obtenua  par  visualisation  et  Bondage  de  pression  d'arr^t  permet  de 
presenter  une  deeoilption  schdmatique  de  l'deoulement  k  1 ' extrados  de  l'aile»et  notanment  des 
eonea  de  ddcolleoent. 


ABSTRACT 

The  study  of  the  aerodynanio  field  around  a  75  degree-sveepback  wing  with  sharp  leading  edge  has 
been  carried  out  at  Mach  numbers  1 .9  -  d  and  7,  which  correspond  to  values  of  the  Mach  number  Mn, 
normal  to  the  leading  edge,  respectively  subsonic,  sonio  and  supersonio. 

The  analysis  of  the  results  obtained  by  visualization  and  surveys  of  the  total  pressure  leads  to 
the  presentation  of  a  achemat  c  description  of  the  flow  an  the  upper  surface  of  the  wing,  and  in 
particular  of  the  separated  zones. 
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1  -  INTRODUCTION 

1' etude  de  l'dcoulement  autour  d'uno  aile  dlancde,  dans  un  domaine  etendu  d'incidences  ct  de  nombres 
de  Mach  constitue  le  point  de  depart  de  recherchea  plua  gind  rales  conaacrees  par  la  Direction 
Aerouynamique  de  l'OHERA  aux  problAmes  du  decollement  et  du  recollenent  tridimenaioruiel  |  lea 
rdsultats  prdlimir.aires,  prdoentds  dans  cette  communication,  ont  Ote  obtenua  avec  un  module 
experimental  unique  (aile  delta  u lance e)  et  doment  eroentiellenent  une  analyse  ddtaillde  du  champ 
adrodynamique  en  fonction  du  noabre  de  Each  et  de  1* incidence. 

flea  phenomAnes  interes3ent  i 

-  aoit  la  region  du  bord  d'attaque  ou  des  effets  marquee, enregintres  en  ecoulenent  incompressible 
ae  retrouvent  en  ecoulenent  supersonique  lorsque  le  nombre  de  Kach  normal  au  lord  d'attaque  eat 
subsonique, 

-  aoit  le  voisinage  du  bord  de  fuite  (confluence  des  ecoulements  d'extrados  et  d'intrados), 

-  aoit  enf in,  un  domaine  interieur  a  l'uile  lor3qu'il  y  a  interaction  entre  In  couche  Unite  de 
l'aile  et  une  onde  de  choc  issue  de  l'apex. 

Lea  rdsultats  presentds  ici  ont  ete  obtenua  a  des  nombres  de  Kach  variant  a3sez  largement  depuie 
des  vaieurs  3uporsoniques  moddrdes  (Mo«  1,95,  aile  a  bord  d'attaque  subsonique)  jusqu'A  des  valeure 
hypereoniquee  (Mo=  7,  aile  A  bord  d'attaque  supersonique). 


2  -  TECHNlmJES  IdXPbHU'£UfALBb  ET  jMMM  B’EStUS 

2.1  -  Installations  d'eseals 


Etant  donnd  le  large  domaine  de  nombres  de  Kach 
impliqud  par  cette  dtude,  il  a  dtd  ndcessaire 
d'utiliaer  plusieurs  nouffleries  |_l],  Celles-ci 
sont  rdpertoridee  aveo  leurs  principalee 
caractdristiques  dana  le  tableau  ci-Oontre. 

A  ces  Installations,  il  y  a  lieu  d'ajouter  le 
tunnel  hydrodynamique  de  l'OHERA  qui  a  foumi 
les  elements  de  camparaison  aveo  1 'incompressi¬ 
ble  (V0  =  20  am/n  -  Reynolds  ■  4.104). 

2.2  -  MflqusUflo  et  BMrtflgM 


5ouffl«rrie 

T-/P* 

Mach 

P, 

bar 

T. 

•k 

Cord# 

I  mm 

s* 

oontinu 

1.95 

i 

266 

70 

0.95  10* 

Ri 

rW«l»  30  a 

1.90 

2.5 

330 

90 

25  10* 

<*o 

rafaW  60a 

4 

5 

310 

70 

1.5 . 10* 

*2 

rrfala  30a 

7 

65 

600 

150 

4,5  10* 

Les  maquettes  dtudides  sont  des  ailes  delta 
de  75°  de  flAohe  A  bord  d'attaque  aigu 
(fig.  1 ).  Elies  sont  tenues  en  veins  par  un 
support  congu  de  fa? on  A  laiaser  degagde  la 

face  plane  qui  constitue  l'extrodos  de  l'aile  et  A  rdduire  les  interactions  dans  co  domaine. 
Ndanmoins  lorsque  l'incidenoe  crolt,  le  support  crde  de  petites  perturbations  visibles  A  la 
strioacopie,  toutefois  asset  faiblee  pour  ne  pas  modifier  sensiblement  la  conicitd  de  l'dooulement 
d'extradoe. 


2.3  - 

Pour  cette  dtude  consacrde  A  une  description  qualitative  de  l'dcoulement,  les  techniques  de 
visualisation  ont  dtd  largement  employdes. 

Qielques  Bondages  de  pression  ont  oependant  dtd  effectuds  pour  tenter  d'obtenir  des  'nformationa 
plus  ddt&illdea  sur  la  structure  de  l'doouleaent  dans  un  plan  transversal  normal  A  l'aile. 


2,3.1  -  Visualisations  etrioecopiques 

La  strioacopie  olassique  A  simple  traversde  a  dtd  utllisde  eystdmatiquement  dans  toutes  les 
souffleriee  aveo  une  souroe  lumineuse  continue.  En  outre,  A  la  soufflerie  R1 ,  une  souroe  dclair  a 
permls  d'obtenir  des  temps  d'srposition  trAe  courts,  de  l'ordre  de  la  mloroseoonde.  L'axe 
d' observation  eat  aoit  normal,  soit  parol 1 Ale  au  plan  de  syndtris  ds  l'aile  et  la  posltiOB  des 
ecuteaux  parallAle  A  la  direotion  ds  la  vltesse  amcsnt. 
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2.3.2  -  Interfdromdtrie  holograph!  qua 

Dm*  le  but  de  prdeiser  1' allure  du  champ  adrodynamiqus  une  technique  d' interfdromdtrie 
holographique  mise  au  point  par  la  Direction  da  la  Physique  de  l'ONERA  [2]  a  dgalement  dtd  employee, 
Celle-ci  oonsieta  k  superposer  sur  la  mdme  plaque  photographique  deux  holotpramnes  de  la  veine 
d'expdrienoe,  l'un  pria  en  coura  d'essai  at  l'autre  au  repos, 

A  le  restitution  du  double  bologramme,  on  observe  un  tableau  de  francos  identique  k  celui  qu'on 
aurait  obt.enu  avco  un  inter!  d  rank  t  re  k  deux  ondee,  dquipement  volumineux  et  onereux  par  rapport  au 
montage  optiqu*  trke  simple,  ndceesaire  pour  rdaliser  les  hologrammes  (fig.  2). 

2.3.3  -  Visualisation*  paridtalea 

Bile*  ont  dtd  effectudee  en  ddpoeant  sur  la  maquette  points  en  blanc,  un  reaeau  de  petites  taches 
d'huile  silioone  colorde.  Lorsque  l'dooulement  eat  etabli,  les  particulea  liquldes  se  ddplaoent  sous 
1' act  ion  du  courant  d'air  et  deasinent  sur  fond  blanc,  les  lignee  de  courant  paridtales. 

2.3.4  -  Etude  theraooolor 

En  hypers onique,  dee  precisions  supplenentairee  sur  la  structure  de  l'ecoulement  ont  d td  acquisee 
grftoe  k  l'emploi  d'une  peinture  thermocolor  dont  le  changement  de  teinte  permet  de  mettre  en  dvidenoe 
les  sones  ou  le  flux  thermiqu*  parietal  est  maximum  [3]. 

Une  maquette  specials,  oomportant  k  1  'ex  trad  os  d'un  logement  paralleldpipedique  de  5  ora  de  profondeur 
renpli  d'un  materiau  plastique  i^lant  (sllostkns)  a  dtd  rdalisde  pour  cet  essai. 

2.3.5  -  Soodage  do  preeaion 

Dos  explorations  au  tube  de  pitot  ant  dtd  effectudes  pour  tous  les  ncmbreo  de  Mach  d'essai  dans  un 
plan  transversal  normal  k  l'aile  situd  k  environ  80  %  de  la  profondeur,  la  sonde  dtant  maintenue 
parallkle  k  l'axs  de  l'aile. 

Par  suite  de  1  ’ importanoe  des  lnoidenoea  locales  de  l'dooulement  par  rapport  k  la  direction  de  la 
sonde,  1' exploitation  dee  rdsultate  obtenus  ne  fournit  qu'une  premikre  approximation  du  chomp  des 
pressian*  d'srrtt.  L1  exploration  de  l'dooulement  avec  une  sonde  de  pression  statique  beaucoup  plus 
sensible  k  l'effet  d'inoldenoe  qua  la  sonde  de  preeaion  d'anA^  ne  pouvant  donner  qu'une  tree  vague 
reprdsentation  du  ohamp  rdel,  a  de  oe  fait  dtd  eoartde. 

Parmi  lea  diffioultde  expdrimentalee  rencontrdee,  la  plus  import  ante  concerns  1' interaction  dt  la 
sonde  et  de  eon  support  avec  le  ohamp  de  l'aile,  nottuanent  lorsque  1' incidence  est  elevde.  Ce 
problkae  a  dtd  en  partis  rdsolu  en  dloignant  le  plus  possible  du  bord  de  fuite,  le  support  de 
1' explore teur.  Toutefoia,  dan*  certains  os*  et  notamaent  en  dcoulement  hypersonique,  la  prerer.ce  de 
la  sonde  a  pu  altdrer  la  structure  dee  domaines  ddcollde,  sans  modifier  profonddment  1 'allure  des 
phdnamknea. 


3  -  Mura  m  bme  sv&wmm 

3.1  -  Etude  de  1'dcn.ilment  k  dss  n ombres  ds  liach  moddrds  (Mn  =  1.95.  bard  i'attaaue  du  type 

gubPABlam) 

3.1.1  -  La  description  du  champ  adrodynanique  k  l'extrados  de  l'aile  est  prdsentde  tout  d'abord  dans 
le  oas  ou  le  nombre  de  Mach  normal  Mn  au  Dord  d'attaque  ert  au  bn  onique  (%  «.  0,5  pour  K0  ■  1,95). 


L'analyae  de  l'dooulement  k  l'extrados  de  l'aile  a  dtd  effectude  pour  des  incidences  1  comprises 
entre  0  et  30°,  Lorsque  i  oroit  k  partir  de  la  valeur  0,  la  structure  de  l'ecoulement,  symetrique 
par  rapport  au  plan  oddlan  de  l'aile,  subit  une  evolution  continue  l 


3.1.2  -  Au  voisinage  de  i  =  0,  1 'dcoulement  parietal  d'extrados  est  tree  sen  iblement  parallels  au 
plan  de  ayadtrie  sur  la  majeure  partie  de  l'aile  ;  on  deckle  toutefois  des  perturbations 
intdressant  le  voisinage  immddiat  dtt  bord  d'attaque  qui  c<  rrespondent  k  un  ddcollement  trajisver- 

salement  peu  dtendu. 

3.1.3  -  Ce  ddcollement  de  bord  d'attaque  devient  trks  visible  lorsque  l'incidenoe  atteint  5°.  dans 
un  premier  temps,  (incidence  comprise  entre  5°  et  17°  env. )  il  se  ddveloppe  de  fajon  regulikre  en 
coaaervant  une  organisation  dont  l'analyse  peut  Itre  faite  k  partir  dee  elements  presentda  fig,  3, 
pour  une  incldenoe  de  10°. 

La  structure  tourblllonnaire  du  ddcollement  est  mise  en  dvidencs  aussi  bien  par  le  sondage  des 
pressiona  d'arrdt  (fig.  3C)  que  par  la  visualisation  strioscopique  k  etincelle  (fig.  3A)  et 
l'observation  des  lignes  de  courant  paridtales  (fig.  3B). 
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La  comparaison  avec  lee  rbsultots  obtenus  en  ecoulement  incompressible  au  turnel  hydrodynamique 
pour  dea  plana  d' observations  identiquea  (fig.  4),  revele  une  similitude  totale  dans  la  structure 
tourbillonnaire  de  eea  deui  ecoulements  (ty>=  0  et  H0  ■  1,95). 

Cette  structure  dont  une  representation  perspective  eot  donnee  par  la  fig.  7  peut  6tre  decrite  de 
la  fagon  auivante,  en  a'appuyant  sur  dea  etudes  dctaill^es,  effectives  ant^rieurement  au  tunnel 
hydrodynamique  [4  et  5]  J 

-  la  nappe  de  courant  venant  de  l'intrados  et  ae  detachant  du  bord  d'attaque,  s'enriule  en 
cornet  [6]  pour  conatituer  l'ossature  du  tourbillon  principal  (T)  j 

-  une  seconde  nappe  aboutit  aur  l'aile  auivant  la  ligno  de  recollement  ©  et  conatitue  la 

frontiers  exterieu re  entre  le  domaine  tourbillonnairo  et  l'ecoulement  sain  sensibloment  radial 

sur  la  partie  centrale  de  l'aile  (3)  j 

-  les  lignes  de  courant  qui  forment  cette  soconda  nappe  longent  la  paroi  en  (J)  ,  suivant  dea 

traiectoires  trfea  ddvieea  par  rapport  a  la  direction  de  reference  0  x  et  decollent  en  (§)  pour 
former  l'oaoature  d'un  tourbillon  secondaire  (S)  moins  intense  que  le  premier  et  de  sens  oppose  ; 

-  le  fluids  circulant  entre  ces  deux  nappes,  alimente  les  deux  tourbillons  :  le  partage  dee  debits 

d 'alimentation  s'effectue  le  long  de  (n)  .  Lorsque  l'incidence  i  augmente,  I'etendue  transver¬ 

sals  de  ce  domains  tourbillonnaire  crolt  et  correlati vement,  In  region  (3)  dimxnue,  elle  disparait 
lorsque  i  atteint  une  valeur  de  l'ordre  de  17°. 

3.1.4  -  On  obtient  alors  la  configuration  dite  de  tourbillons  rejoints  dont  les  principales 
caracteristiques  sont  presentees  pour  i  ■=  25°  fig.  5  &  1,95  et  fig.  6  en  ecoulement 

incompressible  ;  1’ organisation  correspondents  de  la  2one  tourbillonnaire  est  analogue  a  cells  de 
la  figure  7  mais  le  domaine  (3)  a  disparu  et  la  ligne  (§)  e3t  confondue  avec  l'axe  ainsi  que  le 
montre  la  figure  8. 

On  remarquera  qu'en  ecoulement  supersonique  la  trace©,  dans  le  plan  de  syndtrie  de  l'aile,  d'une 
onde  de  choc  apporalt  aur  les  clichds  strioscopiques. 

Cette  onde  de  choo  est  engendrde  par  la  deviation  brutale  que  doit  subir  l'ecoulement  pour 
netrouver  une  direction  parallels  h  la  paroi.  Cette  deviation  a  eta  mice  en  evidence  par  une 
methode  de  perturbation  a  l'aide  d'une  sonde  aplatie  de  petites  dimensions  dont  la  section  drolte 
est  un  diedre  de  faible  ouverture.  Lorsque  l'axe  de  la  sonde  eat  orient^  suivant  une  direction 
voirine  de  la  tongente  &  In  ligne  de  courant  locale,  la  strioscople  permet  de  visunli3er  un 
systene  d'ondes  Je  choc  quasi  syaVtrique  a  partir  duquel  il  eot  possible  d'obtenir  la  direction, 
de  l'ecoulement  au  point  considcre.  Les  resultnts  obtenus  lors  de  aordages  effecUVs  dans  le  plan 
de  sync  trie  de  l'aile  a  une  distance  X^/  L  =  0,75  du  bord  d'attaque,  sont  prdsentes  figure  9,  to 
notcra  1 ' inclinaison  importorte  des  vitesses  locales,  par  rapport  a  la  viteasc  amont  (60°)  et  par 
ra- port  &  l'aile  (353). 


3.1.5  -  Evolution  de  la  position  des  axes  des  tjurbillons  avec  l'incidence 

Co.ipte  tcnu  do  I'annloie  exist  jit  dans  1 ' organisation  du  domaine  touroilloiuiaire  &  tj>=  0  et 
,0=  1,95,  il  a  paru  interesnsnt  de  comparer  les  positi  as  respectives  des  traces  du  touroillon 
principal  dans  un  plan  transversal  normal  a  l'aile  et  leur  e-volution  en  l'onction  de  l'incidence. 

La  '(nomination  precise  des  axes  T  et  T'  des  touroiUons  eot  obter.ue  en  ecoulement  ineor.pressiule 
ii  p.'irtir  des  anotogrnpiiies  de  visualisations  fines  p- r  emission  coloree  et  par  bu.les  d'  dr 
(fig.  4  et  j). 

En  i'cn  le-.ent  saaersor.ique,  leo  liffi'rentes  tccnruques  uti  isles  (.'tnoscopie,  in  ten's  rone  trie, 
Bondages  de  prescion)  cM.uisent  1 'excellent  rccoipenent  presontc  fig.  I  t. 

Il  ost  intiressont  do  remnr quer,  que  1’exploitation  der  clients  ir. terfi'ron' ’■  tr iiues  et  strioscopiques 
pemet  a'obtenir  rapidenent  et  continuemcnt  la  projection  commune  It)  ie  f  et  i'  ur  lc  ;  lan  ae 
syrv  trie  de  l'aile. 

donate  tenu  des  depressions  dont  ils  sont  le  sipqe,  T  ct  T'  ccrrer jondent  un  minimum  de  nensite 
locale  {^f/dz  =  0)  qui  so  trauuit  en  intorf''ron'trie  par  une  cassure  en  V  dans  le  taoleau  de  fringes 
orrrees  nrVscnte  fig.  IP, 

In  rtrioscopie,  la  condition  =  V  lo  ong  de  V  et  V  entmlne  que  le  taux  de  noircir.senont 

local  du  cliche  sur  (t)  est  iilenti  ;ue  a  celai  :ec  l'on  trouve  dan:;  la  partio  unifonne  do 
1'  'couki.ent. 

l.e  nepoui lie: lent  des  striOTram.ies  au  microdensitcnetre  (.fig.  ’l)  a  -'iris  00  d*:i'iiJ.r  cette  lij,ne 
avec  precision, 

1*  figure  14,  montre  egalener.t  que  (t)  est  tres  sensinlcment  rectil ;gnc,  cc  qui  coni'irme  la 
conicite  de  1  'fcoulcnent  tourbillonr.r.ire  nu  rt'  -ime  supcrsoi.ique  t-tudie.  Il  c:  t  .lors  ossicle  de 


repdrer  la  position  du  tourbillon  par  l'angle  W.,,  de  (t)  avec  I'axe  de  l'aile.  L'evolution 
■  f  (i)  est.  donr.de  fig.  15.  Sur  la  mime  figure  est  bgalement  portde  la  courbe  0(^(1) 
reprdsentant  lea  variations  do  l'inclinaison  sur  l'ailo  du  choc  (A)  qui  so  produit  k  l'oxtradoa 
k  grande  Incidence. 

L'dvolution  aveo  l'incidence  des  traces  de  T  et  T*  dans  un  plan  transversal  normal  k  l'aile  ainai 
ddtermindea  ausai  bien  en  bcoulerient  incompressible  ca> ' en  ecoulement  suaersonique  k  Md“  1,95, 
eat  oomparde  figures  16  et  17  d'une  part  aux  ordvisions  thdoriques  existantea  [7  k  12],  d'autre 
part  k  differenta  rdsultats  expdrimentaux  obtenus  pour  dea  conditions  d'essais  voisinea  [  1 3  k  15]. 

Lea  experiences  mot  tent  en  evidence,  une  Evolution  des  traces  de  T  et  T1  dans  le  plan  Z  Y  beaucoup 
plus  marqude  k  M0e  1 ,95  quo  celle  qui  est  obtenue  en  incompressible. 

Dana  un  premier  temps,  T  et  T'  o'eloi^ient  de  l'aile  en  se  rapprochont  du  plan  de  symetrle  (s)  j 
lorsque  la  configuration  dite  dea  tourbillons  rejointa  eat  obtenue,  T  ot  T'  tout  en  continuant 
k  s' eloigner  de  l'aile  3'ecartont  alors  de  5. 

Ce  phdnomene  n'est  prevu  que  par  la  theorie  proposde  par  FEFSHING  [  1 0] . 

Une  etude  syatdmatique  de  l'influenoe  du  nocibre  de  Reynolds  sur  cette  Evolution  n'a  pas  dtd 
entrepriae  Jusqu'k  present.  Toutefoia,  comptc  tenu  dea  rdsultats  aotuellement  diaponiblea,  il  ne 
aemble  pas  qu'une  augnentntion  sensible  du  nocibre  de  Reynolds  d'eeaai  modifie  beaucoup  l'evolution 
indiqude  figure  16. 

3.1 .6  -  Remarque 

Dans  la  gacme  d' incidences  dtudieea  de  0  k  30°,  i'ecoulement  d'extradoa  reste  sensiblement  conique 
juaqu'au  bord  de  fuite.  Le  domaine  d'interaction  lid  k  la  oanfluenoe  dee  ecoulements  d'intradoa  et 
d'extradoa  est  limitd  k  une  zone  dtroite  au  voiainage  du  bord  de  fuite.  Le  ddveloppement  de  oe 
domaine  d'  interaction,  qui  aurvient  lorsque  1 '  incidenoe  orolt  au  delk  de  i  »  30°,  ne  Bora  pas  examlnd 
dans  cette  coninuni cation. 

3.2  -  Etude  de  l'dooulement  en  aupersonique  dlevd  (Mp  -  4)  et  en  hyperaonlque  (Up  ■  7) 

3.2.1  -  Gdndralitde 

L'dtude  effectude  k  KQ  »  1,95  dans  un  can  ou  le  nombre  de  Mach  normal  au  bord  d'rttaque  est 
nettement  aubsonique  (Mn  ~  0.5)  a  cioirement  mis  en  Evidence  un  decollcment  de  bord  d'attaque 
gendrateur  d'tn  ayateme  tourbillonnaire  bien  organise  jusqu'k  den  inoidenceB  dlevd ee  (i  30  k  35°) 
int  -reusant  une  partie  inportnnte  de  l'dcoulement. 

Nous  allons  maintenant  examiner  comment  peuvent  6tre  modifidea  la  situation  et  1 'organisation  de  oe 
decollement  lorsque  le  nocibre  de  Mach  augmonte  jusqu'k  des  valeure  hypereoniquea, 

Les  expdriences  prdsentdos  dons  cette  communication  ont  etd  effectudes  k  deux  valours  du  n ombre  de 
Hach  Mg  =  4  (bord  d'attaque  sonique  =  1,03)  et 

IIQ  =  7  (bord  d'attaque  supersonique  Mjj  =  1 ,61 ). 

Avrnt  dr  conmenter  le3  rdsultats  obtenus,  il  cor.vient  de  crdciser  que  le  Drofil  en  dpaiaseur  de  la 
raaquette  conporte  au  bord  d'attaque  un  diedre  de  15  ou  20°  qui  ne  permet  pas  d'obtenir  dans  le 
domaine  de  nocibre  de  Mach  etudie  unc  configuration  de  choc  attachd  ,  mfae  lorn  que  l'incidence  est 
moderde  (fig.  16  B  ct  19  B). 

Dans  ces  coniitions,  unc  interaction  entre  lea  ecoulements  d'extradoa  et  d'intradoa  de  l'aile  est 
possible  par  le  bord  d'ntta.iue,  bien  que  cea  configurations  soient  ditos  "k  bord  d'attaque 
superaonique"  au  sens  de  la  thcorie  linearises. 

3.2.2  -  Etude  de  l'ccoulonent  h  Hn  =  4 

Les  different  os  techniques  de  visualisation  (fig.  18  et  20)  ainsi  que  les  Bondages  de  preo3ion 
d'>Lrr$t  (fig.  2.7)  mettont  on  >'vidence  l'exiatence  d'un  decollement  k  l'extradoe  de  l'aile  qui  prend 
naissance  dka  lo  bord  d'attaque  et  s'etend  au  fur  et  k  mesure  que  l'incidence  augmente. 

La  zone  tourbillonnaire  de  faible  dpaiaseur  ainsi  crede  (zone  blanche  du  cliche  strioscopique 
fig.  18  A),  est  limitde  lot  raleDent  par  une  ligne  de  recollement  aenslblement  droite  et  issue  de 
l'apex,  qui  conotitue  une  frontikre  d' accumulation  sour  les  lignes  ne  courant  paridtales  qui  la 
bordent  (fig.  20). 


Jons  ia  p  ratio  ccntrale  de  l'aile  ou  la  couohe  limite  est  mince,  ces  Hgnee  de  courant  sont  bien 
desiinees  ct  prennent  rate  forte  courbure  lorsque  l'incidence  i  atteint  'ine  valeur  de  l'ordrae  de  10*  1 
cette  tendance  rcsulte  de  la  rocorapression  Liportante  qui  se  produit  dans  oetto  rdgion  et  pout  <tre 
o.vervde  a  1 'occasion  du  -ondage  des  pressions  d'arrft  (Pig.  22).  Cette  recorapression  est  confirode 
par  l'evolution  trks  marqude  des  -ras.-nons  tatiques  k  la  paroi  (Pig.  24)  depuia  un  niveau  dlervd 
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sur  l'axe  jusqu'k  dea  vnleure  faibles  dan*  la  zone  dkoollee  aensiblament  isobare. 

L'exploration  detaillke  de  ce  dernier  domains,  rendue  diftieilo  par  le  falble  niveau  des  preasiena  et 
lea  perturbations  apport^es  par  la  sonde  d'arrCt  ne  permet  p«s  toutefoia  d'affirmer  l'existence  d'une 
organisation  tourbillonnaire  aussi  caract<5ri*<e  qu'k  1,9  (fig.  18  c).  Par  suite  de  l'epoisseur 
relativcment  mince  de  ce  decollenent,  les  effeta  visqueux  deviennent  prepondkrants  et  la  foible 
inclinaison  sur  l'axe  des  lignes  de  courant  parietales  foumit  un  indice  suppldmentaire  de  la 
rotation  neu  intense  qui  l'anime. 

Cette  organisation  se  conserve  jusqu'k  des  valeurs  do  i  comprises  entre  10  et  15°  j  l’effet  de 
1' incidence  se  traduit  i 

1  )  par  une  ouverture  progressive  de  l'onde  de  cr.oc  conique  issue  de  l'apei. 

2  )  par  une  Evolution  lente  de  la  ligne  de  recollcment  vers  le  plan  de  rynetrie. 

3)  par  ur.  dlai^i seamen t  du  domaine  d' interaction  lid  k  la  recompression  ia.portante  dont  la  zone  de 
recollement  est  le  sikge  (courbure  des  li,Tnes  de  cour;mt  parietales  fig.  20  A  B  C  au  voisijiage 
de  la  ligne  de  recollement). 

Lorsque  i  attaint  et  ddpa3se  15°,  l'onde  de  c.uoo  produitepar  la  confluence  des  dcoulemcnts  d' intradoe 
et  a'extredoa  au  bord  de  fuite  provoque  h  1'arriere  de  l'aile  une  modification  profonde  de  la 
structure  du  decollement  dont  l'epaisseur  crolt  de  fas  on  notable  j  cotte  des organisation  progre33e 
rapidement  vere  l'amont  lorsque  1' incidence  augmente  (Pig.  -’0  C  ot  l) . 

3.2.3  -  Etude  de  l'dcoulement  k  Hn  -  7 

Une  aile  de  75°  de  fleehe  posskde  k  Kq  =  7  un  bord  d'attaque  B  supersoni  que.  Lorsque  lc  diedre  qui 
constitue  B  est  suffisamment  aigu  et  l'inoidenco  03sez  foible,  1'ecoulonent  est  rccomprimd  k 
l'intradoe  par  une  onde  do  choc  a'  tachde  au  bord  d'attaque. 

A  l'extradoa,  peuvent  ftre  alors  distinguda  i 

1  )  un  domaine  uniforme  correspondant  h  une  detente  autour  de  3  qui  provogue  uno  deviation  do 

l'ecoulcment  vers  le  plan  de  syne  trie  S  do  l'aile. 

2  )  un  second  domains  ou  l'ecouloment  reprcnd  une  direction  p.rnllele  k  3. 

Les  deux  domaines  sant  sdpurds  par  une  ligno  droite  issue  de  1'apex  aui  e3t  la  trace  d'ur.e  onde  de 
choo  nonnale  k  l'dle  dont  1' interaction  avec  la  couche  Unite  peut  donner  lieu  u  des  phenon-’nea  trko 

importants  ,  notaanent  lorsque  oelle-ci  est  lamina! re. 

Dana  le  oaa  etudid  (dikdre  de  20°),  il  n'oxiste  pas  do  choc  attachd  le  long  de  D  j  naLrrd  cola  sour 
les  petitds  incidencos  (i^5°),  la  configuration  de  l'ecoulenent  est  trka  voioine  de  colic  qui  vient 
d'Ctre  diacutde  ;  en  particulier,  con*-rnirer.ort  k  ce  qui  so  produinait  k  =  4,  l'ecoulenent  reoto 
attaohd  k  l'aile  au  voisinagr  de  B.  Lorsque  l'incidence  depnsse  5°,  1'intcuritd  de  l'onde  de  cr.oc 
normale  k  l'aile  est  suffisante  pour  -rovo  :uer  un  ddcolle  .ent  local  de  la  couche  Unite.  Je  d'  colle- 
ment  D  s'etend  rapidement  vers  le  bord  d'attaque,  plus  ler.trncnt  vers  le  plan  de  syndtrie  et,  en 
mftme  temps,  la  distance  de  detachcment  du  choc  conique  oxterieur  auxiente. 

La  atruoture  de  D  prdsonte  une  .grande  anal  o<  tie  avec  celle  qui  a  ite  rereciitree  lots  do  1* etude  do 
l'aile  k  M0  ■  4  bieo  qua  son  apparition  soit  localisde  en  un  ■  oint  different.  En  particulier  i 

a)  la  zone  decollde  est  trka  aplatie  sur  l'aile  et  fr.lblencnt  tourbillonnaire  (fig.  19-21 )  ; 

b)  elle  est  limitde  au  centre  par  une  portion  d'^conlemcnt  recolld,  a  forte  cression  (fig.  3  et  24) 
particulikrement  bien  miae  en  dvidence  par  1  'ut' iiaation  d'une  p^inture  t'lemosensible  (fig.  25) 
qui  ddtecte  lea  zones  (.clairea  sur  la  figure)  ou  .3  flux  themique  est  nnxinuir 

c)  1' interact) on  au  bord  de  fuite  dee  dcoulcments  d'mtradoa  et  d’extrados  ost  considerable  lorsiue 
l'incidenoe  est  c'levde.  A  i  =  1  0°  par  exe -ple,(f  ig.  21  B)  la  perturbation  de  bord  de  fuite  est  d'-jk 
tike  sensible}  k  i  =  20°fl'dcoulement  k  l'extradoa  de  l'aile  est  complktennnt  ddsorganise. 

3.2.4  -  Remarque 

Dana  cette  dtude  prdlininaire,  l'influenoe  du  nombre  de  Reynolds  sur  l'dvolution  de  ces  -.hdnonenes  n'a 
pas  etd  examinee  ;  il  est  vraisemblable  qu'elle  e3t  import  nte  cor.’  te  tenu  du  r81t  trks  -rand  cue  neut 
icuer  la  viscositd  dans  un  domaine  proche  de  la  pnroi  notam  lent  inns  los  problknea  d' interaction 
oouohe  limit e-onde  de  choo. 

Cette  influence  peut,  en  particulier,  8tre  determirujite  sur  lea  con.itiTis  de  passage  de  la  configu¬ 
ration  aveo  ddcollenont  ie  bord  d'attaque  k  la  configuration  avec  d<'- colie:  ent  sur  1'aile.Le  nombr* 
de  Hach  normal  au  bord  d'attaque  B  propose  ref.  [l  9  |  i  our  carict-' riser  ce  pasivvte  est 
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vraisemblaolement  lnsuffisant,  Toutefois,  lea  rinultats  obtenus  oont  aensiblcnent  en  accord  avec  la 
court*  eoplriqu*  do  la  rif,  19  pourvu  quo  lea  incidences  nomales  k  B  soient  comptees  par  rapport  & 
l'intredoe  Ju  prof 11  de  I'aile. 


4  -  CONCISION 

L'itud#  de  l'icoulement  k  l'eitradoe  d'une  aile  delta  de  75°  de  fleche  k  bord  d'attaque  niitu,  dans  le 
domain*  supereonique  et  hypersonique  a  montri  que  i 

1°)  A  M0  ■  1,9  l'organlration  de  l'icoulement  est  trks  voinino  de  celle  observio  en  incompressible  i 

l'icouleirent  dicolle  au  bord  d’attaque  et  vient  forner  un  tourbillon  trks  structure  et  trks  intense. 

2°)  i  Ng  °  4  la  separation  se  produit  toujoura  au  bord  d'attaque,  mais  le  sombre  de  tiach  stunt  plus 
ilevi,  la  sane  dieollie  est  aplatie  sur  I'aile  et  l'inten3ite  touruillonnaire  eat  reduite  par  la 

viacositi. 

3°)  A  M_  *=  7  l'icoulement  rest#  attachi  dans  la  rdgion  voisine  du  bord  d'attaque,  tout  au  moins  nux 
incidence*  modirieo,  oaifa  il  dicolle  sur  l'.-iile  pour  !onner  naissance  k  une  zone  tourbillonnaire  de 
faible  intensity  trke  analogue  k  celle  observe  k  Mach  4. 

Coe  configurations  d'icoulement  se  conservont  jusqu'k  des  ineidenoee  d'autant  plus  elevies  que  le 
nombre  de  Mach  eet  pluo  faible  (environ  30°  k  M0  =  1,9,  12°  k  ^  =  4  et  7°  k  =  7). 

Au  delk  de  cee  ineidenoee,  lea  recompresaions  importantes  qui  se  produisent  dans  lu  re  id.  on  du  bord  do 
fuite  provoquent  une  disorganisation  du  dieollenent  qui  q agne  la  totaiiti  de  l'extradoa  de  I'aile 
lorsque  l'incidtuoe  orott. 
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Pig.  2  -  Schema  de  1 '  interfdrooetr* 


E  couleoent  &  l'extrudos 
d'une  aile  delta  (Cj>  =  751') 


A  JtrioBcopie 

B  Ec.mlenent  paridtal 

C  RApaitition  des  presaiorus 

d'an@t. 
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Pig.  4  -  Eooulement  &  l'extrados  d'une  oil*  delta  (  cp  =  75°) 

<r 

■ 

o 

A 

Vue  de  profll  (visualisation  par  ''missions  colordee). 

B 

Ecouloment  au  voislnage  de  l’eitradoe. 

Visualisation  par 

1-10* 

C 

Tranche  d’^coulement  transversals  situ^e 
au  bord  de  fuite  (axe  de  prise  de  vues 
parallels  ii  l’axe  de  la  maquette). 

bulles  d'air  en 
suspension 
(inns  l'eau. 

Eccrulement  &  X' extradoe 
d'une  ail*  dplts  ((|)  =•  75°) 


A  Strioeoopi# 

B  Eooulenent  parietal 

C  Repartition  dee 
pressione  d'&rT#t, 
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Pig.  16  -  Position  de  l'axe  du  tourbillon  dans  un  plan  transversal 
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.  17  -  Influence  de  l'incidence  sur  la  position  de  l'axe  du  tourbillon 


Fig.  18  -  Visualisation  d®  l'eooulenent  &  M0=  4  et  i  °  10° 
A  at  B  Striosoopi®,  C  Interf^rom^tri® 


Fig.  19  -  Visualisations  d«  l'ecoulenant  h  7  et  i  =  10° 
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Repartition  des  pressions  d'arrSt.  Pi*.  23  -  Repartition  den  presalons  d*arr#t 


24  -  Repartition  de  pression  etatique  suivant  l'enveiyure, 


Silaatene 


zone  marginals  porturMe 


-  Recherche  des  zoneB  ou  le  flui  thmcique  eat  mixL-rum  : 
visualisation  par  peinture  theinoeensible. 
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SUMMARY 


The  paper  Is  concerned  with  testing  a  number  of  laminar  boundary  layer  theories 
against  each  other  and  against  experiment.  In  the  course  of  this  work,  a  comprehensive 
set  of  exact  solutions  to  the  boundary  layer  equations  have  been  computed  using  the 
finite-difference  computer  programme  of  Sells  In  the  range  M  =  2-10,  with  and  without 
wall  cooling.  Part  two  is  concerned  with  testing  several  theories  against  experimental 
results.  The  theories  tested  are  those  of  Cheng  (strong  interaction),  Monaghan 
(correlation  technique)  the  Discontinuity/ Analogy  Method  of  Stroud  and  Miller  as 
extended  by  the  author,  and  the  method  of  Hankey  for  shock  wave-boundary  layer 
interactions  and  compression  corner  flows.  The  exact  computer  results  show  the 
errors  in  many  of  the  more  appropriate  methods  available  for  the  case  where 
Ue  »  U„(  1  -  X/L),  but  no  comparison  with  experiment  was  possible.  The  theories 
tested  in  Part  two  against  experimental  results  were  all  shown  to  be  inadequate, 
and  the  final  conclusion  is  that  no  theory  has  been  tested  sufficiently  to  warrant 
its  acceptance  as  a  prediction  method. 


Special  thanks  are  due  to  the  author's  supervisor,  Mr.  J.L.  Stollery,  for  his 
valuable  inspiration,  moral  support,  and  criticism  in  the  course  of  this  work;  thanks 
are  also  due  to  Dr.  C.C.L.  Sells  for  providing  a  copy  of  his  computer  programsie,  a.id 
for  subsequent  helpful  discussions. 
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HYPHtSONIC  LAMINAR  BOUNDARY  LAYER  CKOWTH 
IN  AN  ADVERSE  PRESSURE  GRADIENT 


by 

Henry  A.  Fltzhugh 


A  wide  variety  of  laminar  boundary  layer  thuorlea  have  been  published,  most 
of  which  have  the  ability  to  predict  behaviour  in  an  adverse  pressure  gradient. 

Few  of  these  theories  have  been  adequately  tested  and  the  main  aim  here  Is  to  compare 
various  theoretical  predictions  with  each  other  and,  where  possible,  with  experiment. 


Part  1  of  this  paper  contains  the  results  and  discussion  of  laminar  boundary 
layer  calculations  using  the  finite  difference  computer  programme  of  Sells  (1). 

Part  II  contains  predictions  from  four  other  theories,  namely  those  of  Monaghan  (5), 
Stroud  and  Miller  (10),  Cheng  (11),  and  llankey  (12),  and  some  comparisons  with  ex¬ 
perimental  data. 


Part  I 

Computer  Programme  experiments  on  the  hypersonic 
boundary  layer 

These  numerical  experiments  were  Intended  to  be  comprehensive  and  as  many  effects 
were  studied  as  possible.  Much  more  information  Is  given  than  In  previous  exact 
solutions,  Including  boundary  layer  profiles  and  the  displacement  thickness. 

The  computer  solutions  serve  two  purposes.  They  provide  a  standard  against  which 
the  various  approximate  theories  can  be  measured  and  they  indicate  trends.  Until  now, 
very  few  exact  solutions  have  been  published  for  the  supersonic  and  hypersonic  boundary 
layer  equations  with  wall  cooling. 

Sells'  (1)  computer  programme  solves  the  boundary  layer  momentum,  energy,  and 
continuity  equations  assuming  only  a  perfect  diatomic  gas  of  constant  Prandtl  number 
flowing  over  a  wall  of  constant  temperature.  The  lnvlscld  solution  over  the  body  in 
question  Is  specified  before  calculation  begins.  His  method  of  solution  of  two  coupled 
non-linear  partial  dlffercntal  equations  employs  an  Implicit  finite  difference  scheme 
and  a  technique  of  estimating  the  non-linear  terms.  The  resulting  non-homogenous 
linear  equations  are  solved  by  matrix  Inversion,  the  non-linear  terms  are  re-evaluated 
and  the  process  is  repeated  until  the  solution  conveys  to  within  some  pre-set  limit. 

The  programme  then  marches  downstream  utilising  the  parabolic  nature  of  the  equations. 
Sells  finds  that  results  are  accurate  to  four  places,  three  near  separation.  The 
programme  is  capable  of  integrating  close  to  separation  and  usually  fails  to  converge 
at  some  point  less  than  one  step  length  from  the  extra ;>olated  separation  point. 
Occasionally  the  programme  integrates  one  step  lengtli  beyond  separation,  but  errors 
In  calculation  using  a  reversed  flow  velocity  profile  are  thought  to  be  so  great  that 
convergence  cannot  be  obtained  any  further  downstream. 

The  programme  as  published  did  not  converge  at  Mach  numbers  above  four,  and  a 
great  deal  of  time  was  spent  trying  to  force  convergence  by  numerical  techniques  less 
accurate  than  those  originally  employed.  However,  It  was  later  realized  that  in  the 
scaled  variables  used  in  the  machine  code,  the  boundary  lavor  thickness  decreases 
with  Increasing  Mach  number,  which  is  the  opposite  trend  to  the  physical  growth. 

When  the  Input  parametors  were  adjusted  accordingly,  it  was  found  that  the  original 
programme  worked  perfectly  well  at  any  Mach,  number  up  to  the  limit  tested  i.e,  M  =  12, 

Cases  Studlod 

By  fer  the  most  common,  relevant  problem  reported  In  the  literature  is  the  growth 
of  a  laminar  boundary  layer  In  a  linearly  retarded  velocity  field,  i.»,  ua  =  u^(l  -  x/L) . 
Klorduchow  (2)  has  given  an  excellent  summary  of  the  results  of  such  calculations  avail¬ 
able  before  1965,  a  few  have  appeared  since  then.  The  method  of  Sells  has  now  been 
used  to  solve  the  same  problem  In  order  to  compare  ihe  results  with  those  reported 
previously. 
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The  body  shapes  that  generate  a  linearly  retarded  velocity  field  are  shown  In 
figures  band  lb  depending  on  whether  tangent  wedge  or  Prnndtl-Meyor  compression  Is 

assumed. 

In  the  solution  of  the  linearly  rotarded  velocity  distribution  the  body  contour 
varies  with  Mach  number.  Therefore,  in  order  to  see  trends  more  clearly  the  boundary 
layer  growth  over  a  circular  arc  of  unit  semi-circumference  was  calculated.  The  external 
(adverse)  pressure  gradient  was  determined  assuming  laentroplc  Prandtl-Meyer  compression. 

a  The  cases  studied  are  listed  In  tables  1,2,3.  The  properties  calculated  were 
6  /L  { Rx,  CfJTCx  and  S*  V  l*x  *rom  the  leading  edge  to  the  separation  point.  Velocity, 
stagnation  temperature,  and  static  temperature  profiles  are  shown  at  M  =  6  and  10,  for 
the  linearly  retarded  velocity  distribution,  cold  wall,  at  two  Prandtl  numbers. 

The  recovery  factor  was  assumed  to  bo  Fr  and  the  adiabatic  wall  temperature  is 
defined  by  2 

u 

t  =  r  ♦  Jp  —■ 

aw  "  1  r  2C 

P 

This  assumption  Is  correct  for  zero  pressure  gradient.  Its  validity  was  tested  for 
adverse  pressure  gradients  by  calculating  the  magnitude  of  the  heat  transfer  rate  In 
these  cases.  In  this  paper  solutions  labelled  adiabatic  wall  imply  Tw  =  Tr  =  Taw  aa 
defined  above  and  do  not  necessarily  imply  zero  heat  transfer.  Of  course,  if  Pr  -  1.0 
then  Tr  *  To^  and  the  heat  transfer  is  Identically  zero. 

Although  the  computer  programme  can  usr  the  Sutherland  viscosity  law,  all  calculations 
except  one  were  made  assuming  a  linear  varlutlon  of  viscosity  with  temperature.  The  use 
of  the  Sutherland  law  requires  the  sj>eclf icatlon  of  the  stagnation  temperature  Independently, 
and  this  is  too  much  of  a  restriction  to  put  on  an  otherwise  general  set  of  exact  solutions. 
However,  one  case  of  M  =  10,  Tw  =  T^,  Pr  =  .723,  and  To^  =  1000°K  was  calculated  using 
the  Sutherland  law. 

Comparisons  with  other  Keaulta 

For  the  linearly  retarded  velocity  distribution  with  zero  heat  transfer  at  Pr  =  1.0, 
the  present  computer  results  give  separation  points  at  x/L  =  .062,  .043,  .026,  for 
M  »  4,  6  and  10  rospec lively.  For  M  =  4,  Morduchow  (2)  lists  six  values  between  .060 
and  .063,  in  addition  to  .036,  .066,  .067.  Head  (3)  lists  values  of  .067,  .054,  .033, 

.036.  It  should  be  noted  that  the  NPL  "exacf  solution  value  of  .045  is  In  error,  the 
finite  difference  Integration  was  done  by  hand  and  carried  to  only  three  place  accuracy 
In  akin  friction.  For  M  =  6  Morduchow  lists  six  values  of  xa  between  .040  and  .03C, 
and  .037,  .037.  For  M  =  10,  Morduchow  gives  .020  and  .023,  In  addition  to  many  scattered 
outside  this  range.  For  the  case  M  =  4,  Pr  ■>  1.0,  Tw  =  T„,  the  computer  results  give 
(x/L)s  =  .203;  Morduchow  lists  three  values  between  .20  and  .23,  .25,  .173,  .177. 

Finally,  Terrill  (4)  gives  the  Incompressible  separation  point  on  a  cylinder  as  x/r  =  .91 
compared  with  the  computer  results  of  .920  for  the  same  Prandtl  number  l.e,  Pr  =  .70  and 
the  computer  result  is  .933  at  Pr  =  1.0. 

It  should  be  noted  that  all  of  the  above  separation  points  were  extrapolated  by 
taking  the  last  three  iwlnts  nrlor  to  separation  and  finding  the  power  of  n  to  make  C, 
linear  in((x/L)a  -  x/L)n.  It  Is  expected  (Morduchow  (2))  that  n  should  equal  0.5,  but 
it  was  found  always  to  be  slightly  larger. 

The  only  exact  non-slmllar  solution  known  to  this  author  prior  to  this  study  was 
that  for  M  =  4,  T„  =  T„,  Pr  =  1.0  and  =  U„(l  -  x/L).  Figure  2  shows  this  solution 
compared  with  our  own,  plus  three  approximate  methods. 

Results  from  Present  8tudy 

Tables  1,2,3  list  the  separation  point  positions  for  the  cases  mentioned  previously. 
Figure  3  shows  the  variation  of  (x/L)  for  the  linearly  retarded  velocity  distribution 
and  Includes  unpublished  data  of  Beadle  and  Sells  (as  referenced  In  Cooke  and  Mangier  (8)) 
together  with  the  predictions  of  Qadd  (9)  for  Pr  =  1.0.  The  figure  shows  that  increasing 
the  Prandtl  number  moves  the  separation  point  forward  markedly  for  the  case  ue  =  u^O-x/L). 
The  percentage  shift  defined  by  1  -  (x^q/x^jj),  is  greater  for  the  hot  wall  than  the 
cold  and  Increases  with  Mach  number,  whereas  the  percenteg  shift  levels  off  above  M  =  5 
for  the  cold  wall  cases.  However,  In  an  absolute  sense  the  separation  point  movement 
with  Prandtl  number  is  much  greater  In  the  cold  wall  ca<es. 

It  should  be  pointed  out  that  It  Is  wrong  to  conclude  that,  for  adiabatic  wall, 
increasing  Mach  number  moves  the  separation  point  upetream  because  In  this  example  of 
a  linearly  retarded  velocity  distribution  the  body  geometry  Is  changing  with  Mach  number. 
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Gadd  (9)  gives  an  upper  limit  on  (x/L)gas  M  tends  to  infinity  and  Tw  tends  to 
zero.  This  value  was  calculated  using  the  Cohen  and  Reshotko  method,  however,  the 
results  of  Beadle  and  Sella  mentioned  earlier,  indicate  tlrnt  for  Tw  =  0,  even  at  low  M, 
(x/L)g  is  greater  than  the  value  of  .34  given  by  Gadd,  and  the  results  lie  well  above 
Gedd's  curve  for  Tw  =  0,  Pr  =  1.0. 

Calculations  with  the  computer  programme  at  I  =  11,  12,  13,  14,  15,  with 
=  T„,  and  Pr  =  1.0  show  that  there  was  no  separation  at  all  above  M  =  12,  and  the 
separation  points  for  M  =  11,  12  are  far  above  the  asymptotic  limit  given  by  Gadd. 

No  amount  of  coaxing  could  make  the  solution  separate;  Cf  would  decrease  to  a  very 
small  value  and  then  rise  slowly.  The  locations  of  the  Cf  minimum  were  much  farther 
downstream  than  any  of  the  separation  points  calculated  for  lower  M. 

As  stated  earlier,  the  programme  can  calculate  ...th  either  the  Sutherland  law  or 
linear  viscosity  law.  The  one  case  run  at  T0oo  =  1000  K,  M  =  10,  Pr  =  0.725,  and 
Tw  -  T^,  is  shown  in  fig.  3  ani  table  3. 

Figures  4  and  5  show  the  non-dlmensionalized  boundary  layer  displacement  thickness 
for  the  linearly  retarded  velocity  distribution.  The  effect  of  Prandtl  number  can  be 
seen  to  increase  markedly  as  Mach  number  increases,  and  the  effect  of  cooling  can  be 
seen  by  comparing,  say,  the  M  =  10  curves  at  the  same  x/L.  The  boundary  layer  is 
thinned  dramatically  reaching  one  quarter  of  its  hot  wall  thickness  for  Tw  =  T  . 

The  boundary  layer  thinning  at  high  Mach  numbers  as  shown  in  figure  4  is  due  to  the 
fact  that  the  flow  proceeds  far  enough  downstream  so  that  the  local  density  is  high 
enough  to  cause  this  effect. 

Figures  6  and  7  show  the  distribution  of  Cf  for  the  linearly  retarded  velocity 
distribution  for  both  values  of  Pr,  and  for  hot  and  cold  walls.  Tlie  vast  difference 

in  numerical  value  of  Cf  Rx  and  the  difference  in  shape  of  the  distribution  near  the 

leading  edge  for  the  adiabatic  wall  case  are  easily  discernible.  The  reader  is  reminded 
of  the  great  difference  In  scale  between  figure  6  and  figure  7. 

Figure  8  shows  the  variation  of  Jtanton  number  for  the  linearly  retarded  velocity 
distribution.  The  curves  show  qualitatively  the  same  behaviour  as  the  corresponding 
trends  in  Cf  (Fig.  6)  but  St  never  approaches  zero,  and  inspection  of  figures  6  and  8 
together  show  that  Cf/Sf  starts  at  2.0  at  x/L  =  0  and  proceeds  Fmoothly  to  zero  at 
separation. 

The  linearly  retarded  velocity  distribution  was  also  calculated  for  M  =  0.5, 

Tw  =  0.5  To„  at  Pr  =  1.0  and  .70  in  order  to  compare  its  trends  with  a  previously 

solved  case  for  a  subsonic  cylinder,  i.e.  Ue  =  11^  (2  sin  x/r)  at  the  3ane  conditions, 

and  figure  9  shows  the  variation  in  Cf,  Sj  and  6  for  the  cylinder.  For  the  linearly 
retarded  velocity  distribution  a  higher  Prandtl  number  leads  to  lower  Stanton  number, 
lower  akin  friction,  higher  values  of  displacement  thickness  and  earlier  separation. 
However,  for  the  subsonic  cylinder  it  was  found  that  the  trends  in  Jtanton  number  and 
displacement  thickness  were  the  same  as  the  linearly  retarded  velocity  distribution, 
but  that  a  higher  Prandtl  number  gave  a  higher  skin  friction  and  later  sepura  tion. 

The  reversal  of  trends  is  probably  due  to  the  difference  in  pressure  gradients,  i.e. 
the  cylinder  produces  a  pressure  gradient  whicn  is  initially  favourable  and  later 
turns  adverse,  while  the  linearly  retarded  velocity  distribution  is  continuously 
adverse . 

Figures  10  and  11  show  at  M  =  o,  10  resi>ect  ively,  the  velocity,  stagnation 
temperature,  and  static  temperature  r of  lies  across  the  boundary  layer  for  Prandtl 
numbers  of  1.0  and  .725.  In  these  gr  phs,  separation  refers  to  the  lust  or-  file 
calculated  by  the  programme,  fhe  actual  separation  point  is  slihtly  farther  downstream. 
The  effect  of  Pr  Is  marked,  especially  on  the  static  temperature.  It  should  be  noted 
when  the  velocity  gradient  at  the  wall  approaches  zero,  the  sta  .union  and  stntic 
temperature  gradient  is  still  nonzero,  dear  separation,  tile  curves  for  corresponding 
values  of  x/L  cease  to  coincide  at  all,  because  one  flow  Is  much  nearer  separation  than 
the  other. 

Figure  12  shows  the  separation  points  on  the  circular  urc  for  cold  and  adiabatic 
walls.  The  separation  point  Is  very  insensitive  to  Mach  number  for  tuc  adiabatic  cases, 
but  moves  rearward  as  M  Increases  for  the  cold  wall  case.  flic  value  of  this  study  is 
that  the  circular  arc  is  of  constant  geometry  unlike  the  Ue  =  UaCl  -  x/L)  distribution 
and  shows  that  at  constant  Mach  number,  cooling  the  wall  delays  sc|xir.it  ion^  all  other 
parameters  remaining  constant.  Figures  13,  14,  15  show  the  variation  in  5  ,  Cf,  and 

St  for  the  circular  arc.  Again  dramatic  thinning  of  the  bound.. ry  1-ycr  with  cooling 
can  be  seen  in  figure  13,  where  the  difference  between  hut  ..ml  cold  wall  displacement 
thickness  can  be  as  much  as  a  factor  of  3.  I’iie  narked  thinning  of  liv  bo  iml.iry  layer 
as  it  proceeds  downstream  in  the  cold  wall  cases  is  also  evident.  file  curves  for  Cf 
and  Sf  show  again  that  Sf  does  not  approach  zero  as  Cf  docs. 
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If  we  compure  the  flows  at  the  same  Mach  number,  each  near  separation  (different 
x/L  therefore)  then  we  see  that  at  M  =  2  the  value  of  Rx  for  the  "adiabatic"  wall 
(not  graphed)  Is  about  30%  of  Its  cold  wall  (Tw  =  T„)  value,  while  the  figure  Is  3 %  ut 
Mach  10,  with  the  flow  at  4,6,8,  being  13%,  7%,  3%  respectively.  It  should  be  realized 
that  the  high  figure  at  low  Mach  numbers  is  partly  accounted  for  by  the  low  heat  transfer 
rate  even  at  cold  wall  conditions,  liven  with  Tw  =  T„,  l.e.  Tw  =  .444  Tq^,  the  wall  is  not 
very  cold  at  low  M. 

For  the  circular  arc  case,  at  M  =  2,  where  the  cold  wall  is  colder  (Tw  =  0.25  ToJ, 
tho  maximum  vulue  of  f»x  near  soparntlon  for  tho  adiabatic  case  is  about  20%  of  its 
corresponding  cold  wall  value.  From  the  above  examples  we  can  see  that  assuming  recovery 
factor  equal  to  is  a  better  assumption  at  high  Mach  number  than  at  low.  It  should 

be  remembered  that  the  above  conclusions  were  drawn  from  considerations  of  Sj  /~R^,  not 
from  St  alone. 

Figures  6,8,9,14,13  show  that  the  skin  friction  maximum  does  not  occur  at  the  same 
point  as  the  heat  trunafer  maximum,  thus  discrediting  the  often-made  assumption  that 
heat  transfer  and  skin  friction  behave  similarly,  although  not  necessarily  in  accord  with 
Reynolds  analogy.  Far  more  Important,  however,  is  the  fact  that  the  heat  transfer  is 
definitely  not  zero  at  the  separation  point.  Inspection  of  figures  6,9,15  show  that 
' J  Rx  cannot  logically  be  extrapolated  to  aero  at  the  sane  point  that  Cf  '/  Rx  can. 
Moreover,  on  tho  occasions  when  the  computer  programme  managed  to  converge  beyond 
separation,  the  heat  transfer  was  definitely  positive  and  only  slightly  reduced  from 
its  separation  point  value,  even  though  Cf  was  negative. 

To  conclude  this  part,  it  is  felt  that  the  above  results  form  a  set  of  solutions 
which  provide  n  comparison  for  future  approximate  methods,  as  woll  as  indicating  the  trends 
of  separation  point  with  wall  temperature  and  Mach  numbers. 


M  T„  -  Tfc  Tw  =  T„ 


Pr  =  1.0 

Pr  =  .725 

Pr  =  1.0 

Pr  =  .725 

2 

.091 

.096 

.141 

.143 

4 

.062 

.073 

.204 

.232 

6 

.043 

.055 

.262 

.325 

8 

.029 

.039 

.324 

.372 

10 

.026 

.036 

.331 

.405  (.383) 

11 

- 

- 

.360 

- 

12 

- 

- 

.363 

- 

13,14,15 

- 

- 

No  Separation 

- 

Table  1.  Separation  points  for  U  =  U„(l  -  x/L),  linear  viscosity  law. 
(Sutherland  Law  T0>o  =  1000°K,  Pf  =  .725) 


M 

2 

4 

6 

8 

10 


Tw  =*  0.23  T0^ 

II 

.096 

.046 

not  calculated 

not  calculated 

.24* 

.072 

.27* 

not  calculated 

.28  ' 

,080  • 

Table  2.  Separation  points  for  circular  arc,  Pr  =  0.725,  Linear  viscosity  law. 

These  values  accurate  only  to  t5%,  due  to  the  step  length  used. 


(x/L) 8 


P  =  1.0  .935 

r 

Pr  =  .70  .920 

Table  3.  Separation  (mints  for  cylinder,  Ue  =  2U„  sin  x/r;  Tw  -  0.5  Tc^,  M  =  0.5, 
Linear  viscosity  law. 


Part  II 


Comjwrlson  of  four  boundary  layer  methods  with  experiment 


Hie  methods  listed  it*  the  lotrodui't ion  are  each  felt  to  include  the  highest  state 
oi  development  alon  .  a  particular  line  ol  attack.  The  methods  of  Monaghan  (5)  and 
Stroud  and  Miller  (10)  predict  heat  tr  :»:sftr  as  well  as  skin  friction  and  boundary  layer 
thickness*  The  method  uf  llankcy  and  Cross  (12)  predicts  pressure,  and,  although  not 
strictly  applicable  to  flows  with  pressure  gradient,  the  method  of  Cheng  et  al  (11) 
predicts  pressure  as  well  as  heat  ti  msfer. 

Mona, '.linn's  metfnxl  l*  -he  last  in  a  series  of  momentum  integral  correlation 
techniques,  which  descended  through  loh.*n  and  Kenhotko  (G)  and  Luxton  ard  Young  (7), 
rhose  technique;,  depo:  on  i:  riel  .  t  i  ■  >n  of  known  exart  solutions  to  the  boundary  layer 
equations,  led  on  u:.ia»  t  Ii  »  inure !  a  t  ions  lor  v*ner.»l  problems. 

Monaghan  reiluc-'s  the  uoundary  layer  equations  to  a  lorn  where  they  can  bo  integrated 
stepwise  downs t rean.  provided  liu.t  .;or.vo  relationship  can  lx,*  iound  between  the  first  and 
second  derivative,  *ith  y,  of  the  velocity  at  the  wall,  iie  achieves  this  by  using  tho 
i neonpress l ble  correlation  of  fhwaites,  having  previously  used  a  transformation  to  the 
incompressible  plane.  It  was  decided  to  apply  Mouaghun's  method  to  the  attached  flow 
over  a  compression  corner  which  bed  been  '  faired  in"  in  order  to  produce  a  smooth  ^n- 
viscid  lach  number  distribution.  From  other  exj>erincntal  evidence  on  this  type  of  flow 
we  wot i id  expect  the  lieut  transfer  rate  to  drop  slightly,  relative  to  a  flat  plate,  near 
the  corner,  and  then  to  rise.  however,  at  M  =8,  it  can  be  seen  in  figure  16  that  the 
heat  transfer  rati*  rises  immediately-  It  should  also  be  said  that  in  order  to  perform 
this  calculation  at  all,  if  was  necessary  to  extrapolate  the  relevant  curves  in  Monaghan's 
report,  an  extrapolation  that,  due  to  the  nature  of  the  curves,  is  difficult  to  do  with 
confidence. 

llankcy  and  Cross  (12)  have  proposed  a  momentum  integral  technique  which  reduces 
"  problem  of  the  boundary  layer  equations  in  a  compression  corner  or  shock  wave/ 

Jury  layer  Interaction  to  the  solution  of  a  second  order  linear  ordinary  differential 
atlon  with  constant  coefficients.  I’he  energy  equution  is  not  Included,  nor  is  it 
IK)y;ible  to  predict  heat  transfer  by  this  method.  llankey  and  Cross  assume  that 
doj  /dx»  dBj/dx  and  t*l’l/dx  and  that  II  =  /»!  varies  linearly  with  8*  dM/dx.  Figure  17 

compares  predictions  by  this  method  with  experimental  data  obtained  by  Lewis  et  al  (13)  on 
a  compression  corner  .it  M  =  6.06  and  a  shock  wnve/boundnry  layer  Interaction  Needham 
(14).  llankcy' s  method  automatically  gives  the  right  final  pressure  rise,  dictated  by 
inviscid  flow  considerations,  and  the  quantities  left  to  calculate  are  the  value  of 
the  pressure  plateau  and  the  length  of  the  total  interaction.  In  both  examples  the 
estimates  are  poor,  the  plateau  region  is  too  high  and  the  interaction  as  calculated 
is  much  longer  than  experiments  show.  One  of  the  difficulties  is  that  Hankey's  method 
calculates  Mach  numbers  while  experiments  give  pressures.  At  M  =  6,  a  10%  error  in  M 
gives  a  lOOV#  error  in  pressure;  we  are  not  surprised  that  this  effect  lessens  the 
accuracy  of  this  method  at  high  M.  The  author  would  like  to  acknowledge  Hankey's 
excellent  and  comprehensive  private  communication  with  respect  to  the  above  examples. 

The  method  of  Stroud  and  Miller  was  originally  set  forth  for  treatment  of  turbulent 
boundary  layers,  but  has  been  extended  by  the  present  author  to  cover  laminar  flows 
as  well.  This  method  Is  of  interest  because  it  can  cope  with  any  effect  likely  to 
happen  in  a  boundary  layer,  including  normal  pressure  gradients  and  non-uniform  wall 
tenjx-T  \  tare.  The  provisions  for  treating  normal  pressure  gradients  were  not  used  in 
any  calculations  for  tnls  paper  and  will  not  be  discussed  here.  This  method  is  known 
as  the  discontinuity  analogy  because  it  assumes  that  the  Mach  number  distribution  can 
be  broken  dowi  into  u  series  of  constant  Mach  number  elements  (flat  plates)  with  dis¬ 
continuities  connecting  adjacent  elements.  Flat  plate  relationships,  either  laminar  or 
turbulent,  are  used  along  the  constant  ’tach  number  elements.  Mass,  momentum,  and  energy 
are  conserved  across  the  discontinuities,  and  thus  the  calculation  procedure  is  to  march 
along  alternating  flat  plnte  regions  and  discontinuities. 

Figure  18  compares  our  exact  solution  at  M  =  4,  Ue  =  Utt(l  ”  x/L)  and  T^  =  with 
the  prediction  of  the  discontinuity  analogy.  The  performance  of  the  latter  is  dis¬ 
appointing.  Moreover,  tests  at  other  Mach  number  showed  that  this  formulation  always 
thinned  the  boundary  layer  In  an  adverse  pressure  gradient  at  any  Mach  number. 

Experimental  evidence  and  the  results  of  the  previous  section  show  that  this  effect 
occurs  only  ubuve  about  M  =  5,  depending  on  the  pressure  gradient,  of  course.  The  dis¬ 
con  tlnui  ty/aruil«»gy  is  more  sensitive  to  pressure  gradient  than  anything  else,  and  cannot 
be  relied  upon  oven  in  the  range  M  =  6-10,  where  it  does  prpdict  the  correct  trends. 
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The  Cheng  theory  applies  to  flat  plates  at  incidence,  either  positive  or  negative, 
in  the  strong  interaction  re-time.  The  author  has  carried  out  ex|)eriments  at  M  =  15.1  on 
a  power-law  concave  body  given  by  Y  -  X^/150,  in  Inches,  mated  to  n  wedge  of  slope  28°, 
so  that  the  total  turning  angle  from  the  sharp  ltmding  edge  was  28°  at  X  =  5.f.  This 
model  was  Instrumented  with  film  gauges  for  heat  transfer  measurement  and  was  inclined 
so  that  the  leading  edge  wns  at  -6°  incidence  in  order  to  ensure  that  the  leading  edge 
shock  did  not  impinge  on  the  rear  of  the  model  and  ^6  =  14  at  X  =  l". 

Inspection  of  Cheng's  assumptions  concerning  small  deflections,  slenderness,  etc. 
show  that  none  of  the  assumptions  of  the  theory  lias  been  violated  except  one:  tho  inviscid 
flow  has  a  pressure  gradient  over  the  above  cubic  surface,  and  is  not  u  flat  plate  flow 
os  assumed  by  the  theory.  Still  it  will  be  informative  to  compare  our  results  against 
this  theory,  as  in  figures  19  and  20  where  the  exper imcntal  heat  transfer  is  plotted 
against  the  appropriate  correlation  parameters  of  Cheng's  theory.  Near  the  leading  edge, 
the  agreement  is  quite  good;  in  fact,  the  Cheng  theory  predict?  the  heat  transfer  correctly 
up  to  X  ■  3.5",  where  the  body  has  already  turned  through  some  14°.  However,  from  there  on 
the  theory  predict  heat  transfer  which  is  far  too  high  (not  shown).  Moreover,  it  was 
found  that  when  the  boundary  layer  reached  the  wedge  di scribed  above,  the  heat  transfer 
went  on  rising  dramatically,  even  though  the  inviscid  pressure  gradient  ceased.  Sc.licren 
photographs  showed  that  the  boundary  layer  went  through  a  neck  rc  ion  thereafter,  and  this 
points  to  the  reason  for  Increased  heat  transfor.  No  theory  can  account  for  this  as  yet. 
Unfortunately,  the  Cheng  flat  plate  theory  cannot  account  for  this  delayed  thinning  of 
the  boundary  layer,  nor  for  the  fact  that  the  flow  is  near  separation,  nlthoudi  it  never 
separates.  The  above  discussion  will  be  clearer  if  reference  is  made  to  figure  21,  which 
is  partly  a  drawing  of  a  schlleren  photograph  of  the  above  model  and  flow  pattern. 

Concluding  Remar'  „ 

All  of  the  above  comparisons  point  to  a  rather  bleak  picture  -  It  appears  that  none 
of  the  theories  tested  can  predict  boundary  layer  growth  in  an  arbitrary  adverse  pressure 
gradient  or  In  tho  strong  interaction  regime.  Moreover,  there  is  n  t  enough  laminar  data 
in  the  range  M  =  2-10  with  heat  transfer  to  afford  a  direct  test  of,  say,  the  computer 
programme  of  Part  I.  It  has  been  shown  that  this  computer  programme  a  trees  well  with 
many  other  theories,  there  is  no  doubt  that  the  solutions  presented  are  solutions  to  the 
boundary  layer  equations.  However,  whether  that  programme  will  predict  results  whicli 
agre  >  with  exjierimcnt  is  another  question.  Until  it  Is  resolved  positively,  there  seems 
to  be  no  theory  available  for  the  hypersonic  laminar  boundary  layer  which  can  be  used  with 
any  degree  of  confidence. 
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LINEAR  VISCOSITY  LAW 


Heat  transfer  for  the  linearly  Figure  9  Displacement  thickness,  skin 

retarded  velocity  distribution.  friction,  and  heat  transfer 

for  a  cooled  cylinder. 
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Separation  points  on  a  circular 
arc  for  adiabatic  and  cold 
walls. 


Figure  13  Displacement  t  ilcknese  on  the 
circular  arc  for  adiabatic  and 
cold  walls. 


Figure  19  Heat  transfer  on  the  circular 

arc  for  adiabatic  and  cold  walls 


Id  Skin  friction  on  the  circular 
arc  for  adiabatic  and  cold 
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Figure  16  Heat  transfer  prediction  of 

Monaghan's  method  on  a  smoothed- 
ln  ramp. 


EXPERIMENTS  OF  LEWIS.  ET  AL 
M  =  6  06 

LAMINAR.  WEDGE  COMPRESSION 
CORNER  ADIABATIC  WALL 
R_  =0  30*10* 

r«c 


Figure  17  Pressure  predictions  of  Hanksy's 
method  for  a  compression  corner 
and  a  a  hock-wave/boundary  layer 
Interaction. 
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Figure  18  Comparison  of  present  study 

and  dlscontlnulty/analogy  for 
a  linearly  retarded  velocity 
distribution. 


transfer  r«t  btu/sstt/stc 


Figure  19  Heat  transfer  attiureatnU  on 

cubic  surface  compared  to  Chen*' ■ 
theory  for  fist  plates  at  positive 
and  negative  Incidence. 


Figure  20  Heat  transfer  measurements  on 

cubic  surface  compared  to  Cheng's 
theory  evaluated  at  local  lnvlscid 
conditions. 
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Figure  21 

Heat  train fer  Measurements  on 
cubic  surface  and  Cheng's  theory 
for  flat  plate  at  Incidence* 
Drawing  of  schlieren  photograph 
of  flow  1*  shown  above* 
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SUMMARY 


A  physical  model  and  a  simplified  analysis  applicable  to  three-dimensional  hypersonic 
laminar  boundary  layers  with  large  cross  flow  are  presented.  It  Is  shown  that  the  boundary 
layers  In  question  can  be  divided  Into  two  regions,  namely:  1)  an  outer  region  where  the 
local  density  and  momentum  flux  per  unit  area  are  comparable  to  those  In  the  inviscid  stream 
while  the  cross  flow  la  negligible;  2)  an  inner  region,  comprising  the  major  portion  of  the 
boundary  layer,  where  the  local  density  and  momentum  flux  per  unit  area  are  very  small  (compared 
to  those  In  the  lnvlscld  flow),  the  cross  flew  is  Important,  and  the  state  of  motion  Is  controlled 
by  the  viscous  forces.  The  flow  In  the  inner  region  Is  Couette-like  In  the  streamwlse  direction 
and  Polseullle-llke  in  the  direction  normal  to  the  streamlines  of  the  lnvlscld  flow;  the  velocity 
and  enthalpy  profiles  there  are  governed  by  ordinary  different  lal  equations  with  solutions  that 
depend  parametrically  on  the  local  pressure  gradients,  the  local  geometry  of  the  lnvlscld  flow 
streamlines,  the  local  wall  temperature  ratio  and  the  local  thickness  of  the  boundary  layer. 

The  only  unknown  parameter,  the  boundary  layer  thickness,  can  be  determined  either  by  matching 
the  solutions  In  the  two  regions  or  by  Integral  momentum  considerations  employing  the  afore¬ 
mentioned  "exact"  profiles  for  the  Inner  region.  A  preliminary  assessment  of  the  integral 
method  for  a  two-dimensional  flaw  Indicates  good  agreement  between  theory  and  experiments. 


VISCOUS  HYPERSONIC  FLOW  PAST  SLENDER 
BODIES  AT  INCIDENCE 


2  S  - 1 


Roberto  V.iglio-Laurin 


1 .  INTRODUCTION 

Recent  studies^  have  indicated  that  thigh  altitude  aerodynamics  has  important  effects  on 
lifting  reentry  performance.  The  degradation  of  aerodynamic  characteristics  at  low  flight 
Reynolds  number  (viz.  Re^  '•  2  x  10  ,  for  a  slender  body)  results  in  appreciable  reouctlons  of 
lateral  and  longitudinal  range.  Performance  (i.e.  lateral  range)  and  flight  program  (i.e. 
longitudinal  range)  exhibit  different  trends  of  dependence  upon  degraded  characteristics;  hence, 
realistic  i.  “Sion  analyses  require  detailed  consideration  of  high  altitude  aerodynamics. 


The  conditions  of  interest  are  characterized  by  values  of  the  hypersonic  viscous  parameter 
v  2  10"  ,  where  v  -  K^C/Re  )’,  M  being  the  flight  Mach  number,  C  the  Chapman-Rubesin  constant, 
and  Re  .the  Reynolds  number  based  on  freestream  conditions  and  wetted  length  L.  Theoretical 
analysis  of  the  flow  field  becomes  increasingly  complex  as  v  >  10  .  A  fundamental  understanding 
of  the  flow  patterns  and  a  quantitative  determination  of  viscous  ^ffects  has  been  obtained  only  for 
simple  two-dimensljijal  (wedges)  and  axisymnctric  (  ;  i r  ulur  l  ones  .  r- ^ewer  bodie^conf igurat  tons  in  the 
Interaction  regime  .  The  more  complex  three-dimensional  flow  fields  of  practical  interest  have 
received  limited  theoretical  consideration. 


Theoretical  analyses  of  hypersonic  viscous  interactions  for  two-< 
show  that  maximum  'ift/drag  ratio  is  attained  at  large  angles  of  attac 
interaction  prevalies  over  a  major  portion  of  the  windward  surface  o£ 
considerations  fer  three-dimensional  bodies  indicate  a  similar  trend  ; 
performance  is  attained  at  large  Incidences,  e.g.  t  -25°  for  v  or  .2 
strongly  three-dimensional  flows.  Under  conditions  of  large  incidence 
Mach  number  the  laminar  bo^njiary  layer  tends  to  develop  a  large  cross 
local  lnviscid  streamlines  ’  ;  analysis  of  the  flow  then  becomes  quite 
of  three-dimensional  hypersonic  boundary  layers  have  sought  simiplific 
by  confining  attention  to  similar  flows  in  the  ne ighborhood  of  symmef. 
the  assumption  of  small  cross  flow7  which  is  strictly  applicable  only 
flows  over  highly  coo.ed  surfaces^-  . 


dimensional  sharp  wedges 

k,  <  ar  v  ,  ,  such  that  weak 
*  00  L  ’ 

tne  atrfcll.  Approximate 
again  optimum  aerodynamic 
5,  with  attendant 
and  large  local  external 
flow  relative  to  the 
complex.  Previous  studies 
ation  of  the  problem  either 
ry  planes4  or  by  introducing 
for  moderate  Mach  number 


In  the  present  paper  the  general  problem  is  approached  by  jet  another  point  of  view.  A 
simplified  physical  and  mathematical  model  is  constructed  by  dividing  the  boundary  layer  into  two 
regions,  namely:  1;  a  thin  outer  region  of  negligile  cross  flow  where  the  fluid  velocity  is  nearly 
the  same  as  the  external  velocity  and  the  density  is  comparable  to  the  external  density;  2)  an  inner 
region  where  the  cross  flow  can  be  appreciable  but  the  inertia  forces  are  small  compared  to  the 
viscous  forces.  The  subdivision  into  two  regions  has  been  used  previously  in  connection  with  two- 
dimensional  problems,  viz.  Stewartson's  studylO  of  the  strong-interaction  region  in  viscous  hyper¬ 
sonic  flow  past  a  slender  circular  cone  and  Clauert  and  Lighthill's  analysis!!  of  the  axial  viscous 
flow  over  a  long  circular  cylinder;  however,  the  application  to  three-dimensional  hypersonic  boundary 
layers  has  not  been  exploited. 


The  paper  presents  a  heuristic  derivation  of  the  phv-;ical  and  mathe.atical  models.  Physical 
considerations  are  submitted  first  (Section  2).  Subsequently  th_  simplified  analytical  statements 
valid  in  the  two  regions  .re  set  for:h  and  the  determination  of  matched  solutions  is  discussed;  also 
an  approximate  method  of  solution  is  outlined  employing  integral  method  considerations  in  conjunction 
with  the"exact"  profiles  appropriate  to  the  inner  region  tSectloi  3).  Finally  a  preliminary 
assessment  of  the  integral  method  is  presented  in  connection  with  the  viscous  Interaction  problem 
over  an  Insulated  flat  plate  (Section  A). 


2.  THE  HYPERSONiC  LAMINAR  BOUNDARY  LAYER 

6  9 

It  is  well  !  lown  '  that  two-dimensional  hypersonic  laminar  boundary  layers  exhibit  the  following 
characteristics  (Fig.l  ):  1)  a  thin  outer  region,  adjacent  to  the  edge,  where  the  density  and  the 
momentum  flux  per  unit  area  rapidly  decrease  from  their  lovltcld  stream  values  while  the  strearawlse 
velocity  remains  essentially  undisturbed;  2)  an  inner  region,  which  encompasses  the  rajor  portion 
of  the  boundary  layer,  where  the  local  density  and  momentum  flux  per  unit  area  are  much  smaller 
than  the  density  and  the  momentum  flux  per  unit  area  in  the  lnviscid  stream. 

Associated  with  these  features,  forcibly  demonstrated  also  b>  experiments  (Fig.  2),  are 
a  particular  physical  model  of  the  boundary  layer  flow  and  a  consistent  simplified  analytical 
desrrlptlon.  On  physical  grounds  it  is  apparent  that  the  high  density  fluid  in  the  outer  region 
plays  the  role  of  an  equivalent  solid  plate  with  rasped  to  the  low  density  fluid  in  the  inner 
region.  The  equivalent  plate,  which  moves  parallel  to  the  actual  body  surface  at  '.he  lnviscid 
flow  velocity,  drags  the  low-density,  low-inertia  gas  into  a  Couette  flow.  This  p.ysical  model 
is  substantiated  by  determination  of  reduced  equations  and  matched  solutions  valid  in  the  two 
regions!*!;  in  the  inner  region  the  inertia  terras  raav  b?  neglected  compared  to  the  viscous  terms  and 
the  Couette-like  behavior  of  the  flow  is  confirmed. 
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Obvlouily  three-dimensional  hypersonic  laminar  btxindary  layers  alsc  exhibit  twc  regions 
character  lied  by  momentum  fluxes  per  unit  area  of  different  order  o;  magnitude.  The  three- 
dimensional  behavior  becomes  readily  apparent  if  the  flow  Is  viewed  in  a  system  of  orthogonal 
curvilinear  coordinates  (x^,x.^  px^)  having  the  surrace  x^  »  0  coincident  with  the  outer  surface  of  the 

boundary  layer*  and  the  lines  (x^  *  constant,  x^  -  0)  coincident  with  the  streamlines  of  the  inviscld 

(lew.  In  this  frame  of  reference  the  cuter  region  malntalrs  the  role  of  an  equivalent  solid  plate 
moving  parallel  to  the  surface  of  the  body  with  velocity  v^e  In  the  x^-direction;  the  cross  flow  In 

thin  region  Is  small  because  a)  tne  momentum  flux  per  unit  area  is  comparable  iu  time  in 
the  free  stream  and  b)  the  thickness  of  the  region  itself  is  small  compere'*  to  the  overall  boundary 
layer  thickness.  The  fluid  In  the  Inner  region  moves  under  the  simultaneous  action  of  the  equivalent 
outer  plate,  of  the  actual  wall  and  of  the  transversal  pressure  gradient  dp/cbc^i  because  of  the  low 

denaity  and  Inertia  of  this  fluid  the  motion  la  dominated  hy  the  viscous  forces  a»d,  therefore,  is 
Couette-like  In  the  x^-dlrectlon  (oi  the  inviscld  streamlines)  ~  i:ei>tlle-llk»  in  the  x, -direction 
(orthogonal  to  the  Inviscld  streamlines,  see  Fig.  3). 

Qualitative  corroboration  of  the  three-dimensional  model  is  obtained  by  Inspection  of  the 
velocity  profiles  for  "exact"  aolutiona,  a.g.  the  similar  solutions  for  the  boundary  layer  near  a 
plane  of  aysmetry^.  If  a  sketch  of  the  equivalent  solid  plate  is  superposed  on  typical  profiles  of 
this  fmmlly,the  Couette-  ard  Polseul .'ierr  in  the  Inner  region  are  quite  apparent.  Also 
apparent  are  the  boundary  conditions  for  the  Inner  flow;  in  accord  with  the  physical  model  one  requires 
no  slip  relative  to  the  body  surface  (x  ■  -®*«d  td  theequivalent  outer  plate  (x^  «  0),  which  moves 

with  velocity  v,  It  shoulu  be  noted  that  the  profiles  in  Fig.  4  are  plotted  versus  the  Howarth- 

le 

transformed  variable  T]i  Inver--  transformation  to  physical  coordinates  would  shrink  dramatically 
the  thickness  of  the  outer  ret  JR,  again  In  accord  with  the  proposed  model. 

The  aforenoted  physical  i  cnslderat  Iona  provide  straightforward  guidelines  for  deriving  a 
simplified  mathematical  stateme  ’  of  the  problem;  this  is  discussed  in  the  following  section. 


3.  THE  MATHEMATICAL  STATEMENT 

With  a  view  toward  the  analyses  of  three-dimensional  problems  encompassing  the  complete  Bpectrum 
from  »trong-to,  veak-to,  negligible-  interaction,  the  governing  equations  are  stated  here  In  a  form 
that  fully  accounts  for  transverse  curWttre  effects.  Simultaneous  consideration  of  regions  of 
•trong-  and  weak-  Interaction  Is  often  required  In  the  analysis  of  viscous  hypersonic  flows  past 
slender  bodies  at  Incidence;  the  typical  example  of  »  41  flow  over  a  3*  half-angle  circular  cone 

at  10*  incidence  (Fig.  5)  clearly  exhibits  weak  Interaction  on  the  windward  side  and  strong  Inter¬ 
action  on  the  leeward  side.  Under  such  conditions  the  metric  elements  (e^e^e^)  associated  with 

the  streamline-fixed  orthogonal  curvilinear  coordinate  system  defined  in  the  previous  section  are 
functions  of  all  three  sp>ce  variables.  The  appropriate  form  of  the  boundary  layer  equations  for 
a  perfect  gas  follows  lnsnedlately  from  the  derivation  outlined  In  Ref,  6. 
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where  (i  «  1,2,3)  denotes  the  curvilinear  coordinates,  e^  the  associated  metric  elements,  the 

associated  components  of  velocity,  p  the  density,  u  the  viscosity,  h  the  enthalpy,  H  the  stagnation 
enthalpy,  Pr  the  Prandtl  nimber,  and  the  subscript  e  identifies  properties  of  the  lnvlscid  flow. 
Associated  with  the  Eqs.  (1)  through  (5)  are  the  boundary  conditions  (for  impermeable  wall) 
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ihf  possibility  of  furthersimpilfying  the  equations  (1)  through  (5)  into  forms  appropriate  to 
the  different  regions  of  the  boundary  layer  must  now  be  assessed.  The  effort  is  warranted  if, 
ultimately,  the  solutions  of  the  approximate  equations  valid  in  the  different  regions  can  be 
matched  consistently  to  provide  a  complete  description  of  the  overall  boundary  layer.  Thus, the 
consistency  proof  can  only  be  obtained  a  posteriori. 

According  to  the  physical  model  discussed  in  Section  2  the  outer  region  is  characterized  by 
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The  consistency  of  the  small  cross  flow  assumption  is  verified  by  substitution  of  (7)  into  (3) 
and  order  of  magnitude  analysis.  The  governing  equations  can  then  be  reduced  to  the  form 
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for  the  streetwise  velocity,  the  density  and  the  enthalpy.  The  (small)  cross  flow  velocity  is 
determined  subsequently  from  the  equation 
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The  boundary  condition*  for  equations  (8)  through  (11)  are 
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with  r|  a  Levy-Lees- like  variable  (except  for  the  density  transformation)  defined  by 
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The  boundary  conditions  for  the  cross  flow  equation  (12)  are 
^  "*  ®  ’  v2  (v,  Vinner 
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The  equations  (8)  through  (12)  can  further  be  reduced  to  ordinary  differential  equations  If  local 
similarity  Is  assumed  valid;  within  these  limits  typical  solutions  cun  be  determined  and  their 
matching  with  the  inner  solutions  can  be  tested. 

In  the  Inner  region  the  momentum  flux  per  unit  area  becomes  very  small  and  the  viscosity 
very  large,  viz,  p(v^  +  '7)/Pev^e  <<:  3  and  u/u^  »  1.  If  the  rateB  of  convergence  (divergence) 

of  the  streamlines  (be^/bx^)  and  (dcj/dx^)  are  0(1)  the  viscous  terms  then  dominate  In 

equations  (2)*  and  (4)  while  the  viscous  and  pressure  gradient  terms  dominate  In  equation  (3), 
However,  If  the  particular  lnvlacld  flow  pattern  Is  characterized  by  (be^/bx^),  (l,j  -  1,2), 

with  magnitude  comparable  to  the  density  ratio  (Pg/P)£nner,  the  Coriolis  terms  must  be  retained 

In  the  momentum  equations.  With  allowance  for  inviscid  flow  patterns  having  strongly  converging 
(or  diverging)  streamlines,  the  equations  for  the  inner  region  take  the  form 


d  /  *1  \  /  *1  <*2  \ 

77377  W2  77377J ■  pv2  W  377  -  v2  377 ) 

b  (  ^2  \  /  2  (  ^1  Se2\ 

773x7  v  ie2  T&TJ  -  ipvi  377i  ’  ■  pvi\vi  577  '  v2  377J 


(bH  l-Pr 

ie2  CT7 r  — 


P_  h 


2  2 
V1  +  v2 

h  +  - r - -  H  J 


with  the  boundary  conditions 
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*Th,  pressure  gradient  term  In  equation  (2)  can  be  neglected  because  at  hypersonic  velocities,  the 
derivative  (bv±e/bxi)  Is  small. 
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If  the  quantities  (de  /dx.)  are  small  compared  to  (e  / 0 }  the  rlghthand  sides  ot  equations  (16)  and 
(17)  can  be  set  to  zero.  ^Among  the  other  cases  it  l£  of  interest  to  note  those  characterized  by 
(de-/dx.)  negative  with  magnitude  comparable  tc  (p  /p)  ;  equation  (17)  has  then  harmonic  character  and 

1  1  7  e 

may  exhibit  oscillatory  solutions  for  the  cross  flow  velocity  v, . 


The  equations  (16)  through  (18)  are  ordinary  differential  equations;  hence,  the  flow  In  the 
Inner  region  satisfies  a  form  of  local  similarity.  The  history  of  the  boundary  layer  manifests  Itself 
parametrically  through  the  thickness  of  the  Inner  region,  viz.  the  coordinate  x,  of  the  wall,  which 
Is  unknown  a  priori  and  must  be  determined  by  notching  of  Inner  and  outer  solutions. 


As  noted  above  the  matching  process  also  provides  the  ultimate  test  of  the  proposed  two-layer 
model.  Obviously  the  test  Is  most  conveniently  carried  out  for  self-preserving  flows  where  the  motion 
In  the  outer  region  is  also  governed  by  ordinary  differential  equations.  A  successful  example  of 
matching  In  a  two-dimensional  flow  Is  provided  by  Stewartson's  solution  for  the  strong-interaction 
region  near  the  tip  of  a  slender  cone^;  a  straightforward  extension  of  Stewartson's  results  Rives  as 
a  second  example  the  strong-interaction  region  on  a  flat  plate  with  a  sharp  leading  edge.  A  com¬ 
parable  test  for  three-dimensional  problems  consists  In  applying  the  method  of  this  paper  to  reproduce 
the  solutions  of  Ref.  A  for  boundary  layers  near  a  symmetry  plane;  this  Investigation  is  currently 
underway. 


If  the  boundary  layer  flow  Is  not  sel  (-preserving  the  determination  of  Cue  outel  solution  and 
Its  matching  with  the  Inner  solution  become  somewhat  laborious.  The  assumption  of  local  similarity 
would  provide  some  slmpliflcat  ion ;  however,  its  range  of  applicability  for  three-dimensional  problems 
remains  to  be  demonstrated  by  comparison  with  either  experiment  or  careful  numerical  solutions  of 
the  full  equations.  An  alternative  Is  provided  by  an  integral  method  approach,  viz.  an  extension  of 
the  method  successfully  employed  by  Glauert  and  Lighthlll^  In  the  study  of  two-dimensional  boundary 
layers  over  very  slender  bodies*.  For  the  class  of  boundary  layers  Investigated  by  those  authors, 
as  well  as  for  the  hypersonic  boundary  layers  considered  here,  the  momentum  defect  is  concentrated  in 
the  inner  region;  accordingly,  integral  method  considerations  based  on  the  "exact"  profiles  determined 
by  Integration  of  the  equations  for  the  Inner  region  (with  the  thickness  5  *  -x.  as  parameter) 

lead  to  accurate  results,  e.g.  /lthin  157.  for  the  p.oblem  of  Ref.  11. 

In  Integral  method  analyses  of  three-dine  nsional  boundary  layers  with  heat  transfer  and 
Pr  4  1  thr-»e  thicknesses  must  be  considered,  viz.  6j  for  the  streamwlse  motion,  S2  f°r  the  croSB  flew 

and  fljj  (or  the  energy,  If  Pr  •  1  and  the  streanwise  pressure  gradient  and  Coriolis  accelerations  are 
negligible,  may  be  set  equal  to  for  these  conditions  two  partial  differential  equations  in  6 ^ 
and  (>2  aie  readily  obtained  by  applying  Integral  considerations  to  the  x^-  and  x^-  momentum  equations 
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^Stewartson^®  has  previously  suggested  such  extenttor.  for  two-dimensional  Interaction  problems 
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Th«  tern*  at  the  « lghthand  aloe  ■'f  (21)  represent  the  effect  of  the  cross  flow  on  the  streamwlse 
■omentum  balance. 

Equations  (21)  and  (22)  can  be  Integrated  upon  stipulation  of  appropriate  Initial  conditions, 
a.g.  J.  given  on  (x.  -  x}0' ,  0  a  x,  2  l) ,  and  of  boundary  conditions, e.g.  (dfi  ./fcx,)  given  on 

l(0)  A  1  fo)  1  i 

(x^  i  x^  ,  x^  “  0)  and  on  (x^  4  x|  •  (,).  In  the  absence  of  viscous  Interactions  the  pressure 

field  Is  prescribed  a  priori  and  6 ^ , fij  are  the  only  unknown  quantities  In  (21),  (22).  If  viscous 

Interactions  are  present  the  pr  ■  field  can  be  related  directly  to  the  displacement  thickness  6* 
by  typical  approximations,  e.g.  t*.  .^nt  cone;  in  turn, 6*  can  be  Identified  with  either  or 

(whichever  Is  larger)  since  for  the  considered  hypersonic  conditions 


fl*  -  dlv  {  J  ®  [vle  •  ^  (vt  +  v2)]e3dx3}  /div  7le  *  & 


4.  SOME  PRELIMINARY  RESULTS 


A  preliminary  assessment  of  the  accuracy  afforded  by  the  Integral  method  has  been  obtained  in 
connection  with  the  problems  of  strong-  and  weak-  pressure  Interactions  on  a  flat  plate  with  a  sharp 
leading  edge.  Integration  of  equation  (21),  reduced  to  two-dlnanslonal  form,  yellds  the  following 
aquations  for  the  pressure  on  an  Insulated  flat  plate  in  a  perfect  gas  (v  -  7/5)  stream 


p/p^  ■  1  +  0.43b  y  P/P„  ”  0.624  ^ 

X  -  M3(C/Re  )* 

for  weak-  and  strong-  interaction,  respectively.  These  predictions  compare  favorably  with  experiments, 
as  shown  in  Fig.  6,  and  thus  provide  some  confidence  for  more  extensivt  applications. 


5.  CONCLUDING  REMARKS 

A  simplified  physical  model  and  a  mathematical  description  have  been  set  forth  for  three- 
dimensional  hypersonic  laminar  boundary  layers  with  cross  flow  of  arbitrary  magnitude.  According 
to  the  model  the  flow  over  the  major  portion  of  the  boundary  layer  is  dominated  by  viscous  forces 
and,  therefore,  is  Couette-llke  In  the  atreamwlae  direction  and  Polseullle-llke  in  the  cross  flow 
direction.  The  point  of  view  leads  to  drastic  slmpllcations  In  the  analysis  and  substantially  lifts 
Its  dependence  from  Laborious  numerical  solutions.  The  simplicity  and  physical  grounding  of  the 
model  suggest  the  possibility  of  interesting  extensions,  e.g.,  to  turbulent  flows,  and  of  numerous 
applications,  e.g.  Internal  as  well  as  external  three-dimensional  hypersonic  flows. 
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(a)  a  ■  0* 
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Fig.  2  TYPICAL  EXPERIMENTAL  PROFILES  OF  DENSITY  AND  VELOCITY  IN  HYPERSONIC 
FLOW  WITH  VISCOUS  INTERACTIONS.  MEASUREMENTS  THROUGH  THE  SHOCK 
LAYER  ON  A  SLENDER  CIRCULAR  CONE  (3*  HALF-ANGLE)  UNDER  THE  CONDITIONS 
-  41,  y  «  5/3 ,  Tu/TQ  ~  0.75.  DATA  FROM  REF.  12 

TOP:  ZERO  INCIDENCE  BOTTOM:  WINDWARD  SIDE  AT  10*  INCIDENCE 


i 
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Fig.  3  SCHEMATIC  DIAGRAM  OF  ORTHOGONAL  CURVILINEAR  COORDINATE  SYSTEM 


Fig.  k  SCHEMATIC  DIAGRAM  OF  VELOCITY  PROFILES  FOR  THE  HYPERSONIC  LAMINAR 
BOUNDARY  LAYER  NEAR  A  PLANE  Or  SYMMETRY.  PROFILES  FROM  REF.  U. 

|3  STREAMWISE  PRESSURE  GRADIEhT  PARAMETER;  5  CROSS  FLOW  PARAMETER 
>  0  FOR  DIVERGING  STREAMLINES) 


TOP:  ST  REALISE  VELOCITY 


BOTTOM:  CROSS  FLOW  VELOCITY 
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Fig.  5  SCHEMATIC  DIAGRAM  OF  THE  HYPERSONIC  FLOW  FIELD  OVER  A 
SLENDER  CIRCULAR  CONE  AT  INCIDENCE  IN  THE  PRESENCE 
OF  VISCOUS  INTERACTION.  EXPERIMENTAL  DATA  FOR  SHOCK- 
LAYER  AND  BOUNDARY  LAYER  THICKNESSES  FROM  REF.  12. 
EXPERIMENTS  ON  A  3*  HALF-ANGLE  CONE  AT  INCIDENCE 
i  -  10*  IN  A  HELIUM  STREAM  (\  -  5/3)  AT  MACH  NUMBER 

M  »  41;  WALL  TEMPERATURE  RATIO  T  /T„  ~  0.75. 

»  v  0 

HOT!  AT  A  GIVEN  DISTANCE  FROM  THE  APEX  THE  SIMULTANEOUS 
OCCURRENCE  OF  WEAR- INTERACTION  ON  THE  WINDWARD  SIDE  AND 
STRONG-INTERACTION  ON  THE  LEEWARD  SIDE. 
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_  rut  u* 

y  v 


Fig.  6  WEAK-  AND  STRONG-  INTERACTION  PRESSURES  ON  AN 
INSULATED  FIAT  PLATE  IN  AIR.  THEORETICAL 
PREDICTIONS  Bv  INTEGRAL  METHOD,  EQUATION  (21); 
EXPERIMENTS  FROM  FIGURE  9-5  OF  REF.  13. 


SUMMARY 


A  cheorecical  analysis  of  supersonic  flow  over  slightly  yawed  conical  surfaces 
is  presented.  The  cross  section  of  the  cone  Is  assumed  to  be  nearly  circular,  but 
otherwise  arbitrary.  The  method  of  matched  expansions  is  employed  and  a  solution  is 
obtained  by  a  systematic  expansion  from  the  known  solution  for  supersonic  flow  over 
an  unyawed  circular  cone. 

The  behavior  of  the  uniformly  valid  solution  at  vortical  singularities  is  closely 
analysed.  The  solution  is  found  to  be  a  formal  asymptotic  solution  at  these  points. 
There  is  no  Indication  of  the  lift-off  behavior  of  the  vortical  singularity  suggested 
by  Ferri. 

Analytic  results  are  given  for  the  second  order  uniformly  valid  solutions  for  a 
yawed  circular  cone.  Numerical  results  for  the  first  order  composite  solution  for 
the  entropy  distribution  on  an  elliptic  cone  are  also  presented. 
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VORTICAL  LAYERS  IN  SUPERSONIC  CONICAL  FLOW 
R.  E.  Melnik* 

Grumman  Aircraft  Engineering  Corporation 


1.  INTRODUCTION 


In  this  paper,  we  consider  supersonic  conical  flows  without  axial  sytnnetry  by 
expanding  about  the  known  exact  solution  (Taylor-Maccoll,  1933)  for  a  circular  cone 
at  zero  Incidence.  This  method  was  originally  developed  by  Stone  (1948,  1952)  for 
circular  cones  at  small  incidence  and  was  extended  by  Ferri  (1954)  to  cones  of 
nearly  circular  but  otherwise  arbitrary  cross  section.  Ferri  (1954)  pointed  out 
that  Stone's  solution  for  the  yawed  circular  cone  broke  iown  at  the  cone  surface 
where  the  first  order  solution  for  entropy,  density  and  radial  velocity  are  dis¬ 
continuous.  He  introduced  the  notion  of  a  vortical  or  entropy  layer,  across  which 
these  quantities  varied  rapidly  from  the  Stone  values  outside  to  the  correct  values 
at  the  surface.  Cheng  (1962),  Bulakh  (1962a,  1962c),  Woods  (1962),  and  Sapunkov 
(1963)  investigated  the  structure  of  the  solution  in  the  vortical  layer  for  the 
special  case  of  a  circular  cone  and  obtained  the  leading  term  of  the  solution  in 
this  region.  Cheng  (1962),  Sapunkov  (1963),  and  Bulakh  (1962b)  considered  the 
hypersonic  case  and  introduced  an  additional  expansion  in  terms  of  the  density 
ratio  across  the  shock  wave  and  obtained  somewhat  simpler  solutions. 

In  the  present  investigation,  we  treat  this  problem  and  also  the  problem  of 
flow  over  cones  of  nearly  circular  cross  section  by  the  method  of  matched  expan¬ 
sions  (see  Van  Dyke,  1964).  We  recover  the  first  order  uniformly  valid  solutions 
obtained  by  the  above  authors  for  circular  cones  and  extend  these  results  to  cones 
with  other  cross  sections.  Uniformly  valid  composite  expansions  are  given  up  to 
second  order  in  terms  of  a  parameter  defining  the  asymnetry  of  the  flow  field. 

Woods  (1963)  and  Munson  (1965)  also  treated  the  circular  cone  problem  by  the 
method  of  matched  expansions.  These  investigations  and  the  present  one  were  all 
carried  out  independently  and  completed  at  about  the  same  time  in  1963.  However, 
the  methods  differ  in  a  number  of  Important  details  and  the  resulting  solutions 
for  circular  cones  are  not  entirely  equivalent  as  will  be  discussed  in  the  main 
text . 


2.  EXACT  EQUATIONS  OF  CONICAL  FLOW 


The  problem  is  formulated  in  the  orthogonal  curvilinear  coordinate  system 
(r,£,q)  shown  in  Fig.  1.  The  body  surface  lies  along  a  coordinate  surface, 
q  ■  q.  ■  constant.  The  surfaces  r  -  constant  are  spheres  centered  about  the  apex, 
and  tne  surfaces  i  -  constant  are  planes  passing  through  the  generators  of  the 
cone  which  are  normal  to  the  body  surface.  The  remaining  surfaces  5  ■  constant 
are  given  by  a  family  of  conical  surfaces  similar  to  the  body  surface  which  are  or¬ 
thogonal  to  the  planes  i  -  constant.  It  is  convenient  to  define  i  so  that  on  the 
body  surface  it  is  equal  to  the  azimuthal  angle,  $  of  the  spherical  polar  coordi¬ 
nate  system  (r,e,«>)  (see  Fig.  1).  Then  the  equation  for  the  body  surface  can  be 
given  by  an  equation  of  the  usual  form  0  -  ^(<0  s?  0jj(?)« 


This  investigation  is  part  of  a  dissertation  submitted  to  the  Polytechnic  Institute 
of  Brooklyn  in  1965  in  partial  fulfillment  of  the  requirements  of  Doctor  of  Philos¬ 
ophy  in  Astronautics.  The  author  is  indebted  to  R.  Vaglio-Laurin  for  numerous  dis¬ 
cussions  and  for  his  guidance  during  the  study. 

*Research  Scientist 
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The  velocity  at  infinity  is  taken  to  lie  in  the  ?  -  0  plane  and  have  a  magni¬ 
tude  U*.  The  velocity  components  u,v  and  w  in  the  directions  of  increasing 
r,q  and  (,  respectively  are  nondimens Iona llzed  with  respect  to  .  The  pressure, 
p,  the  density,  p,  and  the  entropy,  s,  are  nondimensionalized  with  respect  to 
P«,U«,  Poo  and  yR  respectively,  where  pM  is  the  free  stream  density,  y  is  the 
ratio  of  specific  heats,  and  R  is  the  gas  constant.  The  exact  equations  of  in- 
vlscld  conical  flow  of  a  perfect  gas  are  given  in  (r,?,q)  coordinates  by: 


^  +  ^+2pu»- 

0 

(la 

du  .  du  2  . 

v  Sn  +  + 

2 

w 

(lb) 

dv  ,  dv 

v5q+wX^  +  UV  + 

2  1  dp 

KW  "  P  5q 

(1c) 

dw  .  dw 

v  S?  +  w  ^  +  uw  ■ 

1  dp 

kvv  -  -  —  -fr 

P  X°( 

(Id) 

v  +  w  “  0 

oq  xo>; 

(le) 

PP*7  “  exp  7(7 

7M^ 

-  1 )  ( 8  -  S  ) 

00 

(If) 

for  later  reference  we  give  Bernoulli's  equation  which  is  an  integral  of  the  above 
equations 


u2  + 


2  •  2 
v  +  w 


1  + 


2 

(7  -  l)Mf 


(2) 


where  M  and  s  are  the  free  stream  Mach  number  and  entropy.  The  scale  factor 
X  and  tKe  curvature  of  the  q  -  constant  surfaces,  k,  are  given  by 


X  -  Xblcos(q  -  qfa)  -  Kb  sin(q  -  qfe) ) 

(3a) 

x  -  [*b  cos(q  -  qb)  +  sin(q  -  qb)]x/xb 

(3b) 

where 

Xb  ■  sin  6b/cos  ob 

(3c) 

and 

dab 

Kb  "  (dT  • C09  ebi/xb 

(3d) 

The  quantity 

°b 

is  the  angle  between  the  body  surface  and  a  d 

«  constant  sur- 

face.  Thu 8, 

-1  /d9b  > 

(3e) 

■b  ■  t,n  lj£5 V 

The  condition 

of 

tangent  flow  at  the  cone  surface  is  given  by 

O 

1 

*\j’ 

Jp 

'w' 

> 

(4) 

The  formulation  is  completed  by  giving  the  boundary  conditions  at  the  shock  wave, 
q  >  qs(£)>  which  can  be  derived  from  the  standard  Rankine-Hugonlot  jump  conditions. 
The  explicit  fom  of  the  shock  conditions  in  the  present  coordinate  system  is  quite 
lengthy  and  hence,  they  will  not  be  written  out.  They  are,  however,  given  in  the 
thesis  version  of  this  paper  (Melnik,  1965)  along  with  many  other  details  omitted 
here.  We  note  that  for  the  special  case  of  a  circular  cone,  -  constant,  the 
present  coordinate  system  reduces  to  a  spherical  polar  coordinate  system  with  axis 
along  the  cone  axis  and  the  above  formulation  becomes  the  familiar  one  using  body 
axis. 
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It  is  perhaps  important  to  point  out  that  the  present  coordinate  system  was  not 
chosen  on  the  basis  of  convenience  alone  but  plays  an  eosenti&l  role  in  the  analysis. 
The  outer  solution  must  be  given  in  a  coordinate  system  which  fixes  the  body  surface 
to  a  coordinate  surface  q  -  constant  or  strong  moving  singularities  associated  with 
the  vortical  layer  will  arise  in  the  outer  solution  and  prevent  matching  with  the 
inner  solution. 


3.  OUTER  SOLUTION 


Following  Stone  and  Ferri,  we  seek  an  outer  solution  of  the  general  problem 
formulated  in  the  previous  section  by  expanding  about  the  exact  solution  for  the  axi- 
syranetric  flow  over  a  circular  cone.  We  assume  the  body  surface  is  specified  by  the 
following  Fourier  series 


eb(0  -  T  +  tfto  (5a) 

where 

f(0  -  ^  b  cos  n£  +  ^  b^  sin  m£  (5b) 

n  m 

t  is  the  half  angle  of  the  basic  circular  cone  and  e  is  a  small  parameter  which 
serves  as  a  measure  of  the  asymmetry  of  the  flow  field.  We  also  assume  that  the 
incidence,  a  (which  enters  in  the  present  formulation  via  the  shock  conditions)  is 
0(e)  and  formally  introduce  a  stretched  angle  of  attack  by  the  equation  a  -  ea. 

The  coefficients  bn  and  5  are  assumed  to  be  0(1). 

The  outer  expansion  is  taken  in  the  form  of  a  power  series  in  e  with  £,q 
fixed.  As  suggested  by  Eq.  (5)  each  term  of  the  series  is  expanded  in  a  Fcjrier 
series  in  terms  of  £  with  coefficients  depending  on  q.  For  example  the  outer 
solution  for  u  is  given  by 

u  y  h  uin(n)  +  t2U-nu2n^T'^  +  •  •  *  ]  cos  n?  +  similar  terms  in  sin  m^  (6a) 


with  similar  expansions  for  vsp,p,s  and  an  obvious  extension  of  the  above  notation. 
The  expansion  for  w  is  given  by 


w  “  1  [eVln<Tl)+€2V'2n("-)+ 


n  sin  n?  +  similar  terms  in  cos  m£ 


(6b) 


The  equation  for  the  shock  wave  is  sought  in  the  form 


'so  L 
n 


n»  "  leAln+€‘A2n  +’-- 


cos  n£  +  similar  terms  in  sin  m£ 


(6c) 


The  parameters  ^  and  un  are  constants  Introduced  for  normalization  purposes. 


Substituting  Eqs.  (6)  into  Eqs.  ( 1)  —  (4)  and  the  shock  conditions  we  obtain  suc¬ 
cessively,  ordinary  differential  equations  for  the  basic  flow,  the  first  order 
Fourier  coefficients  and  the  second  order  coefficients.  Except  for  the  difference 
in  notation,  the  lowest  order  equations  are  identical  with  the  usual  equations 
governing  the  supersonic  flow  over  a  circular  cone  at  zero  angle  of  attack.  Solu¬ 
tions  to  these  equations  have  been  obtained  numerically  by  Kopal  (1947a)  and  are 
tabulated  for  a  number  of  Mach  numbers  and  cone  angles  in  the  first  volume  of  the 
MIT  cone  tables.  Thus,  the  functions  u0(q),  vc(q),  p0(q),  f^(q)  and  s0  defining 
the  basic  flow  in  the  present  scheme  can  be  obtained  from  these  tables  by  replacing 
9  by  q  and  by  dividing  the  tabular  values  of  the  velocities  by  0  and  the  pres¬ 
sure  by  02  to  account  for  the  difference  in  reference  velocity.  Here 


U  s  U  /U 


lim 


1  +  2/VT{y  -  1) 


(7) 
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W«  call  attention  to  the  change  of  meaning  of  the  basic  flow  Implied  by  this  change 
of  variables.  In  the  present  study,  the  basic  shock  wave  is  parallel  to  the  actual 
body  and  hence  is  generally  noncircular.  The  zeroth  order  functions  are  assumed  to 
approximate  the  exact  profiles  along  normals  to  the  body  surface.  It  turns  out  that 
this  zeroth-order  solution  is  not  a  £  Independent  solution  to  the  exact  conical 
flow  equations. 

The  ordinary  differential  equations  governing  the  first  order  Fourier  coeffi¬ 
cients  appearing  in  the  representation  given  in  Eqs.  (6)  are  exactly  the  same  as  the 
equations  derived  by  Ferri,  and  employed  by  Mess  and  Kaplita  (1954)  in  generating 
their  tables  except  for  the  presence  of  a  single  nonhomogeneous  term  in  the  present 
system.  However,  a  particular  solution  for  this  term  and  an  additional  term  appear¬ 
ing  in  the  shock  conditions,  is  easily  found  which  leads  to  the  following  representa¬ 


tion  of  the  first  order  solution, 

Uln  “  “in^  +  cnvo(r’)  (8a) 

v^  ■  v j^n(Tl )  +  cnvo(T0  (prime  denotes  d/dq)  (8b) 

wln  *  Gln^  "  cnvo^  C8C  n  <8c) 

8ln  “  8ln  "  d^v  '  ^  (8d) 

Pin  "  Pln(T>>  +  Vo^  (8e) 

Pin  “  Pln^  +  cnpo(Tl)  (8f) 


where  the  barred  quantities  are  obtained  from  Ness  and  Kaplita’ s  tables  by  changing 
their  Independent  variable  from  ©  to  q  and  by  dividing  the  velocities  by  0  the 
pressure  by  0Z  and  the  entropy  by  yR .  The  quantity  d  is  the  same  constant  ap¬ 
pearing  in  the  Kopal  tables.  The  constant  cn  is  to  be  determined  by  matching  the 
above  solution  to  the  inner  solution.  In  the  next  section,  we  show  that  it  is  con¬ 
sistent  to  determine  this  constant  from  the  condition 

vln(t)  -  0  (9) 


If  we  define  by  the  relation 


X  “  b  +  A.  -  35, 
n  n  In  In 

where  6^n  «  1  for  n  ■  1  and  is  zero  for  n  +  1,  Eqs.  (8b)  and  (9)  yields 


c  -  v.  .  /2u  , 
n  lnb  ob 


(10a) 


where  the  subscript,  b,  denotes  surface  values  (i.e.,  q  -  t)  .  Then  the  shock  co¬ 
efficients,  are  given  by 


A.  -  -  (b 
In  '  n 


56ln)(1  ’  2uob/vlnb> 


(10b) 


We  should  point  out  that  the  computations  or  the  first  order  circular  cone 
perturbations  tabulated  in  the  MIT  and  PIBAL  tables  have  been  carried  out  with  dif¬ 
ferent  normalization.  The  relation  between  the  two  sets  of  tables  is  given  by 


F  -  [5/(5  -  AU)]F 

where  F  denotes  for  the  PIBAL  values  and  F 


(10c) 

the  corresponding  MIT  values. 


The  differential  equations  for  the  second  order  Fourier  coefficients  are  also 
identical  to  Ferri’ s  except  for  some  additional  nonhomogeneous  terms  which  depend  on 
the  lower  order  solutions.  These  equations  have  not  been  extensively  treated  and 
the  only  numerical  results  available  are  Kopal* s  (1949)  tables  for  the  quadratic 
terms  for  the  yawed  circular  cone.  The  application  of  these  tables  to  the  present 
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work  is  discussed  in  a  later  section.  It  is  shown  in  the  following  section  that  the 
correct  matching  condition  to  be  used  with  these  equations  is  given  by 

v2l (t)  -  0  (11) 

It  can  be  shown  that  this  condition  holds  to  all  orders.  Hence,  there  is  no  dis¬ 
placement  effect  and  the  outer  solution  is  completely  determined,  independent  of  the 
inner  solution.  This  is  a  consequence  of  an  exponentially  thin  inner  layer. 

The  behavior  of  the  outer  solution  near  the  cone  surface  is  easily  ascertained. 


For  the  basic  flow  we  have  s  «  constant  and 

o 

^o’Po’Po5  ■  (uob>pob*pob)  +  0(T>  ■  T)2  (12a) 

and 

VQ  -  -  2uob(q  -  t)  +  0(7  -  t)3  (12b) 

The  behavior  of  the  higher  order  terms  follows  from  an  analysis  of  the  ordinary 
differential  equations  governing  the  perturbation  together  with  the  condition  of  the 
vanishing  of  v^n  and  V2n.  The  results  are,  for  the  first  order  solution: 

U1  "  UobM^  +  (13a) 

Vj_  -  -  2uQbn1(0  (r  -  -r)  +  0(7  -  t)2  (13b) 

wx  -  -  uobJ1(^)  sin  t  +  0(t)  -  x)^  (13c) 

pl  “  Pob-i<^)  4  OOl  ‘  T>  (13d) 

s ^  ■  [  d/7  (7  -1)]  L  cos  n?  +  similar  terms  in  sin  m£  (13e) 

n 


and  for  the  second  order  solution 


\  /  n  -  t  \ 

u2  -  "ob1 

(7  -  l)lTb  'os 


+  0(7  -  t) 


where 


n,(o  - 

os 


"2  -  -  2uobi“2"'  -  (T  .  1)?ob 


[7  -  t]  +  0(q  -  t)^ 


«2  “  "  UobJ2^)  8in  T  +  °<T1  ■  T> 


- 


2  7-I 


p2  '  pob 


r2(0  +  i\U)  tnK*  -,-T)|  +  0(7  -  t)‘ 


t2(0  -  rx(?)  In(-a  +  0(7  -  t)* 


’SO 


Mob  ■  uob(pob/3'pob)‘ 


(14a) 

(14b) 

(14c) 

(14d) 

(14e) 

(15) 


and  the  functions  4i(&),  42(?)»  n^(£)>  n,(Ui  etc.,  are  nonsingular  functions  of 
%  listed  in  an  appendix  to  this  paper.  Thus,  we  see  that  the  first  order  solution 
is  discontinuous  and  the  second  order  solution  is  logarithmically  infinite  at  the 
surface.  The  higher  order  solutions  Involve  only  higher  powers  of  the  logarithm. 

This  type  of  solution  can  be  matched  to  the  inner  solution  given  in  the  next  section. 
However,  if  body  orientated  coordinates  were  not  employed,  additional  pole  type 
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singularities  would  arise  which  would  prevent  matching.  In  addition,  we  would  find 
that  *2  would  be  infinite  and  behave  like 


~  (n  *  t) 


-i 


(16) 


in  other  coordinate  systems. 


4.  INNER  SOLUTION 


From  the  results  of  the  previous  section,  we  see  that  the  outer  solution  breaks 
down  in  a  region  near  the  body  surface  defined  by  the  condition 

je  fn(q  -  t)  |  -  0(1) 

This  suggests  that  an  appropriate  inner  variable  for  describing  the  solution  in  the 
inner  region  is 

rf  ■  -  c  ln[  (rj  -  t)/(ns£)  -  t)]  (17) 

We  note  that  q  ■  0(c)  in  the  outer  region  and  q  -*  -  oo  at  the  body.  It  also  fol¬ 
lows  that  an  appropriate  inner  variable  for  the  normal  component  of  velocity  is 

V  -  -  v/(ti  -  t)  (18) 

The  remaining  inner  variables  U,W,P,R,  and  S  are  unstretched  and  are  denoted  by 
upper  case  letters.  The  inner  solution  could  be  taken  as  a  power  series  expansion 
of  the  upper  case  quantities  in  terms  of  c  keeping  £,q  fixed.  However,  we  find 
it  is  convenient  to  follow  a  slightly  different  procedure.  First  we  introduce  £,q 
as  Independent  variables  into  the  exact  equations  [Eqs.  (1)]  and  then  neglect  a 
number  of  terms  which  are  exponentially  small  in  the  inner  region.  We  find  the  pres¬ 
sure  is  constant  to  all  orders  across  the  inner  layer.  Matching  the  pressure  to  the 
outer  solution  immediately  determines  the  inner  pressure  distribution  to  all  orders, 

P($,n;0  -  Pb(*;0  (19) 

With  the  pressure  now  known  it  is  convenient  to  introduce  a  von  Mises  type  streamline 
coordinate  system  to  treat  the  rest  of  the  problem.  Accordingly,  we  introduce  a 
function,  i/,  which  is  constant  on  crossflow  streamsurfaces  (Fig.  1)  and  is  defined 
by  the  equation 


c  V(dtf/dq)  +  Vfdv/xbdO  -  0  (20) 


and  the  boundary  condition  f  -  5  at  q  ■  q80.  The  entropy,  density,  and  radial 
velocity  are  determined  from  the  following  algebraic  relations, 


s  -  G(v;e) 

(21a) 

R7  -  exp  y(y  -  l)(s  -  S) 

oo  D  oo 

(21b) 

u2  -  u’2  -  W2  -  (2y h  -  l)(Pb/R) 

(21c) 

The  remaining  quantities  V,W  and  q  are  determined  from  the 
partial  differential  equations, 

following  system  of 

V  -  2U  +  W(D  £n  A/xbD?) 

(21d) 

W< DW/D?)  +  xbWU  -  -  ( 1/R)  dPb/d£ 

(21e) 

Dq/DS  -  e  XfeV/W 

(21f  ) 

where 
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A  =  RW  dq/cfy  and  D/D?  =  (21g) 

The  inner  solution  is  expanded  in  Che  form: 

U  *  Uo(?,^)  +  e  1^(4,*)  +  ...  (22a) 

V  -  Vo(?,^)  +  e  V^?,*/)  +  ...  (22b) 

with  similar  expansions  for  W,P,  and  R.  The  streamlines  are  determined  from  the 
expansion, 

n  “  n0(£.^)  +  e  n1(?,^')  +  ...  (22c) 

These  expansions  are  then  substituted  into  the  Eqs.  (21).  The  equations  governing 

each  term  of  the  series  are  easily  integrated.  Two  arbitrary  functions  of  i>,  one 
arising  from  the  expansion  of  G(^;e)  and  the  other  from  the  integration  of  Eq.  (21f), 
are  introduced  at  each  order  of  the  expansion.  However,  these  functions  are  easily 
determined  by  matching  the  inner  and  outer  expansions.  The  matching  is  carried  out 
as  follows:  The  inner  solution  for  the  streamlines,  T)($,?;e)  is  expanded  in  powers 
of  (f  -  ?)  and  the  result  inverted  to  give  a  series  solution  for  the  inn<-r  stream 
function,  which  is  valid  in  the  outer  region.  This  function  i;  substi¬ 

tuted  into  the  remaining  terms  of  the  inner  solution  which  is  then  written  in  terms 
oi  outer  variables  ?  ,q  and  expanded  in  powers  of  e.  The  matching  is  completed  by 
comparing  this  result  with  the  outer  solution  expressions  given  by  Eqs.  ( 12 ) - ( 14) . 

Following  this  procedure,  we  find  that  the  leading  term  of  the  inner  solution 
is  given  by  W  -  0  and 


U  -  u  , 
o  ob 


V  -  2u  , 
o  ob 


S  “8 
o  o 


o  ’  ob 

To  lowest  order  the  streamlines  are  normal  to  the  body  and  hence  ip  -  ? . 
The  first  order  inner  solution  is 


(23) 


-  “obVe)  + 

uob/M^b][sl(e)  '  81(*>] 

(24a) 

2uobnlK)  +  2 

Uob/Mob][Sl(^  -  Sl<*>] 

(24b) 

-  sin  x 

(24c, d) 

PobtiCO  +  <7 

•  l>»obi 

sx(?)  -  S1(V') ] 

(24e) 

where  the  function  has  been  evaluated  from  the  matching  condition 

Gj^)  -  s jfor)  -  [d/y(7  -  1)][  cos  sin  “*  ] 

The  equation  for  the  streamlines  up  to  first  order  is  actually  given  by  the  zeroth 
order  function  where, 


noa,f)  -  i0(O  -  I0(*> 


and 


V*>  -  - 2 


[ i/j  L(t> ]  dt 


?ref . 


or  in  unstretched  variables 


(n  -  x) / Cnso  *  t)  "  [B(^)/B(?)] 


1/e 


(25a) 


(25b) 


(25c) 


uuusMsaa 


5 

) 

ii 


L 
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where 


8(0  -  exp  IQ(0 


The  second  order  inner  solution  is  given  by 

U2  "  uobL2^  ’ 


v2  '  2“obN2  <'  •*'> 


U2  "  '  u0bJ2^’*^  sln  T 

R2  “  pobT2(^',t')  *  S2  "  S2s(°| 


where  the  functions  L_,  N  J-,  and  T-  are  given  in  t 
by  expressions  in  the  appendix;  The  solution  for  the  sec 
Is  given  by 


(25d) 

(26a, b) 
(26c) 
(26d,e) 


eras  of  the  outer  solution 
ond  order  inner  streamlines 


r[1(e,^)  -  E2(^)/j1(^)  +  3  In  )1(^)/j1(^) 

(7  -  1)  +  2/M^b][lo(0  -  Io(^)]g1(^/)  +  [l1(0  -  IjW]  (26f ) 


where 


iL(e)  - 


f 


H1(t)/J  x(t) 


dt 


(26g) 


'iref . 


The  functions  E 2(^)  and  H^(£)  are  listed  in  the  appendix. 

In  general,  we  can  combine  the  inner  and  outer  expansions  to  form  a  "composite" 
expansion  which  is  uniformly  valid  in  the  entire  flow  field.  The  usual  rule  for 
forming  a  composite  expansion  is  applicable  here: 

composite  expansion  -  inner  expansion  +  outer  expansion 

-  inner  expansion  of  (outer  expansion) 

In  the  present  study  this  prescription  is  implemented  by  subtracting  the  limit  forms 
of  the  outer  solution  given  in  Eqs.  (13)  and  (14)  from  the  outer  solution  and  adding 
the  result  to  the  inner  solution.  The  result  is  a  power  series  expansion  in  €  with 
the  coefficients  depending  on  three  independent  variables  In  the  first  order 

composite  solution  the  stream  function  is  determined  implicitly  by  Eqs.  (25)  and  in 
the  second  order  solution  by  Eqs.  (26).  Hence  the  present  procedure  leads  to  a  para¬ 
metric  representation  for  a  uniformly  valid  solution.  To  first  order  we  have, 


os 


+  €{ul  +  ^ob^lWs^  •  1 

S1S(*1))!} 

(27a) 

♦'ll  -  ’>{,  -  l2“ob/Mob) 

.9ls(^  -  sls^l)]j 

[  (27b) 

(27c) 

+  epx 

(27d) 

+  €{pl  +  pob(>  ‘  1)[sls(0  •  Bls(h)]} 

(27e) 

;  +  €Sls(V 

( 2  7  f ) 

where  the  stream  function  ^  is  determined  from  Eqs.  (25). 
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The  second  order  composite  solution  is  easily  formed  by  the  above  procedure  and 
has  a  similar  form  to  the  first  order  solution.  The  expressions  are  quite  lengthy 
and  therefore  will  not  be  written  out  here  for  the  general  case.  However,  a  second 
order  composite  solution  for  the  yawed  circular  cone  is  given  in  the  following  section. 

It  is  of  some  interest  to  determine  the  behavior  of  the  inner  solution  near  cross- 
flow  stagnation  points.  These  occur  on  the  cone  surface  at  places  where  the  surface 
pressure  gradient  vanishes.  If  each  term  in  the  expansion  for  the  surface  pressure 
gradient  vanishes  at  the  same  point  the  stagnation  point  is  fixed,  Independent  of  c, 
and  its  location  is  determined  by  the  first  order  solution  for  the  pressure  distribu¬ 
tion.  If  this  is  not  the  case  the  crossflow  stagnation  point  is  said  to  be  movable, 
with  its  position  shifting  as  more  terms  are  included  in  the  solution  for  the  pressure 
distribution. 

At  a  fixed  stagnation  point,  located  at  t  «  0,  the  inner  solution  for  ^(£,V'!0 
has  the  following  expansion 

rj  -  (4/ 3k)  c(tf;e)  fn(^»  +  A(^;e)  +  0(?)  (28a) 

or  in  outer  variables 


(28b) 

(28c) 

(28d) 

(28e) 


The  functions  A(V')  and  A(^)  are  lengthy  expressions  involving  the  entropy  and 
surface  pressure  distributions.  The  main  point  to  note  is  that  the  asymptotic  solu¬ 
tion  for  the  streamlines  is  given  by  an  expression  of  the  form  in  Eq.  (28b).  The  ex¬ 
ponent  depends  on  the  stream  function  and  is  given  by  a  formal  power  series  expansion 
in  €.  At  a  maximum  of  Che  pressure  k  >  0  and  the  streamlines  form  a  saddle  point 
(point  B1,  Fig.  1).  At  a  minimum,  k  <  0,  and  the  streamline  pattern  is  a  node  with 
streamlines  tangent  to  the  body  surface  (point  A1,  Fig.  1).  Equation  (28b)  gives  no 
indication  of  the  lift-off  of  vortical  singularities  first  suggested  by  Ferri  (1954). 
This  is  consistent  with  the  findings  of  Melnik  (1967)  which  shows  that  lift-off  of 
vortical  singularities  is  a  large  yaw  effect. 


At  a  movable  stagnation  point  the  second  order  pressure  gradient  does  not  vanish 
and  as  a  consequence  it  is  easy  to  show  that  must  have  a  pole  singularity  at  the 

origin.  The  ratio  of  the  first  two  terms  of  the  inner  solution  for  r}  is  of  the  form, 


(29) 


Hence  the  inner  solution  breaks  down  at  movable  crossflow  stagnation  points.  This 
difficulty  is  caused  by  a  shift  of  the  zeros  of  the  surface  pressure  gradient  and  the 
consequent  development  of  moving  singularities.  This  suggests  the  introduction  of  a 
PLK  coordinate  straining  (see  Van  Dyke,  1964), 

^(z;e)  -  z  +  e^(z)  +  e2?2(z)  +  ...  (30) 


where  we  subject  the  straining  functions,  £n(z),  to  the  condition  that  zeros  of  the 
surface  pressure  gradient  be  fixed  in  the  z  plane.  Detailed  analysis  shows  that  this 


condition  Is  equivalent  to  the  requirement  that  the  ratio  of  successive  terms  in  the 
expansion  for  r|  be  0(c)  as  we  approach  a  stagnation  point.  Substituting  Eq.  (30) 
into  the  (known)  expression  for  the  surface  pressure  gradient  and  expanding  the  re¬ 
sult  for  small  e  we  obtain  the  following  expression  for  the  surface  pressure  gradi¬ 
ent  in  the  z  plane, 


dpb(£;0 

d$ 


dPlb<?) 


2  dp2b(?) 


+  ^(2) 


d  Plb<?> 


If  the  first  order  pressure  gradient  vanishes  at  z  -  z^  the  condition  that  the  zeros 
of  the  pressure  gradient  be  fixed  in  the  z  plane,  independent  of  e,  is  satisfied 
by  requiring  each  group  of  terms  of  the  same  order  in  Eq.  (31)  to  vanish  at  z-zj. 
This  results  in  the  following  set  of  conditions  to  determine  ?^(z), 

f  /  \  j2_  /_\  1 


dP2b(z) 


+  ^(z) 


d  Plb(2) 


The  choice  of  the  straining  function  is  otherwise  arbitrary.  For  convenience  we 
choose  the  following  polynomial,  which  satisfies  Eq.  (32), 


^(z) 


?  Kb 

L  di  /  .2 

k-1  '  de 


zk  "  zi 


where  n  is  equal  to  the  number  of  stagnation  points.  A  detailed  analysis  given  in 
Melnik  (1965)  shows  that  a  similar  straining  of  the  stream  function  is  also  required, 

*  -  C  +  €^(0  +  ...  (34) 

where  C  is  the  strained  stream  function  and  the  first  order  straining  function  is 
the  same  as  that  appearing  in  the  £(z)  expansion.  It  is  also  shown  that  a  second 
order  inner  solution  which  is  uniformly  valid  at  movable  stagnation  points  can  be  ob¬ 
tained  by  simply  replacing  ( i,i /)  by  (z,0  and  H1(t)  by  H^t)  in  the  first  two 
terms  for  rf ,  where 

de,(t) 

Hx(t)  -  Hx(t)  +  ^(t)  -  -  (35) 

Since  the  straining  functions  are  regular  we  can  invert  the  expansion  for  £(z)  and 
*(C)  to  obtain  the  following  parametric  representation  for  the  second  order  stream 
function,  f  2(S,Ti;<0 


fE2(0  JlVz^  2  1 

^-Io(z)  -Io(C)  +  e|j^y  +  3/n  -  y-  l  +  -f-  Ho(z)-  IQ(0  iG^)  +  [I^z)  -  1^*)  ]f 


j,(*) 


where 


IL(z)  - 


H1(t)/J1(t)]  dt 


zref . 


z  -  i  -  6^(5) 


C  ■  1>2  “  ^1^2^ 


(36a) 


(36b) 


(36c, d) 


The  inner  solution  for  the  remaining  Independent  variable  is  unchanged  and  is  given 
by  Eqs.  (24)  and  (26).  The  local  behavior  of  the  streamlines  near  movable  crossflow 
stagnation  is  of  the  same  general  form  as  Eqs.  (28)  with  (?,^)  replaced  by  (z,C). 
The  effects  of  movable  stagnation  points  only  arise  in  the  second  and  higher  order 
solutions.  The  only  second  order  outer  solutions  currently  available  are  for  the 
yawed  circular  cone.  These  contain  only  fixed  stagnation  points  for  the  small  angles 


i 
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of  attack  for  which  the  theory  is  valid.  Hence  we  will  not  pursue  this  matter  fur¬ 
ther.  Details  are  given  in  Melnik  (1965)  where  a  second  order  composite  solution  is 
constructed  which  is  uniformly  valid  at  movable  stagnation  points. 


5.  APPLICATIONS 


In  this  section  we  will  apply  the  general  results  given  in  the  previous  sections 
to  the  problem  of  supersonic  flow  over  a  yawed  circular  cone  and  over  an  elliptic 
cone.  Corresponding  to  the  availability  of  numerical  data  for  the  outer  solution  we 
present  only  first  order  solutions  for  the  elliptic  cone  but  include  the  second  order 
terms  in  the  solution  for  the  circular  cone. 


5a.  Circular  Cone  Solutions 

In  the  circular  cone  solutions  only  the  first  Fourier  coefficients,  u^,  vj^, 
etc.,  appear  in  the  linear  terms  of  the  expansion  and  only  the  first  two  Fourier  co¬ 
efficients  U2q>  U22»  V20,  V22>  etc.,  arise  in  the  quadratic  terms.  These  coeffi¬ 
cients  can  be  obtained  by  applying  a  number  of  transformations  to  the  numerical  data 
given  in  the  MIT  tables  (Kopal,  1947a, b, 1949) .  First,  as  previously  mentioned,  the 
tabulated  velocities  and  pressures  must  be  divided  by  U  and  U  ,  respectively,  in 
order  to  obtain  a  consistent  nondimensionalization.  The  normalization  constants  Xj, 

M.  and  Uj  are  set  equal  to  one.  Finally,  we  use  the  formula  given  by  Robe-ts  ana 
Riley  (1954)  to  transform  from  the  wind  axis  used  in  the  MIT  tables  to  the  body  axis 
required  in  the  present  analysis.  We  should  mention  the  fact  that  a  number  of  practi¬ 
cal  difficulties  arise  in  carrying  out  this  program.  In  performing  his  computations 
Kopal  did  not  take  special  care  to  control  the  influence  of  the  logarithmic  singulari¬ 
ties  present  in  the  second  order  solution.  Hence  his  tables  are  probably  quite  in¬ 
accurate  near  the  cone  surface.  Further  inaccuracies  are  introduced  by  the  treatment 
of  the  sauare  root  infinity  appearing  in  the  solution  for  w2o  in  wind  axis  [see 
Eq.  (16) J .  Because  of  numerical  truncation  this  singularity  is  not  exactly  cancelled 
by  the  Roberts  and  Riley  transformation  and  the  transformed  solution  for  Wj2  is 
likely  highly  in  error.  In  addition  we  have  uncovered  an  error  in  the  formula  given 
by  Roberts  and  Riley  for  the  determination  of  a  quantity,  z'*  =  dw^/d6.  Their  re¬ 
sults  yields  a  finite  value  at  the  cone  surface  while  the  present  study  shows  it 
actually  behaves  like  (6  -  t)"*.  For  these  reasons  one  should  be  very  cautious 
about  using  the  existing  tables  for  the  quadratic  terms. 

The  outer  solution  for  the  pressure  distribution  is  uniformly  valid  and  is  given 
by  (setting  e  -  1,  q  -  6,  and  £  -  ♦) 

2 

P  -  PQ  +  np11  cos  ®  +  a  (p2Q  +  p22  cos  24>)  (37) 

The  equation  for  the  first  order  streamlines  can  be  obtained  from  the  first  two  terms 
of  Eq.  (37).  Carrying  out  the  quadrature  defining  the  quantity  I0  in  Eq.  (25b)  and 
rearranging  the  results  yields 


tan  <t / 2 

tan  t\/ 2 
1 


-4/3ak 


where  the  crossflow  parameter,  k,  is  given  by 


.2  wllb 

3  u  ,  sin  t 
ob 


2  Pllb/pob 

3  >M2  sin2r 

ob 


(38a) 


(38b) 


The  subscript  was  added  to  the  stream  function  to  indicate  that  Eq.  (38a)  determines 
the  first  order  solution  for  the  streamlines.  Equation  (38a)  can  be  inverted  to  ob¬ 
tain  an  explicit  representation, 


<1- 


r  ] •3ak/^ 

-  COS  #)j  |  6  -  T)/(t‘so  -  t)j 


(1  +  cos  *)/ (1 


(38c) 
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where  Ci  *  cot(^^/2)  is  the  stream  function  employed  by  Cheng  (1S62).  Using 

Eq.  (38c)  the  first  order  composite  solution  can  be  written  in  the  following  explicit 

form, 


u£  -  uq  +  au^  cos  *  +  a(8iiu0j,/M^b^c08  *  "  cos  (39a) 

vc  ■  vq  +  av^  cos  *  -  2a(snUob/M^b) (e  *  t)(cos  *  -  cos  (39b) 

wc  ■  aw^  sin  4>  (39c) 

Pc  ■  PQ  +  ap^  cos  ♦  (39d) 

Pc  ■  p0  +  aPn  cos  *  +  a(pobs11)(-y  -  l)(cos  *  -  cos  ^)  (39e) 

s  -  s  +  as,,  cos  (39f) 

c  O  11  1 


A  number  of  profiles  of  As  s  (sc  -  sQ)/asi^  •  cos  are  plotted  for  various 

stations,  ♦  -  constant,  in  Fig.  2  for  a  20°  half  angle  cone  at  a  Mach  number  of 
3.3694  which  corresponds  to  k  «  1.96429.  Calculations  are  given  for  a  -  4°  and 
20°.  We  call  attention  to  the  very  large  gradients  near  the  body  surface  particularly 
on  the  leeward  side  even  at  the  relatively  large  incidence  of  20°.  We  see  that  the 
entropy  layer  is  extremely  thin  at  the  lower  angles  of  attack  but  is  relatively  thick 
for  a  -  20".  We  note  that  these  profiles  are  also  indicative  of  the  correction  terms 
for  the  density,  radial  and  normal  components  of  velocity. 


The  second  order  solution  for  the  streamlines  can  be  obtained  by  using  Eq.  (37) 

-(4/3ak) (1  -  aa2  -  ou^  cos  tf^) 


in  Eqs.  i 

(26).  This  yields 

6  -  T 

2E2ll 

1  +  cos  ♦ 

-4a„/3k 

if 

-  tan  *12 

0  -T 

SO 

exp-  3k 

1  +  cos  ^2 

l^tan  f2/2 

where 

81  " 

(Y  -  1)  - 

<2/M2.b>]  sn 

*2  "  “  (4p22b/pllb)  +  1  *2/Mob*]  Pllb^ob] 


'21 


SO 


2(6  -  T)wn 


'lib 


v  sin  t  u  .  sin  t 
o  ob 


d6 

6  -  T 


(40a) 

(40b) 

(40c) 

(40d) 


Following  the  usual  prescription  the  rest  of  the  second  order  composite  solution  is 
found  to  be  given  by: 


u  ■  u  +  aju 


c  o 


+  a 


ajuj^  cos  *  +  (uobs11/M^b)(cos  *  -  cos 


U20  + 


3k  /Uobsll\  f  /  6  -  T  \ 

T  )  /n 

“ob  80 


.  3k  /Uob8ll\  ,  /  6  -  T 

u22  +  8  1  J  )  \6  -  T) 

“ob  80 


cos  2* 


ob 

M2. 

ob 


SH^21  2 

s22s(cos  2*  -  cos  2^2)  +  - 2 —  sin  ♦ 


.  /  .  .  1  \/ pllb8ll\/  .  .  N 

+  {y  -  1  +  ~2~)[ - y^C08  *  -  COS  il^)  cos  * 


ob 


Yp 


ob 


(41a) 
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v  ■  v  + 
c  o 


+  a  [6  -  t] 


/IlL 

COS  $ 

I  2uobsll\. 

1  6 

-  T 

(  X2.  } 

ob 

V20 

-  2k  ( 

UobSll\  / 

0  -  T 

4  \ 

M2. 

e  -  t 


so 


v22  3k  ,Uobsll 


3k  /  ob'llN  .  /  6  -  j\ 

-  ■  T  i~r~)  ln  ie—^TJ 


M2 . 
ob 


so 


2u 


cos  2* 


ob 


M 


ob 


s22s(cos  2*  "  cos  2^2^ 


Sj-.E~i  »  i  .  Piik®ii  cos  2t 

+  — -  sin  ♦  -  -  1  +  — 2~  - 2 - y(cos  4>  -  cos  p ;)  cos  * 


M2,/  '  2p  .ysin‘T 


ob  ‘‘'ob' 


{y  ■ 1  +  3-X-r 

ob 


1  /Sll  .  PllbSll  \,  2 


2pob  sin  t 


\/  2  2  \ 

j^cos  »  -  cos 


(41b) 


u  >,811  \  1  \ 

(— -J2 - 2-Av‘  1  +  ~2/(c°8  0  -  cos  ^/,)f  (41c) 

ob 


w  -  aw,,  sin  *  +  a2|2w„_  sin.'><’  +  ■  -  . 

c  X.  1  1  22  <  ,  §  c 

l  7fTb  sin  t 


(/2)} 


pc  ■  po  +  apn  cos  ♦  +  a  (p9n  +  p,,  cos  2*) 


20  *22 


(41d) 


pc  •  po  +  ajpu  cos  ♦  +  PobSll^7  "  1^cos  0  "  cos  ^2)} 

+  °2|  p2o  +  pob(7  •  ksn)  /n  u;;VT)j 


|p22 +  pob<7  •  ^(i  ksu)*n 

[  so 


cos  2*  -  p  _(y  -  1) 
rot> 


S22s(COS  20  _  cos  2^2^ 


(  ^2  "^)  +  (  ~p^'  ^,Kcos  *  -  cos  V^cos  ®  ~  y^)s2^cos2»-  cos2^) 

*ob 


! 


(41e) 


s  ■  s  +  as 
c  o 


n  cos  *2  +  a2{[s20  •  I  ksn  /n  U~rr)] 


s  _  2  k<!  /ni  6  -  i 

s22  8  11  Ve  -  t! 

SO 


S11^21  2 

cos  2« - 2 —  sin  0  ’  s2 2 s (c os  2C  -  cos  2^) 


(41f  ) 


Equations  (40) -(41)  provide  a  parametric  representation  for  the  second  order  composite 
solution.  We  note  that  the  equation  for  the  second  order  streamlines  is  too  compli¬ 
cated  to  be  inverted  and  no  further  simplifications  are  possible. 


5b.  Elliptic  Cone  at  Zero  Angle  of  Attack 

The  main  difficulty  in  applying  the  first  order  composite  solution  given  in 
Section  4  to  noncircular  cones  is  associated  with  the  evaluation  of  the  function 
I  (?).  In  general  the  function  Ji(?)  is  given  by  Fourier  series  and  the  quadrature 
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defining  I0(?)  must  be  carried  out  numerically.  The  numerical  integration  is  com¬ 
plicated  by  the  presence  of  pole  type  singularities  in  the  Integrand  at  crossflow 
stagnation  points.  In  order  to  deal  with  finite  quantities  in  the  numerical  integra¬ 
tion  we  first  subtract  out  these  singular  terms.  If  we  restrict  ourselves  to  flows 
with  two  planes  of  symmetry  only  four  crossflow  stagnation  points  arise  at  *  -  0, 
ir/2,  3ir/2,  and  2w.  Taking  ?ref.  "0  in  Eq.  (25b)  and  subtracting  out  these  singu 
larities  we  obtain  the  following  equation  for  the  first  order  streamlines 

11  :.T-t  -  B(K-1)/B(4)  (42a) 

^  SO 


3Ax/4 


.  / 1  -  cos  5\  / 1  + 

B(*>  “  V  sin  r  ) 


sin  i 


cos  £ 


3A2/4 


exp  h(0 


where 


A1  "  (  Znkn) 

*n  * 


-1 


*2  •  -  (  I  "  k„) 


-1 


2n  *n  Plnb/pob 

3>Mob  8ln2-r 


Hi)  - 


(a.+a,K2 

+  4 

r 

[#r  x"1  A.  A,  2(A1+A)t 

A2+  it 

+  3 

i  /  k  sin  nc  i  t  ,  t  *  An 

\U  n  /  sin  t  cos  t  r  2 

% 

A 

n 

(42b) 

(42c, d) 

(42e) 

dt 

(42f) 


The  integrand  is  now  free  of  singularities  and  the  function  h(£)  is  regular  and  can 
be  determined  numerically  without  difficulty.  The  composite  solution  for  the  entropy 
distribution  is  given  by 


<sc  -  8oa)/asu  -  £  *n  cos  n^ 
n-0 


(43a) 


(only  even  terms  in  n  arise  under  the  assumed  symmetry).  The  remainder  of  the  solu 
tion  is  given  by 


u  -  u  + 
c  o 


v  -  v  + 
c  o 


I  \ 

n-0 

y  a 

L  n 
n-0 


uln  C08 


n£  +  -  ^cos  n?  -  cos 


ob 


2uob8ll 


Vj^n  cos  n?  -  - *2 -  (q  -  t)(cos  n$  -  cos  nf^) 

ob 


wc  "  l  nVln  8ln  n?  ;  P  "  Po  +  I  Vln  cos  n* 


n-0 


n-0 


Pc  -  PQ  +  y  *n  Pln  cos  nS  +  (y  -  1)  Pob(cos  n?  -  cos  n^) 

n-0  '  ' 


(43b) 


(43c) 


(43d, e) 


(43f) 


In  Fig.  3  we  plot  the  first  order  entropy  profiles  obtained  from  Eqs.  (42,  43a)  for 
an  elliptic  cone  with  semiaxis  ratio  a/b  -  1.24,  and  with  an  equivalent  base  area, 
*/af>  -  ,36397b  (L  -  length  of  cone).  The  calculation  was  done  for  a  Mach  number  of 
M  -  3,3694  and  y  -  1.405.  It  was  found  that  the  first  four  Fourier  coefficients 
bj,  t*4»  ^6*  and  bg  were  sufficient  to  represent  the  body  to  four  place  accuracy. 
Tne  boundary  layer  character  of  the  solution  is  clearly  evident  in  the  figure.  The 
results  for  the  entropy  are  also  indicative  of  the  boundary  layer  behavior  of  the 
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quantities  uc,  p£,  and  vc/(q  -  t). 


6.  DISCUSSION 


The  expansions  constructed  in  the  present  study  lead  to  an  Implicit  representa¬ 
tion  o£  a  uniformly  valid  solution.  For  example,  the  inner  solution  for  the  radial 
velocity,  u,  has  the  following  parametric  form  for  a  yawed  circular  cone, 


u(^,0  - 

Y  an  Un(,M) 

(44a) 

"  a  lnie  -\)  "  Z  e  V*’0 

(44b) 

so 


The  first  order  solution  for  6^  can  be  inverted  (see  Eq.  (38c)]  and  an  explicit 
first  order  uniformly  valid  solution  can  be  obtained  for  this  problem  [see  Eqs.  (38)- 
(39)].  The  inverted  solution  is  in  agreement  with  the  previous  work  discussed  in  the 
introduction  (except  for  Bulakh's  solutions  in  which  he  missed  a  term  associated  with 
v^) .  The  second  order  solution  cannot  be  similarly  treated  because  inversion  of 
Eq.  (40a)  introduces  additional  logarithmic  singularities  into  the  second  order  solu¬ 
tion  at  vortical  singularities  (located  at  the  leeward  ray  on  a  circular  cone).  These 
singularities  can  be  identified  with  the  log  terms  that  arose  in  Munson's  (1965)  and 
Woods  (1963)  inner  solution  at  the  leeward  ray.  Both  these  investigators  constructed 
their  inner  expansions  in  the  physical  plane.  For  example,  their  inner  solution  for 
U  was  of  the  form 


U, 


Woods 


-  7  an  U  (6,*) 


-  Y  a  u  (e,o) 

Munson  L  n  n  ' 


where  Munson  used  a  slightly  different  stretching, 

a 


e 


sin  6  -  sin  -n 
v  sin  t 


exp(-S) 


(45) 

(46) 


These  expressions  should  be  compared  with  Eqs.  (44)  which  is  the  representation  used 
in  the  present  study.  Hence  the  breakdown  of  both  Woods  and  Munson's  4>nner  solution 
at  vortical  singularities  is  caused  by  the  use  of  physical  coordinates,  6,9  respective¬ 
ly,  as  independent  variables.  Munson  attempted  to  remedy  his  inner  solution  by  using 
the  expansion 

ea  ■  1  +  a  /n  e  +  ... 


to  rearrange  his  expansion  and  eliminate  the  unwanted  log  singularities.  However, 
comparison  of  his  second  order  solution  for  the  streamlines  [Eq.  (5.16b)  of  his  paper] 
with  the  corresponding  result  of  the  present  study  [Eq.  (40)]  shows  that,  although 
his  modified  solution  is  of  the  right  form,  it  contains  at  least  two  errors.  Munson's 
modified  solution  for  the  streamlines  can  be  written  in  the  form 

-(4/3ak)(l-aa2) 

7*  -  F(*2)(tan  «/2) 

so 

Comparison  with  Eqs.  (40)  shows  that  Munson's  solution  is  missing  the  second  term  in 
brackets  in  Eqs.  (40)  and  the  a^  term  in  the  exponent.  We  note  that  this  missing 
term  introduces  a  y/  dependence  into  the  exponent  which  is  entirely  missing  in 
Munson's  solution.  This  discussion  points  to  the  essential  role  of  the  parametric 
representation  U3ing  streamline  coordinates  in  the  present  analysis.  Using  this  rep¬ 
resentation  tt;°  solution  in  each  region  could  be  expressed  by  simple  power  series  ex¬ 
pansions.  The  composite  solution  is  also  given  by  a  power  series  in  c  but  contains 
three  independent  variables  S,  q,  and  y  in  this  representation. 


The  present  results  agree  In  form  with  Sapunkov's  (1963)  solution.  In  particu¬ 
lar,  the  form  of  the  equation  for  the  streamlines  given  in  Eqs.  (40)  corresponds  very 
closely  to  Eq.  (9.6)  of  Sapunkov's  paper  (with  ?2  "  cos  ^2  ant*  m  ■  0  -  tt/2).  They 
both  have  exponents  which  depend  on  the  stream  function  in  an  identical  manner.  (This 
is  a  further  indication  that  Munson  is  missing  a  t//  dependent  term  in  his  exponent.) 
Although  the  details  have  not  been  carried  out  Sapunkov's  solution  is  apparently  the 
correct  Newtonian  limit  of  the  present  second  order  composite  solution  for  the  yawed 
circular  cone.  However  we  should  point  out  that  Sapunkov' s  solution  was  obtained  by 
an  iterative  analysis  that  is  considerably  more  complicated  than  the  present  procedure 
which  employed  simple  power  series  expansions  in  conjunction  with  appropriate  indepen¬ 
dent  variables. 

We  should  also  call  attention  to  an  unresolved  discrepancy  between  the  present 
small  asymmetry  solution  and  the  solution  given  in  Melnik  (1967)  for  the  local  be¬ 
havior  near  vortical  singularities.  The  present  solution  for  the  streamlines  has  the 
following  behavior  near  vortical  singularities 


^  ~  (n  -  t) 


-(3€k/4)(l+€Cj+. . .) 


and  hence  is  a  formal  asymptotic  solution.  The  results  given  in  Melnik  (1967)  indi¬ 
cate  that  the  correct  local  behavior  should  be 

-(3ek/4)(l+€c.+. . .) 

5  ~  I  il 

(in  tj  -  t)*J 

The  reason  for  this  discrepancy  is  not  understood  at  present. 

Before  concluding  tnis  study  we  should  indicate  some  of  the  implications  the 
present  results  have  on  the  behavior  of  viscous  boundary  layers  on  slightly  yawed 
cones.  On  a  pointed  cone  the  thickness  of  the  viscous  and  entropy  boundary  layers 
grow  as  follows 


6  .  ~  'Tr 

viscous 


6  _  ~  r 

entropy 


with  a  rate  that  depends  on  the  Reynolds  number  and  yaw  angle  respectively.  Hence 
near  the  tip  of  the  cone  the  viscous  boundary  layer  is  thicker  than  the  entropy  layer 
while  downstream  the  entropy  layer  eventually  becomes  thicker.  Hence  we  expect  classl 
cal  boundary  layer  theory  to  be  valid  near  the  tip.  The  boundary  layer  solution  in 
this  region  can  then  be  described  by  Moore's  (1951)  similarity  solutions.  However, 
downstream  the  entropy  layer  becomes  thicker  than  the  boundary  layer  and  similarity 
no  longer  applies. 

In  addition  we  must  also  consider  the  more  fundamental  question  of  the  matching 
of  the  viscous  and  invlscid  solutions  in  these  regions.  The  outer  boundary  conditions 
used  in  viscous  boundary  layer  theory  are  derived  from  the  matching  conditions  (see 
Van  Dyke,  1964).  In  imposing  the  matching  conditions  it  is  assumed  that  the  outer 
invlscid  solution  is  analytic  at  the  body  surface  and  can  be  expanded  in  powers  of 
the  normal  distance  from  the  wall.  In  the  present  analysis  we  have  shown  that  the 
invlscid  solution  is  not  analytic  at  the  body  surface,  has  infinite  gradients  at  the 
wall  and  cannot  be  expanded  in  a  power  series  as  required  In  the  matching  conditions. 
Hence,  a  careful  analysis  of  the  matching  of  the  invlscid  and  viscous  boundary  layer 
solutions  is  called  for  in  the  case  of  asymmetric  supersonic  flow  over  pointed  bodies. 
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APPENDIX 


The  following  functions  arise  In  the  study  of  the  behavior  of  the  outer  solution 
near  the  cone  surface  (Section  3). 


.  /  1  \  dplb(f)  ob 
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The  following  functions  appear  in  the  second  order  inner  solution  (Section  4). 
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Etude  de  1  'Ecoulement 
A  un  nombre  de  Mach  de  18  autour 
d'une  plaque  plane  en  incidence  et  A 
bord  d'attaque  variable 

par 

J.  AllAgre  et  Ch.  Bisch 
Laboratoire  d 'A^rothermique 
du  C .N  .  R  .S  . 

Meudon  -  Prance 


SCMMAIRE 


Si  lei  etudes  exp# rimentales  1  nombre  de  Mach  eievd  sur  des  plaques  planes  sonc  nombreuses, 
el  lei  lont  gdndralement  llmitdes  au  css  de  l'lncldence  nulle.  Les  experiences  prdsentdes  compren- 
nent  des  mesures  tie  la  presston  parietale  et  de  la  pression  d'arret  au-dessus  d'une  plaque  plane 
dont  l'lncldence  varle  de  -  6*  S  +  9*  et  dont  I'dpalsseur  du  bord  d'attaque  est  comprise  entre 
0,07  ns  et  1,5  om.  Ces  mesures  mettent  en  evidence  les  variations  de  1 ' emplacement  et  de  l'intensi- 
te  du  choc,  variations  qul  entralnent  d ' importantes  modifications  des  valeurs  de  la  pression  parte- 
tale.  Enfln,  des  photographies  de  visualisation  par  effluves  eiectriques  permettent  de  verifier  la 
position  et  1 1  forme  du  choc. 
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NCMENCLATURf 


C 

e 

I 


k 

Moo 

P 

Pt2 


X 

Xe 


e 

x.y 


xi>yi 


constante  de  Chapman  Rubesln, 

#palsseur  du  bord  d'attaque, 

angle  d' Incidence  de  la  plaque;  1)0  pour  les  #coulements  en  compression  sur  la  surfa¬ 
ce, 

coefficient  de  trainee  du  bord  d'attaque, 

nombre  de  Mach  de  1 '#coulement  non  perturb#,  raesur#  dans  la  section  de  velne  passant 
par  le  bord  d'attaque, 

presslon  statique  de  1 '#cou  lenient  non  perturb#, 

pression  d'arret  locale  et  pression  d'arret  de  1 '#coulement  non  perturb#, 
nombre  de  Reynolds, 

temp#rature  g#n#ratrlce  de  1 '#coulement, 
temp#rature  pari#tale  de  la  plaque, 

1  /2 

param#tre  de  rar#factlon  :  V  -  (i  (C/Re„)  , 

V  3  1/2 

param#tre  d  '  Interact  Ion  vlsqueuse  :  A.  “  Moo  (C/Rex)  , 
param#tre  d'effet  de  d#placement  de  la  couche  llmlte  : 

Xr.  -  (Y-1)/(V+1)  [o,664  +  1,73  (Tp/TQ)]  (C/Rex) 1 /2, 
c  «  (y-1)/(y+1), 

coordonn#es  rectangulalres  ayant  pour  orlglne  le  bor')  d'attaque,  respec  t  ivement  paral- 
l#les  et  perpendlculalres  4  la  plaque, 

coordonndes  rectangulalres  ayant  pour  orlglne  le  bord  d'attaque,  respec t Ivement  paral- 
141es  et  perpendlculalres  4  1 '#coulement . 
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I.  INTRODUCTION. 

Au  cours  de  ces  dernlAres  annAes,  les  problAmes  d'ondes  de  choc  et  de  dAvelcppement  de  cou- 
che  llmlte  &  des  nombres  de  Mach  AlevAs,  sur  une  plaque  plane  A  angle  d'lncldence  nul,  ont  fait 
l'objet  de  nombreuses  recherches;  par  exemple,  les  rAfArences  1,  2,  3,  4  et  5  se  rapport *nt  aux  rA- 
glmes  de  falble  et  forte  interactlons  et,  plus  rAcemment,  les  rAfArences  6  et  7  ont  trait  A  la  re¬ 
gion  d 'Acoulement  proche  du  bord  d'attaque  pour  laquelle  la  couche  llmlte  fusionne  avec  l'onde  de 
choc,  zone  appelAe  "merged  layer".  Cette  dernlAre  region  assure  la  liaison  entre  le  modAle  d'Acou- 
lement  clnAtlque  au  bord  d'attaque,  d'une  part,  et  la  couche  llmlte  hypersonlque  classlque  A 
l'aval,  d'autre  part.  En  meme  temps,  plusleurs  theories  Atalent  suggArAes,  rAfArences  8,  9,  10  et 

II,  et  11  est  possible  de  calculer,  par  exemple,  les  pressions  parlAtales  et  les  flux  thermlques 
avec  une  approximation  ralsonnable. 

Pour  des  Incidences  positives  cu  nAgatives,  d'lmportants  changsnents  apparalssent  dana 
l'Apatsseur  de  dAplacement  de  la  couche  llmlte  le  long  de  la  plaque.  Cecl  entratne  une  variation  de 
1'intensltA  de  l'onde  de  choc  lncldente  et,  en  consAquence,  affecte  trAs  sensiblement  les  valeura 
des  pressions  lndultes.  La  connalssance  de  1 ' Interaction  couche  llmlte  onde  de  choc  sur  la  plaque 
plane  en  Incidence  nulle  n'est  pas  sufflsante  pour  prAdire  avec  certitude  les  caractArlstlques  de 
l'Acoulement  sur  une  plaque  en  Incidence;  11  est  nAcessalre  de  connattre  avec  exactitude  quelques 
quantltAs  utiles  teiles  que  la  localisation  de  l'onde  de  choc  et  les  distributions  de  pressions  pa¬ 
rlAtales.  De  plus,  les  effets  de  dAplacement  de  couche  llmlte  dApendent  cons idArablement  de  la  tem- 
pArature  de  parol;  A  cet  Agard,  nous  noterois  les  travaux  thAorlques  de  CHENG[8]  et  OGUCHiflO]  qul 
tiennent  compte  de  la  tempArature  de  parol. 


2.  CONDITIONS  EXPERIMENTALES . 

2.1.  Souf f lerle. 

Les  prAsentes  expArlencos  ont  AtA  effectuAes  dans  la  soufflerle  SH3  du  laboratolie  d'AAro- 
thermlque  [l6j  .  Bornons-nous  A  rappeler  que  cette  soufflerle,  A  fonct lonnement  contlnu,  utilise  un 
rAservolr  d'azote  A  haute  presslon,  un  surpresceur  A  membrane  et  une  pompe  A  vide  rotative  A  deux 
Atages.  La  chambre  de  t ranqul 1 1 Isat Ion  est  conque  pour  supporter  plus  de  200  bars  et  des  tempAratu- 
res  du  gaz  pouvant  attelndre  2  OOO’K.  L'azote  est  cnauffA  par  effet  Joule  au  moyen  d'un  rAchauffeur 
en  graphite  A  double  traversAe.  La  tuyAre  tronconlque,  de  20*  d'angle  d’ouverture,  a  un  dlamAtre  au 

col  de  1,2  mm  et  un  dlamAtre  de  sortie  de  100  mm. 

Dans  les  expArlences  actuelles,  la  presslon  gAnAratrlce  p0  et  la  tempArature  gAnAratrlce  TQ 
sont  respectlvement  de  100  bars  et  de  1  400*K;  A  ces  conditions,  correspondent,  dans  la  velne  d'ex- 

pArlence,  un  nombre  de  Mach  de  18,  un  nombre  de  Reynolds  de  10  500  par  cm,  une  presslon  statlque  de 

32  microns  de  mercure  et  une  tempArature  de  21*K, 

Des  Atudes  antArieures  ont  AtA  effectuAes  pour  dAflnlr  l'lnfluence  de  la  condensation  du 
gaz  sur  les  caractArlstlques  de  presslon  de  l'Acoulement.  Les  rAsultats  prAsentAs  par  GRIFFITH[l9] 
concordent  avec  les  expArlences  de  DAUM120J  .  Ils  montrent  que,  si  l'on  conBidAre  la  presslon  de 
l'Acoulement  llbre  obtenue  dans  les  expArlences  actuelles,  la  llmlte  de  la  condensation  correspond 
A  une  tempArature  InfArleure  A  15*K.  Par  consAquent,  aucun  effet  de  condensation  n'a  lieu  dans  ces 
conditions  part lcul lAres . 

2.2.  ModAle. 

Le  modAle  utlllsA  est  une  plaque  plane  en  lalton,  refroidle  par  circulation  d'eau,  de  40  mm 
d'envergure,  60  mm  de  long  et  5  mi  d'Apalsseur.  Les  angles  des  diAdres  du  bord  d'attaque  et  du  bord 
de  fulte  sont  respectlvement  de  20*  et  30*. 

Inlt ialement,  l'Apalsseur  mlnlmale  moyenne  du  bord  d'attaque,  mesurAe  au  microscope,  est  de 
0,07  ran;  ensulte,  le  bord  d'attaque  est  Apalssl,  en  le  llmant  perpend lculalrement  A  la  surface  de 

la  plaque,  afin  d'obtenlr  une  Apalsseur  maxlmale  de  1,5  mm. 

La  plaque  est  tenue  lateralement  par  un  bras  cylindrlque  qul  traverse  un  des  hublots  de  la 
soufflerle;  11  permet  de  posltlonner  la  plaque  dans  l'axe  de  l'Acoulement  A  l'lncldence  cholsle.  Le 
bras  sert  Agalement  de  passage  aux  sept  tubes  de  prise  de  presslon  reliant  la  plaque  A  l'apparell 
de  mesure  et  aux  deux  tubes  de  circulation  d'eau  permettant  de  malntenlr  la  tempArature  de  parol  de 
la  plaque  A  environ  300*K.  Les  sept  prises  de  presslon  sont  sltuAes  sur  deux  llgnes  dlstantes  de 

5  ms  de  l'axe  longitudinal  de  la  plaque,  de  5  ran  en  5  mm,  entre  les  abscisses  10  nm  et  40  so;  leur 

dlamAtre  est  de  0,8  mm. 

Une  visualisation  par  dApOt  d'hulle  a  permls  de  vArifler  qu'aucune  perturbation  marglnale 
n'affecte  la  zone  explorAe. 

2.3.  Mesures  statlques  et  dynamlques. 

La  presslon  gAnAratrlce  est  mesurAe  A  -  27.  prAs  avec  un  manomAtre  A  membrane;  dana  l£  vel¬ 
ne,  les  pressions  ont  AtA  relevAes  A  l'alde  d'un  alphatron  avec  une  prAclslon  de  lecture  de  -  5t; 
les  temps  de  rAponse  pour  les  mesures  de  pressions  parlAtales  sont  de  l'ordre  de  trols  minutes. 
Avant  toute  expArlence,  l'ensemble  des  conduits  de  presslon  est  dAgazA  pendant  plusleurs  heures ; 
cette  prAcaution  est  une  condition  Indispensable  pour  obtenlr  une  bonne  fldAlltA  des  mesures. 

Les  explorations  dynamlques  sont  rAallsAes  avec  un  tube  de  Pitot  de  1,2  mm  de  dlamAtre  ex- 
tArleur  et  de  0,7  mm  de  dlamAtre  IntArleur;  ces  dimensions  permettent  d'obtenlr  un  temps  de  rAponse 
relativement  court.  L'ordonnAe  de  l'axe  du  tube,  co^ptAe  A  partlr  de  la  plaque,  est  lue  au  moyen 
d'une  lunette  assurant  une  prAclslon  de  lecture  de  -  0,05  mm. 
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L'angle  d'lncldence  de  la  plaque  eat  vdrifid  pendant  le  fonctlonnement  de  la  soufflerle, 
car  lea  effort*  adrodynamlques  aont  auaceptlblea  de  modifier  le  calage  lnitlalement  cholsl;  cette 
vdrlflcatlon  constate  a  projeter  l'ombre  d'un  rapporteur  A  vernier  sur  le  profll  de  la  plaque  Jus- 
qu'A  l'obtentlon  d'un  paralldllsme  vdrlfiable  k  la  lunette;  la  prdclslon  eat  de  -  0,04*. 


3.  RISULTATS . 


3.1.  Plaque  plane  k  bord  d'attaoue  efflld. 


lnitlalement,  l'dpalsaeur  du  bord  d'attaque  eat  de  0,07  on.  Rapportd  A  cette  dpalsseur,  le 
nodbre  de  Reynold*  n'est  que  de  70,  et  lea  effsta  majeurs  lntervenant  dans  la  preaalon  parldtale  et 
le  tranafert  de  chaleur  aont  dua  aurtout  k  la  vlscoslid. 

Lea  valeur*  des  preaalona  parldtale*  corrlgdes,  rapportdea  k  la  preaalon  atatlque  de  l'd- 
coul ament  non  perturbd,  aont  donndes  aur  la  figure  1  en  function  du  paramdtre  d 1  Interaction  vls- 

queuae^  -  ^(C/Re*)1^2  pour  l'lncidence  nulle;  ellea  aont  ccmpardes  k  dea  rdaultata  expdrlmentaux 


antdrleur*  et  k  quelquea  thdorlea  exlatantea. 

II  aamble  que  lea  pentea  dea  courbea  dea  varlatlona  thdorlquea  ddflnlea  par  OGUCHl[lo], 
CHENG [8 j  et  AR0ESTY[9j  aolent  trop  grandee  pour  lea  valeura  conalddrdea  du  paramdtre  .  La  grande 
dlffdrence  conatatde  eutre  lea  rdaultata  expdrlmentaux  prdaentda  et  la  lol  d'AROESTY  provlent  du 
fait  que,  dena  aea  calcula,  1 'auteur  conalddre  une  parol  adlabatlque. 

La  conatante  de  Chapman-Rubealn,  calculde  aulvant  la  mdthode  de  CKENg[s],  a  pour  valeur 
0,76  dan*  le*  condition*  de  l'expdrlence. 

La  preaalon  da  parol  eat  corrlgde  aelon  la  mdthode  prdaentde  en  rdfdrence  21  afln  de  tenlr 
compte  dea  effet*  rdaultant  du  tranafert  de  chaleur  entre  l'dcoulement  et  la  parol  refroldie  et  dea 
condition*  de  rardftctlon  du  gaz. 

On  a  ndgllgd  lea  effeta  dua  au  gradient  longitudinal  du  nombre  de  Mach  (l/M)(dM/dx)  qul  eat 
de  l'ordre  de  It  par  centlmdtre.  En  fait,  11  aemble  trda  difficile  de  prddlre  de  quelle  manldre  la 
preaalon  parldtale  meaurde  ddpend  de  la  variation  lcngltudlnale  du  nombre  de  Mach;  en  tenant  compte 
de  la  courbure  dea  llgnea  de  courant  en  aval  de  l'onde  de  choc,  11  eat  probable  que  aeule  la  valeur 
du  nombre  de  Mach  k  la  parti;  frontale  du  choc  Incident  dolve  itre  prise  en  conalddratlon.  Pour 
toute*  lea  expdrlencea,  le  nombre  de  Mach  de  rdfdrence  de  l'dcoulement  llbre  eat  mesurd  k  la  verti¬ 
cal*  du  bord  d'ettaque. 

Lea  preaalona  parldtale*,  rapportdea  k  la  preaalon  atatlque  de  l'dcoulement  non  perturbd, 
aont  portdee  aur  lu  figure  2  en  fonctlon  de  l'abaclaae  de  la  plaque.  Leurs  valeura  augmentent  en 
mime  temp*  que  l'angle  d'lncldence.  Cependant,  k  l'lncidence  -  6*,  on  obaerve  une  trda  forte  dldva- 
tlon  de  la  preaalon  k  l'aval  de  la  section  sltude  k  20  tm  du  bord  d'attaque;  cecl  eat  probablement 
dd  au  ddcollement  local  de  la  couche  limit*. 

Le*  exploration*  dynamlquea  faltea  au  tube  de  Pitot  prda  de  la  surface  de  la  plaque  et  a 
20  an  du  bord  d'attaque  aont  reprdaentdea,  aur  la  figure  3,  pour  six  angles  d'lncldence.  Compte  te- 
nu  d*  la  grande  dimension  du  tube  de  Pitot  comparde  k  1  dpalsseur  de  la  couche  de  choc,  toutea  lea 
meaurea  ae  rdfirent  A  la  position  de  son  axe.  Conane  on  l'a  lndiqud  sur  la  mime  figure  3,  l'ordon- 
nde  yc  du  choc  eat  posltlonnde  au  milieu  de  la  r«rtle  approx lmatlvement  llnda'ce  des  courbeB  de 
pression.  Aux  Incidences  crolasantes  correspond  me  augmentation  de  l'lnteruitd  du  choc  et  son  rap- 
prochsment  corrdlatlf  de  la  parol;  lea  photograph ' es  de  l'dcoulement  vtsuallsd  par  effluves  mon- 
trent  que  la  trace  de  l'onde  de  choc  attelnt  une  pente  mlnlmale  quasi  constante  pour  lea  valeura  de 
l'angle  d'lncldence  supdrleurea  k  environ  12*. 


3.2.  Plaque  plane  k  bord  d'attaque  tronqud. 

L'lnfluence  dc  l'dpalsaeur  du  bord  d'attaque  eat  In^lqude  sur  lea  figures  4,  5  et  6  ou  lea 
preaalona  parldtale*,  rapportdea  A  la  preaalon  atatlque  dc-  l'dcoulement  non  perturbd,  aont  portdea 
en  fonctlon  de  l'absclsse  de  la  plaque  pour  trols  valeura  de  l'angle  d'lncldence.  A  l'lncidence 
-  6*  (fig.  4),  la  forte  dldvatlon  de  preaalon  enreglstrde  pour  le  bord  d'attaque  efflld  n'apparatt 
plus  avec  le  bord  d'attaque  tronqud.  Des  dlffdrences  aenslbles  dans  les  nlveaux  de  presslons  nesu- 
rdes  sont  obaervdes,  surtout  dana  la  rdglon  volslne  du  bord  d'attaque;  par  exemple,  A  angle  d'lncl¬ 
dence  nul  (fig.  5),  A  l'absclsse  x  -  10  nm,  la  valeur  de  p/p^  double  presque  lorsque  l'dpalsaeur 
du  bord  d'attaque  crott  de  0,07  A  1,5  am. 

Us  explorations  dynamlques  faltes  au  tube  de  Pitot  sont  prdsentdes  sur  les  figures  7  et  8 
aux  angles  d'lncldence  de  0*  et  6*  pour  dlffdrentes  valeurs  de  I'dpaisseur  du  bord  d'attaque.  Les 
emplacements  correapondants  du  choc  aont  lndlquds  sur  la  figure  9,  en  fonctlon  de  l'dpalsaeur  du 
bord  d'attaque,  pour  six  valeurs  de  l'lncidence. 

La  figure  10  montre  les  photographies  de  visualisation  par  effluves  dlectrlques  correspon¬ 
dent  aux  deux  dpalaseurs  0,07  am  et  1,5  am  du  bord  d'attaque  et  aux  Incidences  -  6*,  0*  et  +  6*.  On 
peut  y  conatater  les  trds  nettes  dlffdrences  de  forme  et  de  position  du  choc  aulvant  les  cas  conal- 
ddrda.  Nous  avon*  pu  aussl  vdrlfler  que  les  positions  dddultes  de  la  visualisation  concordent  avec 
celles  obtenue*  au  tube  de  Pitot,  A  la  prdclslon  de  lecture  prda. 
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Pig.  3  -  Explorations  au  tube  de  Pitot  effectives  k  20  an  du  bord  d'attaque  de 
la  plaque  plane  efflUe,  pour  six  angles  d' incidence. 
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FI*.  6  -  Distribution  de  la  preealon  parldtale  le  long  de  la  plaque  plane  <mouss<e 

pour  l'lncldence  +  6*. 
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SUMMARY 


Theoretical  studies  of  the  three-dimensional,  laminar,  compressible  t 

boundary  layer  with  mass  injection  are  reported.  Applications  are  given 
to  cases  typical  of  the  heat  shield  of  the  Apollo  vehicle  during  lifting 
reentry.  The  studies  are  divided  in  two  parts.  The  first  part, 
reviewed  only  briefly  here,  is  restricted  to  the  case  of  small  secondary 
flow.  The  second  part,  which  makes  up  the  major  content  of  this  paper, 
consists  of  an  integral  method  in  which  the  smal  1 -secondary- flow 
restriction  need  not  be  made.  Applications  of  the  latter  method  are 
described;  significant  nonsimilai  effects  associated  with  mass 
injection  and  inviscid-streaml ine  curvature  are  observed. 
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STUDIES  OF  THREE-DIMENSIONAL,  COMPRESSIBLE  BOUNDARY 
LAYERS  ON  BLUNT  LIFTING  ENTRY  BODIES 

S.W.  Kang,  W.J.  Rae,  and  M.G.  Dunn 


1.  INTRODUCTION 

The  objective  of  the  research  described  in  this  paper  was  to  investigate  the  boundary 
layers  on  the  heat  shield  of  a  blunt  lifting  entry  body.  These  boundary  layers  are  three- 
dimensionrl  in  character  and,  because  of  the  energy  dissipated  in  the  heat  shield  during  entry, 
the  influence  of  mass  injection  on  their  development  must  be  included  in  the  analysis. 


!  The  essential  features  of  three-dimensional  boundary  -  layer  flows  were  first  discussed  by 
Hayes1,  Moore?,  and  Mager3 .  These  papers  were  followed  by  an  extensive  literature4"  .  Analyses 
have  been  performed  for  special  geometries,  where  simplifications  in  the  governing  equations  are 
possible,  such  as  yawed  infinite  cylinders4'6  and  flat  plates’'*®.  Numerous  analyses  are  also 
available  for  other  special  cases,  for  example,  flows  where  the  secondary-flow  (transverse) 
velocity  component  is  assumed  to  be  small  compared  with  the  streamwise  velocity**'?*,  flows  in  the 
stagnation  region22'23,  and  flows  over  a  blunt-nosed  cold  body'6.  Techniques  arc  available?2'3* 
for  studying  the  influence  of  mass  injection  on  the  boundary- layer  characteristics  for  axisymmetric 
or  two-dimensional  flow  fields  with  or  without  pressure  gradient.  However,  analyses  ®>32  dealing 


with  the  influence  of  mass  injection  on  three-dimensional  boundary  layers  are  considerably  more 
limited  in  scope  in  that  they  are  restricted  to  the  case  of  small  secondary  flow. 


The  purpose  of  the  present  paper  is  to  analyze  the  effects  of  mass  injection  on  general 
three-dimensional  boundary- layer  flows.  The  studies  were  performed  in  two  parts.  In  the  first32, 
the  objective  was  to  estimate  the  magnitude  of  the  three-dimensionality  under  conditions  typical  of 
an  Apollo  reentry.  In  making  these  estimates,  it  was  assumed  that  the  boundary  layer  was  laminar 
and  that  the  secondary  flow  was  small.  By  application  a  local-similarity  assumption,  solutions 
were  obtained  for  the  secondary- flow  velocity  profiles,  the  streamwise  velocity  profiles  and  the 
total-enthalpy  profiles.  The  results  of  this  work  showed  that  the  three-dimensionality  of  the  flow 
was  too  large  to  be  adequately  treated  by  a  smal  1 -secondary-flow  assumption.  Therefore,  the  second 
part  of  the  study-*3  was  initiated  in  which,  an  integral  method,  which  eliminated  the  constraints  of 
small  secondary  flow  and  local  similarity,  was  applied  to  obtain  a  general  analysis  of  the  three- 
dimensional,  compressible  boundary  layer.  The  profiles  used  for  the  velocity  components  and  the 
enthalpy  are  patterned  after  those  found  in  the  previous  analysis32.  No  assumptions  are  made 
concerning  similarity  of  the  flow  characteristics  or  the  magnitude  of  the  secondary- flow  velocity 
component,  however.  This  integral  method  has  been  applied  to  a  specific  flight  condition  typical 
of  an  Apollo-type  body  and  the  results  are  briefly  discussed. 


For  the  studies  described  above,  calculations  were  performed  for  the  limiting  case  of  no 
mass  injection  and  the  more  practical  case  of  mass  injection.  The  analysis  deals  principally  with 
the  fluid  dynamics  of  the  problem,  and  thus  the  gas  is  assumed  to  be  nonreacting.  The  material 
contained  in  this  paper  includes  material  from  Ref.  32  not  previously  reported  in  the  open  litera 
ture  (Section  2)  and  a  detailed  treatment  of  the  material  reported  in  Ref.  33  (Section  3).  It  is 
recognized  that  knowledge  of  the  afterbody  separated- flow  region  is  also  important  for  blunt  lifting 
vehicles.  To  this  end,  an  approximate  analysis  has  been  conducted  by  Rae34  to  estimate  separated- 
flow  profiles  over  an  axisymmetric  afterbody.  Further  discussion  of  this  work  is  not  included  in 
the  present  paper. 


2.  LOCALLY  SIMILAR  FLOWS  WITH  SMALL  SECONDARY  FLOW 

The  three-dimensional  nature  of  the  inviscid  flow  field35  for  a  blunt  lifting  entry  body 
suggests  that  significant  three-dimensional  effects  may  also  be  present  in  the  boundary  layer.  The 
analysis  described  in  this  section  was  undertaken  as  the  initial  step  in  determining  the  importance 
of  the  secondary  flow  in  the  following  way.  The  secondary-flow  momentum  equation  is  linearized  to 
estimate  the  size  of  the  three-dimensional  effect,  and  then  these  estimates  are  put  back  into  the 
complete  equations  in  order  to  determine  if  the  linearized  theory  is  sufficient. 

In  dealing  with  the  three-dimensional  boundary  layer,  it  is  convenient  to  use  the  inviscid 
streamlines  at  the  body  surface  as  the  coordinate  system.  In  such  a  coordinate  system,  th<-  three- 
dimensional  nature  of  the  boundary  layer  manifests  itself  as  a  secondary  flow,  i.e.,  a  component 
parallel  to  the  body  surface  and  iormal  to  the  inviscid  streamline  direction 

Generally  speaking,  secondary  flows  over  highly  cooled  bodies  tend  to  be  small.  The 
reason  is  that  the  layer  near  the  cold  wall  is  relatively  dense;  ‘  hus,  pressure  gradients  in  any 
direction  (normal  to  streamlines  as  well  as  along  them)  have  a  limited  effect.  For  this  reason, 
a  good  approximation  can  be  found  by  neglecting  the  secondary  fiov  altogether.  The  resulting 
equations,  when  written  in  the  inviscid-streamline  coordinate  system,  can  be  transformed  into  an 
equivalent  two-dimensional  problem,  as  shown  by  Hayes*,  Vagi io- Laurin2  ,  and  Cooke  and  Hall3”. 

A  first  estimate  of  the  secondary-flow  component  can  then  be  found  by  solving  the  linear  equation 
which  it  satisfies.  Solutions  of  this  sort  are  considered  by  Hayes*,  by  Vaglio  Laurin3  ,  and  by 
Beckwith*”.  This  latter  analysis,  based  on  the  assumption  of  local  similarity,  is  especially 
appropriate  for  the  present  problem.  The  differential  equations  employed  in  this  analysis  have 
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been  developed  in  detail  in  Ref.  32.  Thus,  in  the  following  paragraph  only  a  brief  review  of  the 
equations  utilized  is  presented. 


2.1  Brief  Review  of  Governing  Equations 


For  small  secondary  flow,  the  boundary- layer  equations  can  be  written  in  terms  of  the 
transformed  variables  as  follows: 


/“a 


d  s 


Subscripts  «  and  b  denote  conditions  in  the  free  stream  and  at  the  wall;  p  is  the  density,  the 

viscosity,  u  the  velocity  component  in  the  inviscid-streamline  direction,  s  is  the  distance  along 
the  body  surface  in  the  streamline  direction,  y  is  the  distance  normal  to  the  body  surface,  ande, 
is  the  metric  coefficient  relating  incremental  changes  in  distance  normal  to  streamlines  (n)  to 
incremental  changes  in  the  coordinate  y-,  which  is  constant  along  a  streamline  i .  e .  ,  u  n  r  d  y  . 
(See  Fig.  1.)  The  local-similarity  approximation  is  made  by  neglecting  derivatives  with  respect  to 
5,  while  ^-variations  are  retained  whenever  they  appear  parametrically.  The  resulting  equations, 
for  a  Prandtl  number  of  one  and  a  constant  product,  are 
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is  the  total  enthalpy, 


dJU  t. 


is  the  veloc- 


The  term  is  defined  to  be  the  streamwise  pressure-gradient  parameter.  The  term  X  is  the 
secondary-flow  parameter,  and  is  a  measure  of  the  Coriolis  force  in  the  flow. 


These  equations  must  satisfy  the  boundary  conditions 


f‘(0)  =  0  , 


fU)  -  I 


6(0)  Hb/He  , 
V(0)  =  Vfc.)  =  0  , 


e(«)  =  / 
m .  fb 


The  quantities  »Z/»’s  ■  and  A  were  calculated  for  a  typical  inviscid  streamline  on  the  fore¬ 

body  of  an  Apollo-type  oody  at  20°  angle  of  attack  using  the  results  of  Bohachevsky  and  Mates15. 

The  resulting  values  of  these  parameters  along  the  streamline  were  used  in  conjunction  with  the 
locally  similar  solutions  to  calculate  the  boundary- layer  velocity  profiles  at  a  series  of  points 
along  the  streamline. 


2.2  Results  of  Restricted  Analysis 

Figure  2  shows  the  range  of  parameters  for  which  solutions  are  reported  in  Ref.  32.  As  may 
be  seen  from  the  figure,  the  integration  scheme  failed  to  converge  for  values  of  the  wall-blowing 
parameter,  fk  less  then  -1.1  in  the  cold  wall  case,  ■  0.  For  larger  values  of  Qb  ,  solutions 
were  obtained  for  substantially  more  negative  values  of  fb  ,  as  illustrated. 

Figures  3  and  4  show  the  influence  of  the  variation  in  wall  temperature  on  the  velocity 
profiles  for  *  0  and  -1.0,  respectively.  In  both  cases,  it  is  seen  that  as  the  wall  temperature 

is  increased,  the  secondary-flow  component  is  greater  in  magnitude  than  the  cold-wall  case.  This  is 
physically  reasonable,  since  the  cooler  the  wall,  the  greater  the  fluid  density  near  the  wall  and 
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hence,  the  fluid  is  sluggish  in  responding  to  influences  such  as  blowing.  This  greater  sensitivity 
for  the  9b  -  0.5  case  is  shown  in  Figure  4,  where  a  sizable  increase  in  the  maximum  value  of  V  is 
observed . 

Figures  5  and  b  illustrate  the  influence  of  fi  ,  which  is  allowed  to  vary  from  0.5  to  2.0, 
on  the  boundary  layer  for  blowing-rate  parameters  of  0  and  -2.0,  respectively,  while  all  other 
parameters  remain  fixed.  It  may  be  seen  from  these  results  that  fi  significantly  affects  the  flow 
In  particular,  decreasing  .slues  of  fi  result  in  increasing  effects  on  the  secondary  flow.  That  is, 
the  maximum  value  of  the  secondary-flow  velocity  increases  by  a  factor  of  approximately  three  as 
the  streamwise  pressure-gradient  parameter  decreases  from  2.0  to  0.5.  Also,  the  maximum  values  of 
the  secondary- flow  velocity  are  located  at  greater  distances  from  the  body  surface  as  fi  decreases. 
Further,  decreasing  the  value  of  fi  is  shown  to  thicken  the  boundary  layer,  thus  increasing  the 
region  of  viscous  influence.  Such  an  effect  of  fi  is  reasonable,  since  the  more  favorable  the 
pressure  gradient  is  in  the  streamwise  direction,  the  smaller  is  the  magnitude  of  mass  flux  existing 
in  the  secondary-flow  direction.  The  relative  influence  of  fi  on  these  two  flow  characteristics 
becomes  magnified  at  greater  blowing  rates,  as  can  be  seen  by  comparing  Figures  5  and  6. 

The  secondary-flow  parameter,  A  .  is  a  measure  of  the  Coriolis  force  in  the  flow.  This 
parameter  does  not  appear  in  the  streamwise  momentum  equation  or  the  energy  equation,  but  only  in 
the  secondary- flow  momentum  equation.  This  stems  from  the  assumption  of  small  secondary  flow.  As 
illustrated  in  Figures  7  and  8,  increasing  the  value  of  A  causes  a  reduction  in  the  maximum  value 
of  the  secondary- flow  velocity,  as  well  as  the  boundary- layer  thickness,  for  a  given  value  of  the 
blowing-rate  parameter,  fk  .  Physically,  a  positive  A  signifies  diverging  streamlines.  Therefore, 
for  a  given  mass- inject  ion  rate,  greater  values  of  A  tend  to  spread  the  effect  of  blowing  over  a 
greater  region  consistent  with  the  diverging  streamlines. 

The  results  of  the  approximate  analysis  discussed  above  suggested  that  the  influence  of 
secondary  flow  and  mass  addition  on  the  boundary- 1  ayer  development  was  sufficiently  large  to  merit 
the  formulation  of  a  less  restrictive  analysis.  To  this  end,  the  integral  technique  discussed  in 
the  following  section  was  formulated. 


3.  NON-SIMILAR  FLOW  ANALYSIS  BY  APPLICATION  OF  THE  INTEGRAL  METHOD 

WITH  ARBITRARY  SECONDARY-FLOW  VELOCITY 

3.1  Basic  Equations 

In  this  section,  an  integral  method  will  be  applied  to  obtain  a  general  analysis  of  the  three- 
dimensional,  thin,  laminar  boundary  layer  with  mass  injection.  The  equations  are  expressed  in 
terms  of  the  streamline  coordinate  system  and  profile  parameters  are  introduced  for  the  streamwise 
velocity,  the  total  enthalpy  and  the  secondary-flow  velocity  profiles.  As  an  illustration,  the 
present  formulation  will  be  applied  to  three-dimensional  flow  in  the  forebody  region  of  a  blunt 
body.  The  effects  of  mass  injection  and  streamline  curvature,  including  the  effect  of  an  inflection 
point  in  the  outer  inviscid  streamline,  will  also  be  analyzed. 


For  the  ca^g  a  nonreacting  gas,  the  equations  for  a  compressible,  three-dimensional 


boundary  layer  are 
Continuity 
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where  it  is  assumed  that  dp/ay  «  0,  so  that  u-t(du.m/dt)  =  -apfiganii  CXK  -dp>/dy 


The  boundary  conditions  are 
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When  the  Equations  (5) ,  (6),  and  (7)  are  integrated  from  y-  0  to  y  >=  5  using  continuity,  Equation 
(4)  ,  they  become 

-k (* 'sjirfr 

(8) 

=  -A-f— )  ♦ 

ut  '  3  y  t°eue 

7T^7,  wM*-)  "h  *  J*-4-  *  *A-0 

+  >  4;  ,  _L  2^_  +  _L  3i\ _ ^SilL  (9) 
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The  momentum  boundary- layer  thickness  (&)  is  taken  to  be  the  same  for  both  the  streamwise  and  the 
secondary  flows14' J2>39,  Further,  the  thermal  boundary- layer  thickness  is  assumed  to  be  the  same 
as  the  momentum  boundary- layer  thickness4®'41.  The  term  pb-urb  signifies  the  mass-injection  flux 
at  the  body  surface.  When  this  term  is  equal  to  zero,  i.e.,  the  solid-wall  case,  Equati'v.i  (8), 
(9),  and  (10)  reduce  to  the  equations  obtained  in  previous  analyses,  e.g..  Refs.  20  and  3t. 

The  f  -coordinate  is  now  transformed  by  introducing  the  variable 

(1?) 

from  which  follows  the  boundary- layer  thickness  in  the  transformed  plane 


=  f  ~ 
-l  * 
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In  addition,  the  viscosity  is  assumed  to  vary  with  temperature  ,  as  follows 

M.  i  -r 

—  -- c  f 

where  the  subscript  r  denotes  reference  conditions  and  the  coefficient  is  taken  such  that  the 
Sutherland  viscosity-temperature  relation  is  exactly  satisfied  at  the  wall  temperature  .  Thus, 


c’’^  (W 


where  S  is  the  Sutherland  constant . 

In  order  to  make  the  formulation  as  general  as  possible,  the  equations  are  nondimens iona  1  i zed 
with  respect  to  a  reference  condition.  A  suitable  reference  point  is,  for  example,  rhe  point  immedi¬ 
ately  behind  the  shock  on  the  stagnation  streamline.  Thus,  we  introduce 

n  -  -f  /* 


c 

II 

,clc 

“e 

_  f 

v  ~  — 

9  (A 

c 

A 

*  <,* 

u/  -  k]  /-) 

M  - 

vv  -  N  _  I  i. 

n»  - 

II 

£ 

T 

H  ^ 

*/  A 

A 

A 

7  * 

* 

A 

where  terms  with  bars  signify  normalization  with  respect  to  the  reference  condition,  e.g., 

-  Pa/p,  etc.  In  addition,  the  term£f  will  be  introduced  as  where  c2r  is  the 

metric  coefficient  at  some  convenient  point  in  the  flow  and  is  »  ;:r.-tant.  Then  Equations  (8), 
(9),  and  f 10)  become,  after  some  rearrangements, 
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It  may  be  noted  here  that  the  integral  equations,  Equations  (15),  (16),  and  (17),  have  the  following 
properties:  1)  They  can  accommodate  mass  injections  at  the  body  surface.  The  term  Vj  contains  the 
mass- inj ect ion  flux  and  appears  in  Equations  (15)  and  (17).  2)  They  can  be  used  for  both  laminar 

and  turbulent  boundary- layer  flows.  In  the  case  of  a  turbulent  flow,  some  suitable  correlations 
may  be  used  for  the  reference  temperature ,  (dU/do)  ,  (dS/Jdn )  and  (<?0/<9y)b  to  obtain  the 
solutions43.44.  b 


Ihe  integral  equations  yield  integrated  effects  of  the  flow  characteristics  from  an  up¬ 
stream  location  to  a  point  of  interest  in  the  flow  field.  In  obtaining  meaningful  solutions,  how¬ 
ever.  it  is  also  important  to  account  fur  local  effects  such  as  mass  injection  at  the  body  surface 
and  local  pressure  gradients  tangent  and  tr  nsverse  to  the  streamline.  For  this  latter  purpose, 
the  so-called  "compatibility  conditions"  it  hr  wall  are  introduced,  by  specializing  the  differential 
Equations  |5),  16),  and  (7)  to  the  body  s.  rface.  Thus,  we  obtain,  in  dimensionless  forms. 


W 


(18a  I 


(18b) 


(18c) 


where 


■fl  3  ur 

*.  d(J//) 


For  the  region  near  the  stagnation  point  in  hypersonic  flows,  U  e/ne  is  much  smaller  than  unity 
and,  thus,  the  last  term  in  Equation  (18c)  may  be  neglected  without  loss  in  accuracy,  although  the 
Prandt  1  number  may  not  be  unity.  In  the  case  where  the  Prandt  1  number  is  unity,  of  course,  the 
term  is  identically  zero.  In  obtaining  the  examples  included  in  this  paper,  the  term  containing 
u.e/ng  is  neglected.  Thus,  we  have 


w 


(19) 


Ke  now  have  derived  six  equations,  viz.,  Equations  (15),  (16),  (17),  (18a),  (18b),  and  (19). 
Thus,  six  unknown  parameters  describing  the  flow  characteristics  may  be  introduced  and,  theoretically, 
the  problem  is  determinate. 


3.2  Choice  of  Profiles 

Application  of  the  integral  method  to  the  boundary- layer  flow  involves  assuming  forms  of  the 
velocity  and  total  enthalpy  profiles  in  terms  of  parameters  which  characterize  the  fluid  motion.  In 
what  folic. s,  these  various  profiles  will  be  separately  considered. 
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The  Streamwise  Velocity  Profile 

We  introduce  the  fourth-degree  polynomial  form 


U 


<±--t 


1 


The  boundary  conditions  are 


<7  =  0;  U  -  O 

1  -  I  ;  U  =  / 
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(20) 


(21) 


In  addition,  we  have  the  compatibility  condition  at  the  wall,  i.e.,  Equation  (18a).  Substitution  of 
Equation  (20l  in  Equations  (18a)  and  (21)  gives 

*«  =  0 


Therefore,  we  have 


12  >  P 
b  ♦  W 


Wa,  -  P 


ai  =  4  *  P  -  a,  (3  *  w) 


U  -  *  A  (ij ) 


(22) 


(23) 


where 

~  n,  3rjl)  t  m,(rj)  =  fj  (l  -  y) 

Thus,  the  streamwise  velocity  is  expressed  as  a  function  of  only  one  parameter,  A  .  The  physical 
significance  of  A  is  that  it  expresses  the  magnitude  of  the  velocity  gradient  at  the  body  surface 
and,  therefore,  is  a  measure  of  the  streamwise  shear  stress.  It  is  interesting  to  note  here  that 
when  there  is  no  mass  injection  at  the  wall,  IV  =  0,  then  A  is  dependent  only  on  P  ,  the  pressure- 
gradient  parameter.  On  the  other  hand,  if  the  mass  injection  is  very  great,  the  other  limiting 
case  is  obtained,  i.e.,  A — wO,  as  w-»*>  ■  In  other  words,  as  mass  injection  increases,  the 
streamwise  skin  friction  decreases  and  ,n  the  limit  approaches  zero,  a  physically  reasonable  result. 

Another  interesting  result  is  that  when  there  is  no  streamwise  pressure  gradient,  1  .e.  ,  Azl2£>+W). 

It  may  a,  so  be  seen  that  regardless  of  the  value  of  W,  A  =  0  for  P-  -12,  signifying  the  separation 
of  the  flow  due  to  adverse  pressure  gradient.  Later,  numerical  comparison  of  .he  value  of  A  will 
be  made  with  other  results  for  the  more  general  case  of  finite  pressure  gradient  and  mass  injection. 

We  have  thus  expressed  the  streamwise  velocity  profile  in  terms  of  one  parameter,  which 

combines  the  pressure-gradient  characteristic  and  the  mass-injection  characteristics  in  the  flow. 

It  should  be  noted  here  that  based  on  previous  analyses  the  above  one-parameter  expression  is 

expected  to  yield  reasonable  results. 


The  Total -Enthalpy  Profile 

Here,  we  introduce  the  fifth-degree  polynomial  form  such  that 

*■£  -t  b„i*  ■ 


The  reason  for  taking  this  particular  form  is  discussed  later. 
The  boundary  conditions  are 


(24) 
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-  0 


e  =  e. 
e  =  / 
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25) 


-  0 


The  compatibility  condition  for  the  total  enthalpy  is  given  in  Equation  (19).  We  thus  obtain 

--  eb 


b 

b, 

b. 

b, 

b. 


=  e 


=  /0  (/  -  b0)  -  (6  ♦  -f-  Wf,)  b, 

-  -/s0-k)*(8+{  wjb, 
bs  --  6  0-b.)  -(J  +  ~*)b. 


(26) 


where 

S.  *  * 

and  Equation  (24)  becomes 

y-^-  =  V?)  f  7^7  [%W  *  >V  "»/?)] 

where  , 

”,(l)  ■-  t  O'?)* 

^(7)  =  rj  (1  -  6  7%  67*-  3rj*) 

•■*,(7)  -  tY'0  '  '5 1  *  *>  7* ) 


In  contrast  to  the  streamwise  flow  case,  where  the  fourth-degree  polynomial  form  is  used,  the  total- 
enthalpy  profile  here  is  expressed  in  fifth-degree  polynomial  form.  The  reason  is  as  follows:  when 
the  fourth-degree  forji  is  used,  all  b„  's  can  be  determined  in  terms  of  W,P,  8b  and  A  and,  thus, 
the  problem  is  reduced  to  obtaining  the  solutions  tc  the  streamwi se-momentum  integral  equation. 

Once  the  solutions  are  obtained  for  A  ,  W  ,  P  from  this  equation,  then,  it  is  a  simple  matter  to 
construct  the  total -entha lpy  characteristics,  and  the  energy  equation,  i.e.,  the  tj|al  enthalpy 
-ntegral  equation,  is  ignored.  This  procedure  has  been  used  by  Cohen  and  R^shotko4  using  Thwaite’s 
approach4’  and  the  results  show,  in  some  cases,  poor  accuracy  in  the  energy  field  while  yielding  the 
velocity  field  accurately.  Others  (such  as  Tani 50  and  Poots40)  use  the  energy  equation  and  the 
fourth-degree  form.  They  then  drop  the  compatibility  condition,  but  in  its  place  use  the  "kinetic- 
energy"  integral  equation  and  obtain  gooa  results.  Physically,  the  energy  equation  and  the  compati¬ 
bility  condition  serve  two  functions:  the  energy  integral  equation  describes  the  integrated  effects 
of  the  energy  of  the  flow  from  upstream  to  the  poirt  if  interest  along  the  streamline,  while  the 
compatibility  condition  describes  the  local  flow  effects,  (t  is  thus  recognized  that  meaningful 
results  may  be  obtained  by  considering  both  equations.  This  procedure  has,  in  fact,  been  followed 
in  two-dimensional  cases4*-46.  In  the  present  analysis,  therefore,  both  the  energy  integral 
equation  and  the  compatibility  conditions  are  retained  and  considered  by  assuming  a  firth-ord-_r 
polynomial  form  for  the  total -enthalpy  profile.  It  should  be  noted,  however,  that  the  results  for 
the  energy  field  can  be  interpreted  only  in  conjunction  with  the  streamwise  momentum  results,  as 
well  as  the  secondary-flow  momentum  results. 


The  Secondary-Flow  Velocity  Profile 

In  the  present  analysis,  we  assume  a  modifieu  form  of  Timman's^*  profile,  such  that 

V  =  =  G  Mi)  -  c 


(28) 


where 
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JL(y)  -  aye 

f(r\)  =  -j  (*r\)  +0\-i)«  '  ] 

<*■  =  3#/  2 

The  tc-ims  G  and  F  are  two  free  parameters  which  will  be  determined  from  the  integral  equations 
and  the  compatibility  conditions.  In  fact,  the  compatibility  condition  can  be  used  at  this  juncture 
to  eliminate  one  parameter,  thus  leaving  the  integral  equation  to  solve  for  the  remaining  parameter 
along  the  streamline. 


Thus , 


Substitution  of  Equation  (28)  in  Equation  (18b)  yields 

W  (a  0-  +F)  =  —  Q  -  a1  F 


_  Q  *  a.WG 
a'  ♦w 


Since  the  wall  shear  for  the  secondary  flow  is  )  -a  G  *F  .  wc  obtain 


r  -  (dV)  a'Cx  -  Q 


>7 

The  profile  becomes,  using  the  definition  of 

V(rj)  =  &  A(y)  *  Q,)  f(r\  ) 


(29) 


(30) 


where 


a  W 
a  ’  ♦  W 


a 

a  1  +  W 


It  should  be  noted  that  presence  of  an  inflection  point  along  the  streamline  may  cause  the 
secondary  rlov  •« Iccity  profile  to  be  S-shaped  ("cross-over"  profile)  near  the  inflection  point. 
Thus,  in  „i  <■-  !  btiin  realistic  velocity  di.-.tr4b'’tion«,  it  is  necessary  for  the  profile  to 

exhibit  ti  s  shay d  torm,  as  well  as  the  C-shaped  form.  This  requirement  is  satisfied  by  the 
profile  fr  .  ii-S'imed  in  Equation  (28)  or  Equation  (30),  and  the  problem  now  is  to  determine  from 
the  integi.i  .quations  the  values  of  these  parameters,  i.e.,  G  and  F  ,  along  the  streamline. 

Kith  the  chosen  profile  forms,  it  is  now  possible  to  calculate  various  characteristic 
"thicknesses"  from  these  p  ofiles  in  terms  of  parameters  A  ,0,&,  etc. 

from  Equations  (11)  and  (14),  we  have 


M„  *  j‘u0-v)*1  --  f>*P,A-P,A' 

M„  =  V*y  =  &(?  *APs*W,Pt  MW,  P7  )  +  Q;  (t>  tAR,) 

Mx  =  P  VSy  =  &  (P,  *W,Pj+Q,P' 

= p  v(i-o)cttj  -  mx-m„  (3i) 

«  G(R,+2V/.K  *v.  ’£)♦$>, 

Jo 

t  =fu  (/-e)^7=  0-e>)fa 

u c 

rt  « £ vO- e) --(t  - ej  [&  fy  *w,pJ)*Q, r] 

-  S  ♦  *,.PXX *  *,Pl%  *  WrW,P„) * <?, (Plt  * W,  P,  j] 
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and 


-jXK-nJ 


- 1  (e-uyq  -  pxS  -4fL>0,  p„*8(p„  p„) 


(32) 


M, 


where  the  ideal -gas  relationship 

P 


has  been  used.  Ihe  coefficients,  i.e.,  ,  are  included  in  the  Appendix. 


3.3  Integral  Equations 


Substitution  of  the  profiles  chosen  in  Section  3.2  into  the  integral  Equations  (IS),  (16), 
and  (17)  yields,  substituting  fi  and  'p  for  *  and  y-  ,  respectively^®. 


<3A‘  ZCl  d 

e,  *(f/l)  +  e,  a(<p/S) 


(**w) 


2CI  3  In,  f Mlt  din,  Ci  pm  _  ZCL  a(ci 
*  a(p/l)  e<-Mn  a(p/i)  M- 


3(MtlCL )  t  MltCL 

*,  Hf/t)  e-  »(?//) 


M„a 


,  afa..n) 

9(P//) 


(34) 


T;  Cl  g,  n«  <°  _  ^,fl) 

d(p/J)  e* 


where 


The  term  y<  takes  on  a  physical  meaning  of  stream  function  while  ^  can,  in  the  case  of  irrotational 
outer  flow,  signify  the  velocity  potential58.  Since  the  compatibility  conditions  have  already  been 
incorporated  in  Section  3.2,  they  are  not  written  here.  Thus,  there  are  three  integral  equations, 
and  the  parameters  to  be  determined  from  these  equations  are  n  ,  G  and  8  and  the  problem  is  mathema¬ 
tically  determinate.  When  specialized  to  incooipressible  flow  with  small  secondary  flow  and  no  mass 
injection,  the  present  formulation  reduces  to  that  of  Cooke15,  while  for  axisymnetric  flow  it  reduces 
to  Truckenbrodt’s  result54. 


3.4  Solutions  and  Discussion  of  Results 

We  now  consider  the  method  of  solving  the  integral  Equations  (33),  (34),  and  (35).  from  the 
inviscid  flow-field  analysis,  the  quantities  at  the  outer  edge  of  the  boundary  layer  are  assumed 
known,  including  the  streamline-curvature  distribution  (X>,)  and  the  streamline  divergence-convergence 
function  (E ,)  .  With  known  initial  conditions,  integration  of  the  equations  is  then  carried  out 
along  individual  external  streamlines  (^  *  constant).  The  last  term  in  each  equation  is  of  the 

form  ir  {}and  is  not  known  a  priori.  Thus,  this  term  is  dropped  at  first  55"5^  anj  js  accounted 
for  after  solutions  have  been  obtained  along  several  streamlines.  It  should  be  remarked  here  that 
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because  only  the  gradient  term  is  dropped  at  first,  this  method  does  not  involve  the  assumption  of 
small  secondary  flow,  but  rather  is  an  iterative  method  of  solving  the  equations. 

As  an  application  of  the  integral  method  formulated  in  liquations  (331,  (34),  and  (35), 
analysis  will  be  made  of  a  hypersonic  flow  around  a  blu.it  body  at  angle  of  attack  with  mass  injec¬ 
tion  at  the  body  surface  assuming  i rrotat iona!  ,  inviscid  outer  flow  and  an  ideal  gas.  Any  other 
conditions  or  assumptions  required  will  be  introduced  as  the  analysis  proceeds.  From  the  condition 
of  irrotational  flow  we  get-^’’8 


and  thus 


e  .  =  u 


K  -  -  ~  '  <?«, 

1  ’  e'ei  o>f  ‘  a  v 


We  shall  now  estimate  the  term  d/p./ay.  Using  the  ideal-gas  relationship,  we  obtain 

I  9pe  /  9  ps  I  9  XT 

~  9f  ~  dy 


r  Jy  =  ^  K>  u* 

and  Ji£  *  He~  — ,  we  have,  for  He  -  constant, 


s  K,  ue‘ 


Combination  of  Equations  (37)  and  (38)  yields  the  following  result 


Thus,  the  transverse  gradient  of  pe  may  be  conveniently  expressed  in  terms  of  K.  .  It  is  noted 
that  near  the  stagnation  point  the  term  <r  is  usually  much  less  than  unity  and,  thus,  for  air 
Equation  (39)  is  smaller  than  K ,  . 

Applying  the  relationships  derived  above  in  the  integral  Equations  (33),  (34),  and  (35), 
we  obtain 
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^  =  4  £. 
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and,  as  discussed  previously,  the  last  term  in  Equations  (33),  (34),  and  (35)  has 
will  later  be  accounted  for  from  the  solutions  obtained  along  the  streamlines.  A 
introduced  such  that  X  »  e, d  +/&  and  signifies  the  length  along  the  streamline, 
outer-flow  field,  distributions  of  the  various  terms,  such  as  (5  ,  V,  ,  ut  etc,, 
known.  The  dependent  variables  are  * 


been  dropped  and 
new  variable  X  is 
From  the  inviscid 
are  considered 


I 


► 


i 

I 


1.  A  .  from  which  A,  A  ,  W  ,  M„  can  be  calculated, 

2.  M,(  .  which  in  turn  depends  on  G  and  A  ,  and 

3  T,  ,  which  will  enable  calculation  for  B  ■ 

Thus,  there  are  three  essential  unknowns,  A  ,  G  ,  and  &  .  Since  there  are  three  equations,  (40), 
(41),  (42),  the  problem  is  now,  mathematically  speaking,  solvable.  Because  of  the  complexity  of 
the  equations,  numerical  solution  on  a  digital  computer  is  carried  out  in  the  present  analysis. 
Computation  time  for  a  typical  case  was  about  one  minute  on  IBM  7044  computer. 

In  order  to  start  the  integration,  it  is  necessary  to  know  the  initial  values.  If  the 
integration  were  to  start  from  an  arbitrary  point  along  the  streamline,  the  initial  conditions  at 
that  point  would  be  presumed  to  be  given  from  the  upstream  conditions.  However,  if  the  integration 
starts  from  the  stagnation  point,  the  initial  conditions  can  be  determined  from  the  integral 
equations  themselves.  Essentially,  this  involves  dropping  the  slope  terms  for  A  ,  T,  ,  and  M3I  for 
the  first  approximation  and  then,  by  numerically  differentiating  these  terms,  obtaining  the  second- 
order  approximation;  the  iteration  is  repeated  until  convergence  in  these  values  is  achieved. 
Further  details  are  included  in  Refs.  13  and  58.  It  has  been  repeatedly  found  by  Cooke1^  that  the 
main  part  of  the  solution  is  not  sensitive  to  the  way  in  which  the  solution  is  started.  This 
conclusion  w*s  reinforced  by  Head$9  who  used,  as  initial  conditions,  the  Blasius  velocity  profile 
despite  the  fact  that  the  pressure  gradient  at  the  initial  point  was  not  zero.  He  found  that  after 
a  very  short  distance  the  solutions  approached  those  obtained  using  the  more  elaborate,  iterative 
technique.  In  the  present  analysis,  both  the  iterative  technique  and  an  approximate  technique  have 
been  tested  for  a  specific  problem.  For  the  approximate  technique,  the  initial  values  used  were 
obtained  by  taking  a  limit  of  the  Equations  (40),  (41),  and  (42)  to  the  stagnation  point.  It  was 
found  that  both  techniques  yielded  equally  reasonable  results  for  the  main  part  of  the  solution 
along  the  streamline  and  it  was  decided  to  apply  the  approximate  technique  in  obtaining  the  initial 
conditions  in  the  present  analysis  because  of  the  saving  in  the  computation  time  and  simplicity  in 
application. 


Examples 


The  formulation  derived  in  Equations  (40),  (41),  and  (42)  will  be  applied  to  a  flow  on  an 
Apollo-type  blunt  body  entering  the  atmosphere.  Specifically,  the  conditions  assumed  are: 

Altitude:  200,000  ft 

Velocity  (  u„) :  30,000  ft/stc  (0.915  x  106  cm/sec) 

Body  radius  (i) :  15.5  ft  (474  cm) 

Angle  of  attack:  20  degrees 


Under  these  conditions,  the  properties  of  equilibrium  air  behind  a  normal  shock  wave  are 
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=  2.49  (10S)  (dyne/cm2) 

-  5.45  (104)  (cm/sec) 

P.  --  5.27  (106)  (gr/cmJ) 

/«„  =  0.916  (10  S)  (gr/cm-sec) 

T„  =  8.25  (103)  (*K) 

Re  --  1-44  (105)  »  P.*r.L/M. 

where  /*•//*„  *(ToAL)  was  used  across  the  normal  shock.  With  these  property  values,  the  Equations 
(40),  (41),  and  (42)  were  integrated  along  the  streamline  from  the  stagnation  point  assuming  an 
ideal  gas  for  cases  of  arbitrarily  chosen  mass-injection  rates,  ranging  from  the  solid-wall  case, 

( M  =  0) ,  to  a  uniform  15  percent  injection  rate  (W  *  0.15).  Variable  mass-injection  fluxes  along 
the  streamline  were  also  analyzed.  In  all  the  examples  considered,  the  wall  temperature  was  assumed 
constant  at  one-tenth  of  the  free-stream  stagnation  temperature.  The  distributions  along  the 
streamline  of  P ,  ,  ut ,  jo  ,  £t  ,  etc.  were  assumed  expressible  in  analytic  forms  ,  e.g.,  -  oc  mX  ~/SmX  . 

This  is  strictly  for  convenience,  since  these  distributions  can  be  easily  put  on  the  digital  computer 
in  tabular  forms  or  in  curve-fit  expressions.  Specifically,  the  following  distribution  forms  are 
assumed  in  the  present  example,  based  on  an  inviscid  analysis33: 


■ 

5.65  X  -20  X2 
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K 

X 

10.22 

3 

0.1022 

3 
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These  distributions  are  shown  in  Figure  9.  The  streamline  curvature  function  X>,  is  expressed 
in  the  particular  form  shown  above  in  order  to  allow  for  the  change  in  the  sign  of  D,  ,  D,  »  0  de¬ 
noting  the  streamline  inflection  point.  The  above  appears  to  be  a  reasonable  general  form.  It 
should  be  noted  in  passing  that  the  local  radius  of  streamline  curvature  can  be  obtained  simply  as 
I/D,- 


The  results  obtained  are  shown  in  Figures  10  through  16.  Figure  10  shows  the  distributions 
of  41  ,  the  dimensionless  "boundary- layer  thickness”  in  the  transformed  plane,  for  various  mass- 
injection  rates.  It  is  noted  that  fl  increases  with  increasing  values  of  the  mass-injection  ratio, 

M,  a  physical 'y  reasonable  result  that  has  been  obtained  in  previous  analyses28-32.  It  may  also  be 
seen  from  Figure  10  that  41,  for  large  mass-injection  rates,  at  first  increases,  then  decreases  along 
the  streamline.  This  results  primarily  from  the  second  term  in  Equation  (40),  containing  V,  and  41*. 
Because,  for  increasing  injection  rates,  41  increases  and  because,  in  the  present  example,  D,  is 
comparatively  large  far  downstream  from  the  stagnation  point,  this  term  is  seen  to  influence  the 
magnitudes  of  the  boundary- layer  thickness  along  the  streamline.  When  A  *0.1//%,  is  transformed 
back  into  the  physical  plane  by  the  relationship  S-j^e/p)di  ,  with  ^decreasing  with  X  and  pb 
held  constant  in  the  example,  the  thickening  rate  of  g  is  not  as  great  as  that  of  A-  Thus,  this 
demonstrates  the  greater  sensitivity  of  A  to  the  flow  conditions  in  the  transformed  plane  than  in 
the  actual  physical  plane,  a  useful  result,  enabling  determination  of  the  effects  of  various  condi¬ 
tions  in  an  exaggerated  manner  in  the  transformed  plane. 

Figures  11  and  12  describe  the  variations  of  the  pressure-gradient  parameter  (p)  and  the 
mass-injection  parameter  (W)  along  the  streamline.  These  are  combined  to  yield  the  streamwise  wall- 
shear  parameter  (A)  from  the  relationship  A  =  (12  ♦  P) / (6  ♦  W) .  It  may  be  seen  that  P  and  W  exert 
opposite  influences  on  the  streamwise  skin  friction.  The  parameter  A  can  be  related  to  the  physical 
streamwise  wall-shear  stress  7Jfc  by  a/a  >  r(fc  pt  /(ph  ue)  .  Figure  13  shows  the  effects  of  various 
mass-injection  rates  on  the  streamwise  wall  sheai  Consistent  with  previous  analyses28-32,  the 
results  show  lower  values  of  wall  shear  for  greater  injection  rates. 

Figure  14  shows  the  results  for  the  heat-transfer  distribution  along  the  streamline  for 
various  mass-injection  rates.  In  particular,  the  heat-transfer  parameters  may  be  related  to  the 
conventional  heat-transfer  term,  i.e.,  Nusselt  number,  by  SA *■  A 1*  shows  that 

the  heat-transfer  rate  decreases  for  increasing  injection  rates  and,  at  uniform  15  percent  mass  flux 
at  the  wall,  the  heat  transfer  rate  is  practically  zero,  signifying  a  nearly  insulated  condition. 

It  is  noted  that  the  decrease  in  8  with  increasing  mass-injection  rate  is  greater  than  that  of  A  ,  so 
that  for  a  certain  value  of  mass  flux,  the  body  may  be  practically  insulated,  while  there  is  still  a 
finite  skin  friction.  This  result  was  also  obtained  in  a  previous  analysis  in  Ref.  32. 
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Figure  IS  describes  the  distribution  of  the  transverse  wall-shear  stress  along  the  stream¬ 
line.  Also  shown  in  the  figure  is  the  prescribed  streamline-curvature  distribut  ion  T>,  ,  which  goes 
through  zero,  which  indicates  streamline  inflection  point,  at  X=  0.076,  corresponding  to  a  distance 
of  Jb  cm  from  the  stagnation  point  in  the  present  example.  It  is  seen  that  Z5,  is  at  first  in¬ 
creasing  and  then  becomes  negative,  while  the  wall  shear  is  negative  and  later  becomes  positive. 

This  is  a  reasonable  result,  since  it  follows  from  that  T),-K,i  and  the  transverse 

pressure  gradient  *+/•,  have  the  same  signs.  Since  the  transverse- (or  secondary- flow)  velocity 
component  is  in  the  direction  of  lower  pressure,  this  means  that  and  dp/e^Y  possess  opposite 
signs.  The  results  in  Figure  16  confirm  this  conclusion.  An  interesting  result  is  noted  immediately 
after  the  inflection  pc  int  in  the  figure  where  the  transverse  wall  shear,  denoting  the  direction  ofv 
near  the  wall,  and  25,  (and  thus  y  )  both  have  the  same  signs.  This  signifies  the  non¬ 

similarity  effect  of  the  flow  taken  into  account  in  the  present  analysis,  where  the  influence  of  the 
upstream  momentum  is  still  present  at  the  inflection  point.  After  some  distance  beyond  the  inflection 
point,  this  flow  sufficiently  adjusts  to  the  change  in  the  streamline  curvature  X),  ,  so  that  v  and  -2>, 
again  possess  opposite  signs.  This  result  was  also  observed  by  Cooke'^  in  his  approximate  analysis 
and  by  Hansen  and  Herzig^  in  their  exact  solutions  for  the  incompressible,  solid-wall  case.  Thus, 
the  present  analysis  describes  the  nonsimilar  effects  of  the  inflection  point  on  the  flow  even  in 
the  case  of  mass  injection. 


Another  interesting  result  is  observed  in  Figure  16  where  increased  mass-injection  rates 
bring  about  decrease  in  the  distance  between  the  streamline  inflection  point  and  the  point  at  which 
the  secondary  flow  reverses  its  direction,  so  that  the  two  points  virtually  coincide  for  uniform 
l S%  injection  rate.  Physically,  this  signifies  that  the  lower-velocity  mass  being  injected  into 
the  flow  responds  more  quickly  to  the  change  in  the  streamline  cuivature  than  the  outer  fluid. 

As  in  the  results  for  the  streamwise  flow  and  the  total  enthalpy,  the  magnitude  of  the 
transverse  velocity  gradient  at  the  wall,  i.e.,  the  transverse  wall  shear,  decreases  with  increasing 
mass-injection  rates.  The  angle  between  the  inviscid  external  streamline  and  the  limiting  stream¬ 
line  at  the  body  surface  may  be  determined  from  the  relationship 

*  «  '  (-J-) 

Figures  13  and  15  show  that  the  absolute  magnitude  ofot  increases  with  increasing  mass- inj ect ion 
rate,  a  result  obtained  due  to  a  slower  decrease  in  C  compared  to  a  more  sensitive  change  in  A  with 
increasing  mass  flux.  Thus,  the  limiting  streamlines  tend  to  diverge  more  with  mass  injection  than 
without,  exhibiting  greater  three-dimensionality  of  the  flow.  This  result  has  also  been  obtained 
in  a  previous  analysislb  where  small  secondary  flow  was  assumed.  It  is  to  be  noted  that  oc  reaches 
a  certain  finite  value  as  mass-injection  rate  is  further  increased,  signifying  that  the  surface 
streamline  has  a  limiting  angle  with  the  outer  inviscid  streamline  in  the  case  of  very  large  mass- 
injection  rates.  This  is  due  to  the  fact  that  both  A  and  C  vary  only  slightly  as  N  becomes  very 
large. 


Comparisons  will  now  bn  made  with  other  solutions  for  A  ,  the  boundary- layer  thickness,  and 
A  ,  the  shear-stress  parameter  in  the  streamwise  direction.  In  particular,  the  values  at  the 
stagnation  point  will  be  compared.  Using  the  Howarth-Dorodnitzyn  similarity  transformationbl ,  i.e., 

^  "  J  ^  U*  rt>  d  * 
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and  Equation  (12),  we  obtain 
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Jil 
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In  the  stagnation  region,  we  may  use  approximately  rb 


Hence,  we  have 


(44) 


For  the  example  used  in  the  present  analysis,  the  value  of  the  square-root  quantity  in  Equation  (44) 
is  approximately  2.80.  Now,  from  the  results,  A  for  N  -  0  is  1.20  at  the  stagnation  point,  while 
A  =  2.1  for  N  *  0.01.  On  the  other  hand,  the  similarity  solution  obtained  in  Ref.  32  gives,  for 
■  0.1  and  fi =  0.5,  ^*SS3.30  for  fk  =  0  (W  *  0) ,  and  £  6 . 0  for  » -0. 5 
(NS 0.01) .  It  is  thus  demonstrated  from  Equation  (44)  that  the  results  for  A  obtained  in  the 
present  analysis  are  reasonable. 


We  shall  now  compare  the  streamwise  wall-shear  parameter,  which  is  termed  A  in  the  present 
analysis,  and  its  corresponding  quantity,  f “ ,  in  the  similarity  analyses.  Specifically,  we  wish  to 
determine  the  actual  streamwise  skin  friction  defined  to  be  (du./aC)  .  In  the  present  formu¬ 
lation,  r)fc  is  expressible  as  ‘  f  b 


S.  * 


A 


(45) 
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while  similarity  transformation  of  Howarth-Dorodnitzyn  gives,  from 

7 it  "  yJX  ‘  pt  t  \*  (4b) 

Thus,  1 1 uni  Equal iuns  (45)  and  (4oj  ,  the  comparison  to  be  made  is  between  A  and  r|*  ( "  ,  The  case 
of  zero  pressure  gradient  and  zero  mass  injection  gives  P  =  0  and  A/  »  0,  and  therefore  A  is  identi¬ 
cally  2.0.  On  the  other  hand,  from  similarity  analysis,  this  case  corresponds  to  -  0  (no  mass 
injection)  and  /)  -  is  (zero  pressure  gradient).  From  Cohen  and  Reshotko's  analysis6?,  we  obtain 
if[  =  4 . 20,  =  0 .47 ,  and  hence  ^4^  =  1.98,  which  is  close  to  2  0,  a  value  for  A  obtained  from  the 

present  analysis.  The  mass-injection  cases  are  now  compared.  Specifically,  51  injection  rate, 
i.e.,  N  =  0.05  gives,  at  the  stagnation  point,  A50.27,  while  from  similarity  analysis^?,  r('r=-  11.0 
and  -  0.025,  and  hence  =  0.275  for  /S  *  0.5  and  6b  -  0.1,  confirming  the  reasonableness  of 

the  results  obtained  in  the  present  analysis. 

It  is  thus  shown  that  solutions  can  be  obtained  along  any  streamline  based  on  the  integral 
method  formulated  in  the  present  analysis.  After  calculations  have  been  (btained  along  several 
streamlines,  the  suppressed  terms,  viz.,  d/ay  {J,  in  Equations  (33),  (34),  and  (35)  can  be  deter¬ 
mined,  and,  if  these  terms  are  not  small  compared  to  other  terms  in  the  equations,  the  calculations 
Cut  be  performed  once  more  along  the  streamlines  until  convergence  is  reached.  This  has  not  been 
carried  out  in  the  present  analysis,  since  this  type  of  iterative  procedure  has  already  been  shown 
by  others  to  be  tractable66*67,  and  since  the  conditions  in  the  present  examples  were  rather 
arbitrarily  assigned  in  order  to  test  the  applicability  of  the  integral  method. 

Finally,  it  is  to  be  remarked  that  the  present  formulation  may  be  extendable  to  the  case  of 
dissociated  flow.  It  will  require  assuming  a  suitable  form  for  the  species  profiles,  and  the 
modification  of  the  definition  of  M,  and  other  property  terms.  Thus,  simultaneous  integration  of 
the  equations  along  the  streamlines  should  yield  approximate,  nonsimilar  solutions  for  the  flow 
characteristics,  including  the  species  concentrations. 


4.  CONCLUDING  REMARKS 

As  noted  in  the  Introduction,  the  primary  motivation  for  the  research  described  in  this 
paper  was  the  need  for  information  about  three-dimensional  effects  in  the  boundary  layer  on  the 
Apollo  heat  shield.  The  most  notable  features  of  this  physical  situation  are  the  presence  of  mass 
addition  at  the  ablating  surface,  and  the  fact  that  the  curvature  of  the  inviscid  streamlines  is 
relatively  pronounced  for  conditions  typical  of  Apollo  reentry.  The  existing  body  of  theory,  in 
which  a  small  secondary  flow  is  accounted  for  to  linear  approximation,  was  extended  to  accommodate 
mass  injection.  It  was  found  that  this  effect  generally  emphasized  the  three-dimensional  character 
of  the  boundary  layer.  Application  of  this  theory  to  typical  Apollo  conditions  yielded  values  of 
the  secondary  flow  that  were  too  large  to  justify  the  use  of  the  linear  approximation. 

To  remedy  this  defect,  the  integral  method  which  comprises  the  main  content  of  this  paper 
was  developed,  ihe  families  of  profiles  used  were  patterned  after  those  which  had  been  found  in 
the  small-secondary-flow  work  described  above.  Perhaps  the  most  interesting  feature  observed  in 
the  applications  of  tliis  method  that  have  been  made  to  date  is  the  occurrence  of  a  lag  between  the 
reversal  of  the  transverse  pressure  gradient  and  the  reversal  of  the  secondary-flow  velocity 
component,  with  mass  injection  at  the  body  surface. 

Recent  years  have  witnessed  the  production  of  an  increasing  number  of  three-dimensional 
solutions  for  the  inviscid  flow  external  to  the  boundary  layei  .  Particularly  for  the  case  of 
large  ablating  heat  shields,  the  increasing  volume  of  these  solutions  has  created  the  need  for  a 
complementary  boundary- layer  analysis  of  commensurate  accuracy.  The  integral  method  described  in 
this  paper  is  felt  to  be  a  first  step  in  contributing  to  that  need.  Future  developments  of  the 
method  should  include  applications  to  other  configurations  of  interest,  the  incorporation  of  more 
complex  transport  and  chemical-kinetic  properties,  and  an  extension  to  the  case  of  turbulent  flow. 
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API'INDIX 


from  the  profile  functions  defined  in  Section  3.2  we  have: 
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Coordinate  System  Fig.  2  Solutions 


Velocity  Profiles  for  Various  Wall  Temperatures  Fig-  4  Velocity  Profiles  foi  Various  Wall  Temperatures 
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Fig.  11  Distributions  of  Pressure-Gradient  Parameter  along  Fig.  12  Distributions  of  Mass-Injection  Parameter 
Streamline  for  Various  Mass-Injection  Rates  Streamline 
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Fig.  15  Distributions  of  Transverse  Wall  Shear  along 
Streamline  for  Various  Mass-Injection  Rates 
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Fig.  16  Distributions  of  Transverse  Wall  Shear  along 
Streamline  for  Various  Mass- Injection  Rates 
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